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Abstract

This tutorial paper gives basic visualizations for matrix column geometry. Matrix column
geometry is presented first with a discussion of matrix-vector and matrix-matrix multiplication.
The body of the paper is then divided into a discussion of co-domain sets and domain sets. In
the co-domain, basic set images, the range and adjoint nullspace are discussed. Particularly
focus is given to image representations of affine spaces. In the domain, basic pre-images, the
nullspace and adjoint range space are discussed at length. Particularly focus is given to nullspace
representations of affine spaces.

1 Introduction

Visualizing matrix geometry is at the heart of developing spatial intuition for linear algebra and sets
the stage for visualization of many vector related topics in modern engineering such as optimization
and machine learning.

A matrix is a block of numbers used to represent a linear transformation between vector spaces.
Definition of a matrix immediately defines both "columns" and "rows" of a matrix which have
distinct interpretations relative to the geometry of the linear transformation. In this paper, we
seek to show how the geometry of the columns relates to the structure of the linear map. The
spatial intuition we will develop will have countless applications in the theory of linear equations,
optimization, and other fields.

In the first part of the paper introduces matrix column geometry; each column of a matrix
defines where the standard basis vectors (and thus the axes) in the domain map to in the co-domain.
Basic examples and intuition are developed for matrix-vector multiplication and also matrix-matrix
multiplication.

The bulk of the paper is then divided into two sections: one visualizing co-domain sets and one
visualizing domain sets. In the co-domain section, images of basic domain sets are discussed along
with the range and adjoint nullspace. Particular focus is then given to image representations of
affine spaces. In the domain section, basic pre-images are discussed and then both the nullspace
and adjoint range are each given lengthy treatment. Finally, pre-image representation of affine
spaces are discussed at length.

We note that this paper assumes familiarity with the notation and vector visualization techniques
presented in the following monograph.

• Vector visualizations

This paper is also meant to be part 1 of two part series; the second paper discusses matrix row
geometry along a parallel track.1

1©Dan Calderone, September 2022

1



2 Basic Column Geometry

The columns of a matrix A ∈ Rm×n are vectors in the co-domain of the linear map

A =




| |
A1 · · · An

| |


 , Ai ∈ Rm
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Figure 1: Illustration of columns of a matrix A ∈ R2×4. Each column Ai is a vector in R2.

Each individual column Aj ∈ Rm tells where the jth standard basis vector (in the domain) gets
mapped under the transformation. Explicitly AIj = Aj . We can see where a vector x ∈ Rn in
the domain gets mapped by breaking up x into a linear combination of standard basis vectors (ie.
x = I1x1 + · · · + Inxn), transforming each standard basis vector to the appropriate column, and
then recombining. Algebraically, this is given by

Ax = A
(
I1x1 + · · ·+ Inxn

)

= AI1x1 + · · ·+AIn

= A1x1 + · · ·+Anxn

Graphically, we illustrate this process below for matrices A ∈ R2×2 and also A ∈ R3×3.
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<latexit sha1_base64="PVJhxDEGhWLud/fS44lp79T+YRo=">AAAB6HicbZBNS8NAEIYnftb4VfXoJVgETyXxoF7EohePLdgPaEPZbCft2s0m7G7EEvoLvHhQxKv+GO9exH/jthXR1hcWHt53hp2ZIOFMadf9tObmFxaXlnMr9ura+sZmfmu7puJUUqzSmMeyERCFnAmsaqY5NhKJJAo41oP+xSiv36BULBZXepCgH5GuYCGjRBurctvOF9yiO5bzA940FM7e7NPk9cMut/PvrU5M0wiFppwo1fTcRPsZkZpRjkO7lSpMCO2TLjYNChKh8rPxoENn3zgdJ4yleUI7Y/d3R0YipQZRYCojontqOhuZ/2XNVIcnfsZEkmoUdPJRmHJHx85oa6fDJFLNBwYIlczM6tAekYRqcxvbHGFm5VmoHRa9o6JX8Qqlc5goB7uwBwfgwTGU4BLKUAUKCHfwAI/WtXVvPVnPk9I567tnB/7IevkCSYWQQQ==</latexit>x

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="hRQIHEy1xzgAl7nlFrppZywYEsY=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KxIW6rHXjsgV7gbYMmTTTxmYyQ5IRy9B3cONCEbeufAufwJ0bn8W0FdHWHwIf/38OOef4seDauO6Hk1lYXFpeya7m1tY3Nrfy2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDi3HeuGFK80hemWHMOiHpSR5wSoy16ucevvWwly+4RXci9AN4Fgqlveonfy2/Vbz8e7sb0SRk0lBBtG5hNzadlCjDqWCjXDvRLCZ0QHqsZVGSkOlOOpl2hA6t00VBpOyTBk3c3x0pCbUehr6tDInp69lsbP6XtRITnHVSLuPEMEmnHwWJQCZC49VRlytGjRhaIFRxOyuifaIINfZAOXuEuZXnoX5cxCdFXMWFUhmmysI+HMARYDiFElxCBWpA4Rru4AEenci5d56c52lpxvnu2YU/cl6+AJzzkjQ=</latexit>

A1x1

<latexit sha1_base64="ZnZsdoJAo/7xc9judtaFqHwiJcg=">AAAB7XicbZDLSgMxFIbPeK31VhXcuAkWwVWZ6UJd1rpx2YK9QFuGTJppYzPJkGTEMvQd3LhQxK0r38IncOfGZzFtRbT1h8DH/59DzjlBzJk2rvvhLCwuLa+sZtay6xubW9u5nd26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4GOeNG6o0k+LKDGPaiXBPsJARbKxVP/eLt37Rz+XdgjsR+gFvFvKl/eoney2/Vfzce7srSRJRYQjHWrc8NzadFCvDCKejbDvRNMZkgHu0ZVHgiOpOOpl2hI6s00WhVPYJgybu744UR1oPo8BWRtj09Ww2Nv/LWokJzzopE3FiqCDTj8KEIyPReHXUZYoSw4cWMFHMzopIHytMjD1Q1h5hbuV5qBcL3knBq3r5UhmmysABHMIxeHAKJbiECtSAwDXcwQM8OtK5d56c52npgvPdswd/5Lx8AZ/+kjY=</latexit>

A2x2

<latexit sha1_base64="hcmgOwZnvh6Xo62vZVfHteqQb2s=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KjAV1WevGZQv2Au0wZNJMG5vJDElGLEPfwY0LRdy68i18AndufBbTVkRbfwh8/P855Jzjx5wpbdsfVmZhcWl5JbuaW1vf2NzKb+80VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPLsZ584ZKxSJxpYcxdUPcEyxgBGtjNc690q1X8vIFu2hPhH7AmYVCea/2yV4rb1Uv/97pRiQJqdCEY6Xajh1rN8VSM8LpKNdJFI0xGeAebRsUOKTKTSfTjtChcbooiKR5QqOJ+7sjxaFSw9A3lSHWfTWbjc3/snaigzM3ZSJONBVk+lGQcKQjNF4ddZmkRPOhAUwkM7Mi0scSE20OlDNHmFt5HhrHReek6NScQrkCU2VhHw7gCBw4hTJcQhXqQOAa7uABHq3IureerOdpacb67tmFP7JevgCjCZI4</latexit>

A3x3

<latexit sha1_base64="LALuO2wXltaB5pBdwA6OPhENhD4=">AAAB6XicbZDLSgMxFIbPeK3jrerSTbAIrsqMC3UjVt24rGIv0A4lk2ba0EwmJBmxDH0DNy4UcduHce9GfBvTVkRbfwh8/P855JwTSs608bxPZ25+YXFpObfirq6tb2zmt7arOkkVoRWS8ETVQ6wpZ4JWDDOc1qWiOA45rYW9y1Feu6NKs0Tcmr6kQYw7gkWMYGOtm/P7Vr7gFb2x0A/401A4e3NP5fDDLbfy7812QtKYCkM41rrhe9IEGVaGEU4HbjPVVGLSwx3asChwTHWQjScdoH3rtFGUKPuEQWP3d0eGY637cWgrY2y6ejobmf9ljdREJ0HGhEwNFWTyUZRyZBI0Whu1maLE8L4FTBSzsyLSxQoTY4/j2iPMrDwL1cOif1T0r/1C6QImysEu7MEB+HAMJbiCMlSAQAQP8ATPTs95dF6c10npnPPdswN/5Ay/ANEukIw=</latexit>

Ax

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="PVJhxDEGhWLud/fS44lp79T+YRo=">AAAB6HicbZBNS8NAEIYnftb4VfXoJVgETyXxoF7EohePLdgPaEPZbCft2s0m7G7EEvoLvHhQxKv+GO9exH/jthXR1hcWHt53hp2ZIOFMadf9tObmFxaXlnMr9ura+sZmfmu7puJUUqzSmMeyERCFnAmsaqY5NhKJJAo41oP+xSiv36BULBZXepCgH5GuYCGjRBurctvOF9yiO5bzA940FM7e7NPk9cMut/PvrU5M0wiFppwo1fTcRPsZkZpRjkO7lSpMCO2TLjYNChKh8rPxoENn3zgdJ4yleUI7Y/d3R0YipQZRYCojontqOhuZ/2XNVIcnfsZEkmoUdPJRmHJHx85oa6fDJFLNBwYIlczM6tAekYRqcxvbHGFm5VmoHRa9o6JX8Qqlc5goB7uwBwfgwTGU4BLKUAUKCHfwAI/WtXVvPVnPk9I567tnB/7IevkCSYWQQQ==</latexit>x

<latexit sha1_base64="LALuO2wXltaB5pBdwA6OPhENhD4=">AAAB6XicbZDLSgMxFIbPeK3jrerSTbAIrsqMC3UjVt24rGIv0A4lk2ba0EwmJBmxDH0DNy4UcduHce9GfBvTVkRbfwh8/P855JwTSs608bxPZ25+YXFpObfirq6tb2zmt7arOkkVoRWS8ETVQ6wpZ4JWDDOc1qWiOA45rYW9y1Feu6NKs0Tcmr6kQYw7gkWMYGOtm/P7Vr7gFb2x0A/401A4e3NP5fDDLbfy7812QtKYCkM41rrhe9IEGVaGEU4HbjPVVGLSwx3asChwTHWQjScdoH3rtFGUKPuEQWP3d0eGY637cWgrY2y6ejobmf9ljdREJ0HGhEwNFWTyUZRyZBI0Whu1maLE8L4FTBSzsyLSxQoTY4/j2iPMrDwL1cOif1T0r/1C6QImysEu7MEB+HAMJbiCMlSAQAQP8ATPTs95dF6c10npnPPdswN/5Ay/ANEukIw=</latexit>

Ax

<latexit sha1_base64="hRQIHEy1xzgAl7nlFrppZywYEsY=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KxIW6rHXjsgV7gbYMmTTTxmYyQ5IRy9B3cONCEbeufAufwJ0bn8W0FdHWHwIf/38OOef4seDauO6Hk1lYXFpeya7m1tY3Nrfy2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDi3HeuGFK80hemWHMOiHpSR5wSoy16ucevvWwly+4RXci9AN4Fgqlveonfy2/Vbz8e7sb0SRk0lBBtG5hNzadlCjDqWCjXDvRLCZ0QHqsZVGSkOlOOpl2hA6t00VBpOyTBk3c3x0pCbUehr6tDInp69lsbP6XtRITnHVSLuPEMEmnHwWJQCZC49VRlytGjRhaIFRxOyuifaIINfZAOXuEuZXnoX5cxCdFXMWFUhmmysI+HMARYDiFElxCBWpA4Rru4AEenci5d56c52lpxvnu2YU/cl6+AJzzkjQ=</latexit>

A1x1

<latexit sha1_base64="ZnZsdoJAo/7xc9judtaFqHwiJcg=">AAAB7XicbZDLSgMxFIbPeK31VhXcuAkWwVWZ6UJd1rpx2YK9QFuGTJppYzPJkGTEMvQd3LhQxK0r38IncOfGZzFtRbT1h8DH/59DzjlBzJk2rvvhLCwuLa+sZtay6xubW9u5nd26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4GOeNG6o0k+LKDGPaiXBPsJARbKxVP/eLt37Rz+XdgjsR+gFvFvKl/eoney2/Vfzce7srSRJRYQjHWrc8NzadFCvDCKejbDvRNMZkgHu0ZVHgiOpOOpl2hI6s00WhVPYJgybu744UR1oPo8BWRtj09Ww2Nv/LWokJzzopE3FiqCDTj8KEIyPReHXUZYoSw4cWMFHMzopIHytMjD1Q1h5hbuV5qBcL3knBq3r5UhmmysABHMIxeHAKJbiECtSAwDXcwQM8OtK5d56c52npgvPdswd/5Lx8AZ/+kjY=</latexit>

A2x2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="ZcCDgcn8em6q9LQc+nRaqp/ytDs=">AAAB6nicbZDLSgMxFIZP6q3WW1Vw4yZYBFdlRkFdlrpx2aK9QDuUTJppQzOZIcmIZegjuHGhiFu3voVP4M6Nz2LaimjrD4GP/z+HnHP8WHBtHOcDZRYWl5ZXsqu5tfWNza389k5dR4mirEYjEammTzQTXLKa4UawZqwYCX3BGv7gYpw3bpjSPJLXZhgzLyQ9yQNOibHW1W3npJMvOEVnIvwD7iwUSnvVT/5afqt08u/tbkSTkElDBdG65Tqx8VKiDKeCjXLtRLOY0AHpsZZFSUKmvXQy6ggfWqeLg0jZJw2euL87UhJqPQx9WxkS09ez2dj8L2slJjj3Ui7jxDBJpx8FicAmwuO9cZcrRo0YWiBUcTsrpn2iCDX2Ojl7hLmV56F+XHRPi27VLZTKMFUW9uEAjsCFMyjBJVSgBhR6cAcP8IgEukdP6HlamkHfPbvwR+jlC/EHkUc=</latexit>x3

<latexit sha1_base64="PVJhxDEGhWLud/fS44lp79T+YRo=">AAAB6HicbZBNS8NAEIYnftb4VfXoJVgETyXxoF7EohePLdgPaEPZbCft2s0m7G7EEvoLvHhQxKv+GO9exH/jthXR1hcWHt53hp2ZIOFMadf9tObmFxaXlnMr9ura+sZmfmu7puJUUqzSmMeyERCFnAmsaqY5NhKJJAo41oP+xSiv36BULBZXepCgH5GuYCGjRBurctvOF9yiO5bzA940FM7e7NPk9cMut/PvrU5M0wiFppwo1fTcRPsZkZpRjkO7lSpMCO2TLjYNChKh8rPxoENn3zgdJ4yleUI7Y/d3R0YipQZRYCojontqOhuZ/2XNVIcnfsZEkmoUdPJRmHJHx85oa6fDJFLNBwYIlczM6tAekYRqcxvbHGFm5VmoHRa9o6JX8Qqlc5goB7uwBwfgwTGU4BLKUAUKCHfwAI/WtXVvPVnPk9I567tnB/7IevkCSYWQQQ==</latexit>x

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="hRQIHEy1xzgAl7nlFrppZywYEsY=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KxIW6rHXjsgV7gbYMmTTTxmYyQ5IRy9B3cONCEbeufAufwJ0bn8W0FdHWHwIf/38OOef4seDauO6Hk1lYXFpeya7m1tY3Nrfy2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDi3HeuGFK80hemWHMOiHpSR5wSoy16ucevvWwly+4RXci9AN4Fgqlveonfy2/Vbz8e7sb0SRk0lBBtG5hNzadlCjDqWCjXDvRLCZ0QHqsZVGSkOlOOpl2hA6t00VBpOyTBk3c3x0pCbUehr6tDInp69lsbP6XtRITnHVSLuPEMEmnHwWJQCZC49VRlytGjRhaIFRxOyuifaIINfZAOXuEuZXnoX5cxCdFXMWFUhmmysI+HMARYDiFElxCBWpA4Rru4AEenci5d56c52lpxvnu2YU/cl6+AJzzkjQ=</latexit>

A1x1

<latexit sha1_base64="ZnZsdoJAo/7xc9judtaFqHwiJcg=">AAAB7XicbZDLSgMxFIbPeK31VhXcuAkWwVWZ6UJd1rpx2YK9QFuGTJppYzPJkGTEMvQd3LhQxK0r38IncOfGZzFtRbT1h8DH/59DzjlBzJk2rvvhLCwuLa+sZtay6xubW9u5nd26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4GOeNG6o0k+LKDGPaiXBPsJARbKxVP/eLt37Rz+XdgjsR+gFvFvKl/eoney2/Vfzce7srSRJRYQjHWrc8NzadFCvDCKejbDvRNMZkgHu0ZVHgiOpOOpl2hI6s00WhVPYJgybu744UR1oPo8BWRtj09Ww2Nv/LWokJzzopE3FiqCDTj8KEIyPReHXUZYoSw4cWMFHMzopIHytMjD1Q1h5hbuV5qBcL3knBq3r5UhmmysABHMIxeHAKJbiECtSAwDXcwQM8OtK5d56c52npgvPdswd/5Lx8AZ/+kjY=</latexit>

A2x2

<latexit sha1_base64="hcmgOwZnvh6Xo62vZVfHteqQb2s=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KjAV1WevGZQv2Au0wZNJMG5vJDElGLEPfwY0LRdy68i18AndufBbTVkRbfwh8/P855Jzjx5wpbdsfVmZhcWl5JbuaW1vf2NzKb+80VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPLsZ584ZKxSJxpYcxdUPcEyxgBGtjNc690q1X8vIFu2hPhH7AmYVCea/2yV4rb1Uv/97pRiQJqdCEY6Xajh1rN8VSM8LpKNdJFI0xGeAebRsUOKTKTSfTjtChcbooiKR5QqOJ+7sjxaFSw9A3lSHWfTWbjc3/snaigzM3ZSJONBVk+lGQcKQjNF4ddZmkRPOhAUwkM7Mi0scSE20OlDNHmFt5HhrHReek6NScQrkCU2VhHw7gCBw4hTJcQhXqQOAa7uABHq3IureerOdpacb67tmFP7JevgCjCZI4</latexit>

A3x3

<latexit sha1_base64="LALuO2wXltaB5pBdwA6OPhENhD4=">AAAB6XicbZDLSgMxFIbPeK3jrerSTbAIrsqMC3UjVt24rGIv0A4lk2ba0EwmJBmxDH0DNy4UcduHce9GfBvTVkRbfwh8/P855JwTSs608bxPZ25+YXFpObfirq6tb2zmt7arOkkVoRWS8ETVQ6wpZ4JWDDOc1qWiOA45rYW9y1Feu6NKs0Tcmr6kQYw7gkWMYGOtm/P7Vr7gFb2x0A/401A4e3NP5fDDLbfy7812QtKYCkM41rrhe9IEGVaGEU4HbjPVVGLSwx3asChwTHWQjScdoH3rtFGUKPuEQWP3d0eGY637cWgrY2y6ejobmf9ljdREJ0HGhEwNFWTyUZRyZBI0Whu1maLE8L4FTBSzsyLSxQoTY4/j2iPMrDwL1cOif1T0r/1C6QImysEu7MEB+HAMJbiCMlSAQAQP8ATPTs95dF6c10npnPPdswN/5Ay/ANEukIw=</latexit>

Ax

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="PVJhxDEGhWLud/fS44lp79T+YRo=">AAAB6HicbZBNS8NAEIYnftb4VfXoJVgETyXxoF7EohePLdgPaEPZbCft2s0m7G7EEvoLvHhQxKv+GO9exH/jthXR1hcWHt53hp2ZIOFMadf9tObmFxaXlnMr9ura+sZmfmu7puJUUqzSmMeyERCFnAmsaqY5NhKJJAo41oP+xSiv36BULBZXepCgH5GuYCGjRBurctvOF9yiO5bzA940FM7e7NPk9cMut/PvrU5M0wiFppwo1fTcRPsZkZpRjkO7lSpMCO2TLjYNChKh8rPxoENn3zgdJ4yleUI7Y/d3R0YipQZRYCojontqOhuZ/2XNVIcnfsZEkmoUdPJRmHJHx85oa6fDJFLNBwYIlczM6tAekYRqcxvbHGFm5VmoHRa9o6JX8Qqlc5goB7uwBwfgwTGU4BLKUAUKCHfwAI/WtXVvPVnPk9I567tnB/7IevkCSYWQQQ==</latexit>x

<latexit sha1_base64="LALuO2wXltaB5pBdwA6OPhENhD4=">AAAB6XicbZDLSgMxFIbPeK3jrerSTbAIrsqMC3UjVt24rGIv0A4lk2ba0EwmJBmxDH0DNy4UcduHce9GfBvTVkRbfwh8/P855JwTSs608bxPZ25+YXFpObfirq6tb2zmt7arOkkVoRWS8ETVQ6wpZ4JWDDOc1qWiOA45rYW9y1Feu6NKs0Tcmr6kQYw7gkWMYGOtm/P7Vr7gFb2x0A/401A4e3NP5fDDLbfy7812QtKYCkM41rrhe9IEGVaGEU4HbjPVVGLSwx3asChwTHWQjScdoH3rtFGUKPuEQWP3d0eGY637cWgrY2y6ejobmf9ljdREJ0HGhEwNFWTyUZRyZBI0Whu1maLE8L4FTBSzsyLSxQoTY4/j2iPMrDwL1cOif1T0r/1C6QImysEu7MEB+HAMJbiCMlSAQAQP8ATPTs95dF6c10npnPPdswN/5Ay/ANEukIw=</latexit>

Ax

<latexit sha1_base64="hRQIHEy1xzgAl7nlFrppZywYEsY=">AAAB7XicbZDLSgMxFIbP1Futt6rgxk2wCK7KxIW6rHXjsgV7gbYMmTTTxmYyQ5IRy9B3cONCEbeufAufwJ0bn8W0FdHWHwIf/38OOef4seDauO6Hk1lYXFpeya7m1tY3Nrfy2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDi3HeuGFK80hemWHMOiHpSR5wSoy16ucevvWwly+4RXci9AN4Fgqlveonfy2/Vbz8e7sb0SRk0lBBtG5hNzadlCjDqWCjXDvRLCZ0QHqsZVGSkOlOOpl2hA6t00VBpOyTBk3c3x0pCbUehr6tDInp69lsbP6XtRITnHVSLuPEMEmnHwWJQCZC49VRlytGjRhaIFRxOyuifaIINfZAOXuEuZXnoX5cxCdFXMWFUhmmysI+HMARYDiFElxCBWpA4Rru4AEenci5d56c52lpxvnu2YU/cl6+AJzzkjQ=</latexit>

A1x1

<latexit sha1_base64="ZnZsdoJAo/7xc9judtaFqHwiJcg=">AAAB7XicbZDLSgMxFIbPeK31VhXcuAkWwVWZ6UJd1rpx2YK9QFuGTJppYzPJkGTEMvQd3LhQxK0r38IncOfGZzFtRbT1h8DH/59DzjlBzJk2rvvhLCwuLa+sZtay6xubW9u5nd26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4GOeNG6o0k+LKDGPaiXBPsJARbKxVP/eLt37Rz+XdgjsR+gFvFvKl/eoney2/Vfzce7srSRJRYQjHWrc8NzadFCvDCKejbDvRNMZkgHu0ZVHgiOpOOpl2hI6s00WhVPYJgybu744UR1oPo8BWRtj09Ww2Nv/LWokJzzopE3FiqCDTj8KEIyPReHXUZYoSw4cWMFHMzopIHytMjD1Q1h5hbuV5qBcL3knBq3r5UhmmysABHMIxeHAKJbiECtSAwDXcwQM8OtK5d56c52npgvPdswd/5Lx8AZ/+kjY=</latexit>

A2x2

Figure 2: Multiplication of a vector x by a matrix A for (left) x ∈ R2 by a matrix A ∈ R2×2 and
(right) x ∈ R3 by a matrix A ∈ R3×3

As in our discussion of vectors, the various routes from the origin to the tip of the vector along
edges of the hypercube relate to the different order the scaled columns can be added in. Note also
that if we take A = I, we simply get the vector itself back.

We can therefore "see" vectors in the domain by squinting our eyes and visualizing the axes of
the domain (Rn) positioned relative to the columns of A as illustrated here in the 2× 2 case.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2
<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

Figure 3: The columns of A show where each coordinate axis of the domain maps to and the rest
of the space is transformed with the coordinate axes.

We will use this technique ad nauseam in what follows so it is worth getting comfortable with
it.

Note here there is nothing that immediately requires that A be square. For tall matrices (fewer
columns than dimensions) the reachable points will be a subset of the co-domain; for fat matrices
(more columns than dimensions) there will be redundant ways to reach any point in the co-domain.
We give two examples here, a tall matrix A ∈ R3×2 and a fat matrix A ∈ R2×3

3



<latexit sha1_base64="Cg5aWt6hGSnoozcQuGpYmt1WE+Q=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiRV1GXVjcsq9gFNLJPppB06mYSZG6GErNz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1+LLgG2/62cguLS8sr+dXC2vrG5lZxe6eho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9cjfzmA1OaR/IOhjHzQtKTPOCUgJE6xf0L7HKJ3ZBA3/fT2+w+rWAXeMg0Ps46xZJdtsfA88SZkhKaotYpfrndiCYhk0AF0brt2DF4KVHAqWBZwU00iwkdkB5rGyqJ2eOl4zcyfGiULg4iZUoCHqu/J1ISaj0MfdM5OlfPeiPxP6+dQHDupVzGCTBJJ4uCRGCI8CgT3OWKURBDQwhV3NyKaZ8oQsEkVzAhOLMvz5NGpeyclp2bk1L1chpHHu2hA3SEHHSGquga1VAdUfSIntErerOerBfr3fqYtOas6cwu+gPr8wfQXpgU</latexit>

A 2 R2⇥3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2 <latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="NQBjuzwO4NEnqe7AMz2tI+yeQlA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gOaUjbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHCuxEdKBEKRtFKvo/8CbNKSPFs0iuV3ao7A1kmXk7KkKPeK335/ZilEVfIJDWm47kJdjOqUTDJJ0U/NTyhbEQHvGOpohE33Wx284ScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw+tuJlSSIldsvihMJcGYTAMgfaE5Qzm2hDIt7K2EDammDG1MRRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxb11x8pkj+APn8wftgpGd</latexit>

(fat)

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="OJcpJexRPTBmTaNncFuFZForJHQ=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiRV1GXVjcsq9gFNLJPppB06mYSZG6GErNz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1+LLgG2/62cguLS8sr+dXC2vrG5lZxe6eho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9cjfzmA1OaR/IOhjHzQtKTPOCUgJE6xf0L7HKJ3ZBA3/fT2+w+PcYu8JBpXMk6xZJdtsfA88SZkhKaotYpfrndiCYhk0AF0brt2DF4KVHAqWBZwU00iwkdkB5rGyqJ2eOl4zcyfGiULg4iZUoCHqu/J1ISaj0MfdM5OlfPeiPxP6+dQHDupVzGCTBJJ4uCRGCI8CgT3OWKURBDQwhV3NyKaZ8oQsEkVzAhOLMvz5NGpeyclp2bk1L1chpHHu2hA3SEHHSGquga1VAdUfSIntErerOerBfr3fqYtOas6cwu+gPr8wfQZ5gU</latexit>

A 2 R3⇥2
<latexit sha1_base64="fEjAAIfs+u6YLGzDF6bCS+NpAoI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48RzAOSJcxOJsmQ2dl1pjcYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMb6d+Y8S1EZF6wHHM/ZD2legJRtFKfhv5E6YlpFKeTTqFolt2ZyDLxMtIETJUO4WvdjdiScgVMkmNaXlujH5KNQom+STfTgyPKRvSPm9ZqmjIjZ/Ojp6QU6t0SS/SthSSmfp7IqWhMeMwsJ0hxYFZ9Kbif14rwd61nwoVJ8gVmy/qJZJgRKYJkK7QnKEcW0KZFvZWwgZUU4Y2p7wNwVt8eZnUz8veZdm7vyhWbrI4cnAMJ1ACD66gAndQhRoweIRneIU3Z+S8OO/Ox7x1xclmjuAPnM8fxFiSGQ==</latexit>

(tall)
<latexit sha1_base64="Cg5aWt6hGSnoozcQuGpYmt1WE+Q=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiRV1GXVjcsq9gFNLJPppB06mYSZG6GErNz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1+LLgG2/62cguLS8sr+dXC2vrG5lZxe6eho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9cjfzmA1OaR/IOhjHzQtKTPOCUgJE6xf0L7HKJ3ZBA3/fT2+w+rWAXeMg0Ps46xZJdtsfA88SZkhKaotYpfrndiCYhk0AF0brt2DF4KVHAqWBZwU00iwkdkB5rGyqJ2eOl4zcyfGiULg4iZUoCHqu/J1ISaj0MfdM5OlfPeiPxP6+dQHDupVzGCTBJJ4uCRGCI8CgT3OWKURBDQwhV3NyKaZ8oQsEkVzAhOLMvz5NGpeyclp2bk1L1chpHHu2hA3SEHHSGquga1VAdUfSIntErerOerBfr3fqYtOas6cwu+gPr8wfQXpgU</latexit>

A 2 R2⇥3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2 <latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="NQBjuzwO4NEnqe7AMz2tI+yeQlA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gOaUjbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHCuxEdKBEKRtFKvo/8CbNKSPFs0iuV3ao7A1kmXk7KkKPeK335/ZilEVfIJDWm47kJdjOqUTDJJ0U/NTyhbEQHvGOpohE33Wx284ScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw+tuJlSSIldsvihMJcGYTAMgfaE5Qzm2hDIt7K2EDammDG1MRRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWCQwDO8wpuTOi/Ou/Mxb11x8pkj+APn8wftgpGd</latexit>

(fat)

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="OJcpJexRPTBmTaNncFuFZForJHQ=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiRV1GXVjcsq9gFNLJPppB06mYSZG6GErNz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1+LLgG2/62cguLS8sr+dXC2vrG5lZxe6eho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9cjfzmA1OaR/IOhjHzQtKTPOCUgJE6xf0L7HKJ3ZBA3/fT2+w+PcYu8JBpXMk6xZJdtsfA88SZkhKaotYpfrndiCYhk0AF0brt2DF4KVHAqWBZwU00iwkdkB5rGyqJ2eOl4zcyfGiULg4iZUoCHqu/J1ISaj0MfdM5OlfPeiPxP6+dQHDupVzGCTBJJ4uCRGCI8CgT3OWKURBDQwhV3NyKaZ8oQsEkVzAhOLMvz5NGpeyclp2bk1L1chpHHu2hA3SEHHSGquga1VAdUfSIntErerOerBfr3fqYtOas6cwu+gPr8wfQZ5gU</latexit>

A 2 R3⇥2
<latexit sha1_base64="fEjAAIfs+u6YLGzDF6bCS+NpAoI=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48RzAOSJcxOJsmQ2dl1pjcYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEMb6d+Y8S1EZF6wHHM/ZD2legJRtFKfhv5E6YlpFKeTTqFolt2ZyDLxMtIETJUO4WvdjdiScgVMkmNaXlujH5KNQom+STfTgyPKRvSPm9ZqmjIjZ/Ojp6QU6t0SS/SthSSmfp7IqWhMeMwsJ0hxYFZ9Kbif14rwd61nwoVJ8gVmy/qJZJgRKYJkK7QnKEcW0KZFvZWwgZUU4Y2p7wNwVt8eZnUz8veZdm7vyhWbrI4cnAMJ1ACD66gAndQhRoweIRneIU3Z+S8OO/Ox7x1xclmjuAPnM8fxFiSGQ==</latexit>

(tall)

Figure 4: (Left)Tall matrices (in this case A ∈ R3×2) have fewer columns then the dimension of the
co-domain and the set of reachable points through A is a proper subspace of the co-domain. (Right)
Fat matrices (in this case A ∈ R2×3) have more columns then dimensions of the domain and there
are redundant ways to reach any point in the co-domain through A.

It is also possible to have columns that only span a proper subspace of Rm but are not linearly
independent from each other. This is true for any matrix that is both column and row rank deficient.
We illustrate one possibility here for A ∈ R3×3 with rank 2. Here column 3, A3 is linearly dependent
on A1 and A2.

<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)
<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)

<latexit sha1_base64="wkYzskg3gRY2IU2yPhp6HOnr6Pc=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JYUY9VLx6r2A9oYtlst+3SzSbsToQSevLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/OCWHANjvNt5RYWl5ZX8quFtfWNzS17e6euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjf3GA1OaR/IOhjHzQ9KTvMspASO17f0L7HGJvZBAPwjS29F9WsYe8JBpXB617aJTcibA88TNSBFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWxU8BLNYkIHpMdahkpi9vjp5I0RPjRKB3cjZUoCnqi/J1ISaj0MA9M5PlfPemPxP6+VQPfcT7mME2CSThd1E4EhwuNMcIcrRkEMDSFUcXMrpn2iCAWTXMGE4M6+PE/qxyX3tOTenBQrl1kcebSHDtARctEZqqBrVEU1RNEjekav6M16sl6sd+tj2pqzspld9AfW5w/R7JgV</latexit>

A 2 R3⇥3
<latexit sha1_base64="dTQEgj475fzX2ZvIi+iakAMXAZk=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JoUY9VLx6r2A9oYtlst+3SzSbsToQSevLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/OCWHANjvNt5RYWl5ZX8quFtfWNzS17e6euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjf3GA1OaR/IOhjHzQ9KTvMspASO17f0L7HGJvZBAPwjS29F9eoI94CHTuDxq20Wn5EyA54mbkSLKUG3bX14noknIJFBBtG65Tgx+ShRwKtio4CWaxYQOSI+1DJXE7PHTyRsjfGiUDu5GypQEPFF/T6Qk1HoYBqZzfK6e9cbif14rge65n3IZJ8AknS7qJgJDhMeZ4A5XjIIYGkKo4uZWTPtEEQomuYIJwZ19eZ7Uj0vuacm9KRcrl1kcebSHDtARctEZqqBrVEU1RNEjekav6M16sl6sd+tj2pqzspld9AfW5w/TcZgW</latexit>

A 2 R3⇥4

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KF5k0aSRtSqEMa+Ff9y66twqKAs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO6d98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+W41y</latexit>

A4

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="K6fqSY3+Vwij+eiCNb5wUaYe/fw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZSkiHoRil48VrAf0Iay2W7apZtN2J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR9dTv3XPlOaRvINxzLyQDCQPOCVgpJ5d7AJ7hLSsiBzhS1w9mfTsklNxZsDLxM1ICWWo9+yvbj+iScgkUEG07rhODF5KFHAq2KTQTTSLCR2RAesYKknItJfOTp/gY6P0cRApUxLwTP09kZJQ63Hom86QwFAvelPxP6+TQHDhpVzGCTBJ54uCRGCI8DQH3OeKURBjQwhV3NyK6ZAoQsGkVTAhuIsvL5NmteKeVdzb01LtKosjjw7RESojF52jGrpBddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gDsL5Mg</latexit>

(rank = 2)
<latexit sha1_base64="K6fqSY3+Vwij+eiCNb5wUaYe/fw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZSkiHoRil48VrAf0Iay2W7apZtN2J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR9dTv3XPlOaRvINxzLyQDCQPOCVgpJ5d7AJ7hLSsiBzhS1w9mfTsklNxZsDLxM1ICWWo9+yvbj+iScgkUEG07rhODF5KFHAq2KTQTTSLCR2RAesYKknItJfOTp/gY6P0cRApUxLwTP09kZJQ63Hom86QwFAvelPxP6+TQHDhpVzGCTBJ54uCRGCI8DQH3OeKURBjQwhV3NyK6ZAoQsGkVTAhuIsvL5NmteKeVdzb01LtKosjjw7RESojF52jGrpBddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gDsL5Mg</latexit>

(rank = 2)

<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)
<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)

<latexit sha1_base64="wkYzskg3gRY2IU2yPhp6HOnr6Pc=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JYUY9VLx6r2A9oYtlst+3SzSbsToQSevLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/OCWHANjvNt5RYWl5ZX8quFtfWNzS17e6euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjf3GA1OaR/IOhjHzQ9KTvMspASO17f0L7HGJvZBAPwjS29F9WsYe8JBpXB617aJTcibA88TNSBFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWxU8BLNYkIHpMdahkpi9vjp5I0RPjRKB3cjZUoCnqi/J1ISaj0MA9M5PlfPemPxP6+VQPfcT7mME2CSThd1E4EhwuNMcIcrRkEMDSFUcXMrpn2iCAWTXMGE4M6+PE/qxyX3tOTenBQrl1kcebSHDtARctEZqqBrVEU1RNEjekav6M16sl6sd+tj2pqzspld9AfW5w/R7JgV</latexit>

A 2 R3⇥3
<latexit sha1_base64="dTQEgj475fzX2ZvIi+iakAMXAZk=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JoUY9VLx6r2A9oYtlst+3SzSbsToQSevLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/OCWHANjvNt5RYWl5ZX8quFtfWNzS17e6euo0RRVqORiFQzIJoJLlkNOAjWjBUjYSBYIxhcjf3GA1OaR/IOhjHzQ9KTvMspASO17f0L7HGJvZBAPwjS29F9eoI94CHTuDxq20Wn5EyA54mbkSLKUG3bX14noknIJFBBtG65Tgx+ShRwKtio4CWaxYQOSI+1DJXE7PHTyRsjfGiUDu5GypQEPFF/T6Qk1HoYBqZzfK6e9cbif14rge65n3IZJ8AknS7qJgJDhMeZ4A5XjIIYGkKo4uZWTPtEEQomuYIJwZ19eZ7Uj0vuacm9KRcrl1kcebSHDtARctEZqqBrVEU1RNEjekav6M16sl6sd+tj2pqzspld9AfW5w/TcZgW</latexit>

A 2 R3⇥4

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KF5k0aSRtSqEMa+Ff9y66twqKAs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO6d98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+W41y</latexit>

A4

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="K6fqSY3+Vwij+eiCNb5wUaYe/fw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZSkiHoRil48VrAf0Iay2W7apZtN2J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR9dTv3XPlOaRvINxzLyQDCQPOCVgpJ5d7AJ7hLSsiBzhS1w9mfTsklNxZsDLxM1ICWWo9+yvbj+iScgkUEG07rhODF5KFHAq2KTQTTSLCR2RAesYKknItJfOTp/gY6P0cRApUxLwTP09kZJQ63Hom86QwFAvelPxP6+TQHDhpVzGCTBJ54uCRGCI8DQH3OeKURBjQwhV3NyK6ZAoQsGkVTAhuIsvL5NmteKeVdzb01LtKosjjw7RESojF52jGrpBddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gDsL5Mg</latexit>

(rank = 2)
<latexit sha1_base64="K6fqSY3+Vwij+eiCNb5wUaYe/fw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZSkiHoRil48VrAf0Iay2W7apZtN2J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR9dTv3XPlOaRvINxzLyQDCQPOCVgpJ5d7AJ7hLSsiBzhS1w9mfTsklNxZsDLxM1ICWWo9+yvbj+iScgkUEG07rhODF5KFHAq2KTQTTSLCR2RAesYKknItJfOTp/gY6P0cRApUxLwTP09kZJQ63Hom86QwFAvelPxP6+TQHDhpVzGCTBJ54uCRGCI8DQH3OeKURBjQwhV3NyK6ZAoQsGkVTAhuIsvL5NmteKeVdzb01LtKosjjw7RESojF52jGrpBddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gDsL5Mg</latexit>

(rank = 2)

Figure 5: Rank deficient matrices have extra columns that are in the span of the other columns
shown here for (left) a matrix A ∈ R3×3 and (right) A ∈ R3×4.

For more than two or three columns, the space we will be visualizing is high dimensional as in
the vector illustrations in Figure XXX (with all the associated problems of depth). The co-domain
of the map is ambient vector space that the columns live in and is thus easy to visualize. Depending
on how ambitious we are, this space may be high dimensional as well. We illustrate the column
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geometry of a 4 × 6 matrix in the figure below in order to give a flavor for what such an attempt
might look like. Again, "depth" would prove a major problem in this case both in the domain and
co-domain and so such pictures are limited in their usefulness.

<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain
<latexit sha1_base64="7d+t7D42rp9mbMkvMFrjs8ThNkM=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B08IlNw=</latexit>

R4

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

<latexit sha1_base64="stKBJERZvT4fvjkHax5eR8KftCc=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjOBlWevGZYv2Au1QMmmmDc0kQ5IRytBHcONCEbdufQufwJ0bn8X0stDWHwIf/38OOecEMWfauO6Xk1laXlldy67nNja3tnfyu3t1LRNFaI1ILlUzwJpyJmjNMMNpM1YURwGnjWBwPc4b91RpJsWdGcbUj3BPsJARbKx1e9U56+QLbtGdCC2CN4NC6aD6zd7LH5VO/rPdlSSJqDCEY61bnhsbP8XKMMLpKNdONI0xGeAebVkUOKLaTyejjtCxdboolMo+YdDE/d2R4kjrYRTYygibvp7PxuZ/WSsx4aWfMhEnhgoy/ShMODISjfdGXaYoMXxoARPF7KyI9LHCxNjr5OwRvPmVF6F+WvTOi17VK5TKMFUWDuEITsCDCyjBDVSgBgR68ABP8Oxw59F5cV6npRln1rMPf+S8/QCe15ER</latexit>

A5
<latexit sha1_base64="OYcOgcSX+IPvoZr1bH5OSVI0/T0=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwaxEtY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FxXvRKRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCgW5ES</latexit>

A6

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3
<latexit sha1_base64="BZMdtQypziGjj1PKILUloBRRVYQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv4PiP/A==</latexit>

4

<latexit sha1_base64="sBd5mrFjEmuQopcyFWkueDmAN3A=">AAACB3icbVA9SwNBEJ3zM8avqKUgi0GwCnci0c6ojWUU8wG5GPY2e8mSvb1jd08Ix3U2/hUbC0Vs/Qt2/hQ795IUmvhg4PHeDDPzvIgzpW37y5qbX1hcWs6t5FfX1jc2C1vbdRXGktAaCXkomx5WlDNBa5ppTpuRpDjwOG14g8vMb9xTqVgobvUwou0A9wTzGcHaSJ3C3jlymUBugHXf85Kb9C5Bx8jVLKAKldNOoWiX7BHQLHEmpHj27Y9Q7RQ+3W5I4oAKTThWquXYkW4nWGpGOE3zbqxohMkA92jLUIHNnnYy+iNFB0bpIj+UpoRGI/X3RIIDpYaBZzqze9W0l4n/ea1Y+6fthIko1lSQ8SI/5kiHKAsFdZmkRPOhIZhIZm5FpI8lJtpElzchONMvz5L6Uckpl5xrp1i5gDFysAv7cAgOnEAFrqAKNSDwAE/wAq/Wo/VsvVnv49Y5azKzA39gffwAEYSb3A==</latexit>

A 2 R4⇥6

<latexit sha1_base64="S11+1yNraTdGhILVMm/WKxIQQYo="></latexit>

A =

2
4

| | | | | |
A1 A2 A3 A4 A5 A6

| | | | | |

3
5

<latexit sha1_base64="nkpN8ZnVkVydC1DfW9TgLv3QWP0=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKibYtWNy4r2Au1QMmmmDc1kQpIRytBHcONCEZf6Lu7diG9jello9YfAx/+fQ845oeRMG8/7cnILi0vLK/lVd219Y3OrsL1T10mqCK2RhCeqGWJNORO0ZpjhtCkVxXHIaSMcXI7zxh1VmiXi1gwlDWLcEyxiBBtr3ZyXUadQ9EreROgv+DMonr27Zfn66VY7hY92NyFpTIUhHGvd8j1pggwrwwinI7edaioxGeAebVkUOKY6yCajjtCBdbooSpR9wqCJ+7Mjw7HWwzi0lTE2fT2fjc3/slZqotMgY0Kmhgoy/ShKOTIJGu+NukxRYvjQAiaK2VkR6WOFibHXce0R/PmV/0L9qOQfl/xrv1i5gKnysAf7cAg+nEAFrqAKNSDQg3t4hCeHOw/Os/MyLc05s55d+CXn7RvMOJB6</latexit>

A =

<latexit sha1_base64="M53uHFtGPi5j4gortAlfZyQfURg=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4seyKqMdiPXisYD+gXUo2zbah2WRJZotl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwkRwA5737aysrq1vbBa2its7u3v77sFhw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyH1anfHDFtuJKPME5YEJO+5BGnBKzUdd0OsCfIqur8TsWEy0nXLXllbwa8TPyclFCOWtf96vQUTWMmgQpiTNv3EggyooFTwSbFTmpYQuiQ9FnbUkliZoJsdvkEn1qlhyOlbUnAM/X3REZiY8ZxaDtjAgOz6E3F/7x2CtFNkHGZpMAknS+KUoFB4WkMuMc1oyDGlhCqub0V0wHRhIINq2hD8BdfXiaNi7J/VfYfLkuV2zyOAjpGJ+gM+egaVdA9qqE6omiEntErenMy58V5dz7mrStOPnOE/sD5/AGVdpOh</latexit>

Co-Domain
<latexit sha1_base64="N6lsiMLUHILEUrC0+gGAHfdFxRM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vp7Syura+Ud6sbG3v7O5V9w/aOkkVoS2S8ER1Q6wpZ4K2DDOcdqWiOA457YTjm9zvPFGlWSIezETSIMZDwSJGsLGS78fYjMIwu58+nverNbfuzoCWiVeQGhRo9qtf/iAhaUyFIRxr3fNcaYIMK8MIp9OKn2oqMRnjIe1ZKnBMdZDNMk/RiVUGKEqUfcKgmfp7I8Ox1pM4tJN5Rr3o5eJ/Xi810VWQMSFTQwWZH4pSjkyC8gLQgClKDJ9YgoliNisiI6wwMbamii3BW/zyMmmf1b2Lund3XmtcF3WU4QiO4RQ8uIQG3EITWkBAwjO8wpuTOi/Ou/MxHy05xc4h/IHz+QPvIpGe</latexit>

R4

<latexit sha1_base64="Qd2DLj7tXyurTmE5Jkru5OYFfHU=">AAACBnicbVBNS8NAEN3Ur1q/qh5FWCyCp5JIqR6rXjxWsR/QxLLZbtqlm03YnQgl9OTFv+LFgyJe/Q3e/Ddu2h609cHA470ZZub5seAabPvbyi0tr6yu5dcLG5tb2zvF3b2mjhJFWYNGIlJtn2gmuGQN4CBYO1aMhL5gLX94lfmtB6Y0j+QdjGLmhaQvecApASN1i4cX2OUSuyGBge+nt+P7tIJd4CHTuDruFkt22Z4ALxJnRkpohnq3+OX2IpqETAIVROuOY8fgpUQBp4KNC26iWUzokPRZx1BJzB4vnbwxxsdG6eEgUqYk4In6eyIlodaj0Ded2bl63svE/7xOAsG5l3IZJ8AknS4KEoEhwlkmuMcVoyBGhhCquLkV0wFRhIJJrmBCcOZfXiTN07JTLTs3lVLtchZHHh2gI3SCHHSGauga1VEDUfSIntErerOerBfr3fqYtuas2cw++gPr8wfYCZgZ</latexit>

A 2 R4⇥6

Figure 6: Column geometry of A ∈ R4×6. Note that each of the six columns is a vector in R4.

Remark 1. If we want to focus in on a particular coordinate of the output, we project the output
vector onto that particular axis. Algebraically, here we are considering the inner product between x
and that particular row of A, ĀT

j x We note that here if we just focus at the distance of the output
along a particular axis we are actually using the linear combination visualization for inner products
presented before to visualize ĀT

i x. Note that as discussed in the inner product visualization section
the position of the columns in the other coordinates i′ ̸= i will not actually affect the length of the
output along the ith direction. We can think of visualize Ax as actually using the linear combination
innner product visualization method on all axes at once as illustrated in Figure XXX. This is perhaps
a backwards view because this linear combination inner product visualization technique is actually
leveraging the power of column geometry to visualize inner products (instead of vice versa) but the
connection is interesting and worth noting. A more thorough discussion of this is given in Appendix
5.1.
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<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3
A4

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="rryq8l3ZYSCzSp5ZfZrXweCogys=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjFfkATyma7bZdusmF3opbQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNo1LNeJ0pqXQrpIZLEfM6CpS8lWhOo1DyZji8nvjNB66NUPE9jhIeRLQfi55gFK3k+8ifMLtTj8Qbd0plt+JOQRaJl5My5Kh1Sl9+V7E04jEySY1pe26CQUY1Cib5uOinhieUDWmfty2NacRNkE1vHpNjq3RJT2lbMZKp+nsio5Exoyi0nRHFgZn3JuJ/XjvF3mWQiThJkcdstqiXSoKKTAIgXaE5QzmyhDIt7K2EDaimDG1MRRuCN//yImmcVrzzind7Vq5e5XEU4BCO4AQ8uIAq3EAN6sAggWd4hTcndV6cd+dj1rrk5DMH8AfO5w/pjpGa</latexit>

Row 1

<latexit sha1_base64="A3mCmx+K3Wzxsj/MtawdfBGyF8s=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx6r2A/oLiWbZtvQbLIks2pZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QMirVlDWpEkp3QmKY4JI1gYNgnUQzEoeCtcPR9dRvPzBtuJL3ME5YEJOB5BGnBKzk+8CeILtTj7g26ZUrbtWdAS8TLycVlKPRK3/5fUXTmEmgghjT9dwEgoxo4FSwSclPDUsIHZEB61oqScxMkM1unuATq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif100hugwyLpMUmKTzRVEqMCg8DQD3uWYUxNgSQjW3t2I6JJpQsDGVbAje4svLpFWreudV7/asUr/K4yiiI3SMTpGHLlAd3aAGaiKKEvSMXtGbkzovzrvzMW8tOPnMIfoD5/MH6xORmw==</latexit>

Row 2

Figure 7: When drawing the column geometry, the projection of the columns onto axis j gives the
jth row of the matrix in it’s parallel representation.

3 Co-Domain Sets

We now turn our focus to visualizing sets in the co-domain and the domain relative to the column
geometry of a matrix. We start with the co-domain since column geometry provides a a natural
way to visualize images of (domain) sets transformed by the matrix. The bulk of this section will
focus on visualizing domain set, ie. pre-images of (co-domain) sets. These visualizations will be
significantly more subtle and in some ways even more fruitful.

Column geometry is quite natural for visualizing sets in the co-domain. In particular, we will
focus on images of sets (in the domain) transformed by the matrix.

3.1 Matrix Multiplication for Column Geometry

3.1.1 Right Multiplication

When we right multiply a matrix A ∈ Rm×n by a matrix B ∈ Rn×p, each columns of B take linear
combinations of the columns of A. Algebraically, this corresponds to treating each column of B as
a separate vector that gets multiplied by A, ie.

AB = A
[
B1 · · · Bp

]
=

[
AB1 · · · ABp

]
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((a))
a
((b))
b

Figure 9: Comparison of steady state results (a) x method (b) y method

<latexit sha1_base64="jEQllr7fR0+zEDWv39h6OenKG2o=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVJIi6rHqxWMV+wFNLJvttl262YTdjVBCT178K148KOLV3+DNf+OmzUFbHww83pthZl4Qc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7IVYEU5E7Sumea0FUuKw4DTZjC8yvzmA5WKReJOj2Lqh7gvWI8RrI3UsQ8ukMcE8kKsB0GQ3o7v0wryNAupQpVxxy45ZWcCNE/cnJQgR61jf3ndiCQhFZpwrFTbdWLtp1hqRjgdF71E0RiTIe7TtqECmz1+OnljjI6M0kW9SJoSGk3U3xMpDpUahYHpzM5Vs14m/ue1E90791Mm4kRTQaaLeglHOkJZJqjLJCWajwzBRDJzKyIDLDHRJrmiCcGdfXmeNCpl97Ts3pyUqpd5HAXYh0M4BhfOoArXUIM6EHiEZ3iFN+vJerHerY9p64KVz+zBH1ifP87ZmBM=</latexit>

A 2 R2⇥2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="7/Zyt7BH0jwo2nlgW4spvfgsDts=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVJJS1GOpF49V7Ac0sWy223bpZhN2N0IJPXnxr3jxoIhXf4M3/42btoi2Phh4vDfDzLwg5kxpx/mylpZXVtfWcxv5za3tnV17b7+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4mfnNeyoVi8StHsXUD3FfsB4jWBupYx9VkccE8kKsB0GQ3ozv0hLyNAupQuVxxy44RWcC9EPceVKAGWod+9PrRiQJqdCEY6XarhNrP8VSM8LpOO8lisaYDHGftg0V2Ozx08kbY3RilC7qRdKU0Gii/p5IcajUKAxMZ3aumvcy8T+vnejehZ8yESeaCjJd1Es40hHKMkFdJinRfGQIJpKZWxEZYImJNsnlTQgLLy+SRqnonhXd63KhUp3FkYNDOIZTcOEcKnAFNagDgQd4ghd4tR6tZ+vNep+2LlmzmQP4A+vjG9TxmBc=</latexit>

B 2 R2⇥4

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="v4q35iUyeZfsxdASXm1a/uano5Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GyQPRxIKGoqqb7q4olcKi7395K6tr6xubha3i9s7u3n7p4LBhdWYYrzMttWlF1HIpFK+jQMlbqeE0iSRvRsPbid985MYKrR5wlPIwoX0lYsEoOqnZiUQ/7AbdUtmv+FOQHxIskjLMUeuWPjs9zbKEK2SSWtsO/BTDnBoUTPJxsZNZnlI2pH3edlTRhNswn547JqdO6ZFYG1cKyVT9PZHTxNpRErnOhOLALnoT8T+vnWF8HeZCpRlyxWaL4kwS1GTyO+kJwxnKkSOUGeFuJWxADWXoEiq6EJZeXiaN80pwWQnuL8rVm3kcBTiGEziDAK6gCndQgzowGMITvMCrl3rP3pv3Pmtd8eYzR/AH3sc32+GPQg==</latexit>⇤
1

<latexit sha1_base64="8vHcasZ38f/rJ2VRjArpKjJS9xI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbSUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x+4Fo64OBx3szzMyLMikMuu6XU1pZXVvfKG9WtrZ3dveq+wctk+aacZ+lMtXtiBouheI+CpS8nWlOk0jyh2h4M/EfHrk2IlX3OMp4mNC+ErFgFK3kdyLRD7rVmlt3pyA/xFskNZij2a1+dnopyxOukElqTOC5GYYF1SiY5ONKJzc8o2xI+zywVNGEm7CYHjsmJ1bpkTjVthSSqfp7oqCJMaMksp0JxYFZ9Cbif16QY3wVFkJlOXLFZoviXBJMyeRz0hOaM5QjSyjTwt5K2IBqytDmU7EhLL28TFpnde+i7t2d1xrX8zjKcATHcAoeXEIDbqEJPjAQ8AQv8Ooo59l5c95nrSVnPnMIf+B8fAOwe46c</latexit>⇥

<latexit sha1_base64="SR6RHwEvj7KmVnpehKhSeTh2HOc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jNi2irQ8GHu/NMDMvSKQw6LpfTmFtfWNzq7hd2tnd2z8oHx61TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbRSuxeIod+v9csVt+rmID/EWyYVWKDRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Cw/d0rOrDIgYaxtKSS5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IrNF4WpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZENYeXmVtGpV77Lq3V9U6jeLOIpwAqdwDh5cQR3uoAFNYDCGJ3iBVydxnp03533eWnAWM8fwB87HN91lj0M=</latexit>⇤
2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="8vHcasZ38f/rJ2VRjArpKjJS9xI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbSUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x+4Fo64OBx3szzMyLMikMuu6XU1pZXVvfKG9WtrZ3dveq+wctk+aacZ+lMtXtiBouheI+CpS8nWlOk0jyh2h4M/EfHrk2IlX3OMp4mNC+ErFgFK3kdyLRD7rVmlt3pyA/xFskNZij2a1+dnopyxOukElqTOC5GYYF1SiY5ONKJzc8o2xI+zywVNGEm7CYHjsmJ1bpkTjVthSSqfp7oqCJMaMksp0JxYFZ9Cbif16QY3wVFkJlOXLFZoviXBJMyeRz0hOaM5QjSyjTwt5K2IBqytDmU7EhLL28TFpnde+i7t2d1xrX8zjKcATHcAoeXEIDbqEJPjAQ8AQv8Ooo59l5c95nrSVnPnMIf+B8fAOwe46c</latexit>⇥

<latexit sha1_base64="m2ENGkzjKzzwke5h+yLZxVl3rZ4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9xmxbR1gcDj/dmmJkXJFIYdN0vp7Cyura+UdwsbW3v7O6V9w+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXJtRKwecJxwP6IDJULBKFqp1Q3EwO+d98oVt+rmID/EWyQVmKPeK392+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Cw/d0JOrNInYaxtKSS5+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNFoWpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZENYenmZNM+q3mXVu7+o1G7mcRThCI7hFDy4ghrcQR0awGAET/ACr07iPDtvzvusteDMZw7hD5yPb97pj0Q=</latexit>⇤
3

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="8vHcasZ38f/rJ2VRjArpKjJS9xI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbSUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x+4Fo64OBx3szzMyLMikMuu6XU1pZXVvfKG9WtrZ3dveq+wctk+aacZ+lMtXtiBouheI+CpS8nWlOk0jyh2h4M/EfHrk2IlX3OMp4mNC+ErFgFK3kdyLRD7rVmlt3pyA/xFskNZij2a1+dnopyxOukElqTOC5GYYF1SiY5ONKJzc8o2xI+zywVNGEm7CYHjsmJ1bpkTjVthSSqfp7oqCJMaMksp0JxYFZ9Cbif16QY3wVFkJlOXLFZoviXBJMyeRz0hOaM5QjSyjTwt5K2IBqytDmU7EhLL28TFpnde+i7t2d1xrX8zjKcATHcAoeXEIDbqEJPjAQ8AQv8Ooo59l5c95nrSVnPnMIf+B8fAOwe46c</latexit>⇥<latexit sha1_base64="eW/9OxLxQ/qi2IpVthgnlsBC2J0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jNi2irQ8GHu/NMDMvSKQw6LpfTmFtfWNzq7hd2tnd2z8oHx61TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbRSuxeIod+v9csVt+rmID/EWyYVWKDRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Cw/d0rOrDIgYaxtKSS5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IrNF4WpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZENYeXmVtC6q3mXVu69V6jeLOIpwAqdwDh5cQR3uoAFNYDCGJ3iBVydxnp03533eWnAWM8fwB87HN+Btj0U=</latexit>⇤

4

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="8vHcasZ38f/rJ2VRjArpKjJS9xI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbSUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x+4Fo64OBx3szzMyLMikMuu6XU1pZXVvfKG9WtrZ3dveq+wctk+aacZ+lMtXtiBouheI+CpS8nWlOk0jyh2h4M/EfHrk2IlX3OMp4mNC+ErFgFK3kdyLRD7rVmlt3pyA/xFskNZij2a1+dnopyxOukElqTOC5GYYF1SiY5ONKJzc8o2xI+zywVNGEm7CYHjsmJ1bpkTjVthSSqfp7oqCJMaMksp0JxYFZ9Cbif16QY3wVFkJlOXLFZoviXBJMyeRz0hOaM5QjSyjTwt5K2IBqytDmU7EhLL28TFpnde+i7t2d1xrX8zjKcATHcAoeXEIDbqEJPjAQ8AQv8Ooo59l5c95nrSVnPnMIf+B8fAOwe46c</latexit>⇥

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="nrcLnnMfVXbjUXfCwh5d0lY8EWI=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVJJS1GPRi8cq9gOaWDbbbbt0swm7E6GEHrz4V7x4UMSrP8Kb/8ZNm4O2Phh4vDfDzLwgFlyD43xbK6tr6xubha3i9s7u3r59cNjSUaIoa9JIRKoTEM0El6wJHATrxIqRMBCsHYyvMr/9wJTmkbyDScz8kAwlH3BKwEg9u+Rxib2QwCgI0tvpfVrFHvCQaVyb9uyyU3FmwMvEzUkZ5Wj07C+vH9EkZBKoIFp3XScGPyUKOBVsWvQSzWJCx2TIuoZKYvb46eyJKT4xSh8PImVKAp6pvydSEmo9CQPTmZ2rF71M/M/rJjC48FMu4wSYpPNFg0RgiHCWCO5zxSiIiSGEKm5uxXREFKFgciuaENzFl5dJq1pxzyruTa1cv8zjKKASOkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PeeuKlc8coT+wPn8A6eSXoA==</latexit>

2 R2⇥4

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="r4xch4SfDcDQIISsVhN0iIKRJ+U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8hXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJFIYdN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvtbzesWSW3ZnID/EWyYlWKDeK352+zFLI66QSWpMx3MT9DOqUTDJJ4VuanhC2YgOeMdSRSNu/Gx26oScWaVPwljbUkhm6u+JjEbGjKPAdkYUh2bZm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadgg1h5eVV0rwoe5Wyd3dZqtYWceThBE7hHDy4gircQh0awGAAT/ACr450np03533emnMWM8fwB87HN7zDjXE=</latexit>

B1

<latexit sha1_base64="C6FgrS+iRu4+s0JWP35G4P9uIQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8hXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd13qVXrHklt0ZyA/xlkkJFqj3ip/dfszSCKVhgmrd8dzE+BlVhjOBk0I31ZhQNqID7FgqaYTaz2anTsiZVfokjJUtachM/T2R0UjrcRTYzoiaoV72puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6BRvCysurpFkpe5dl7+6iVK0t4sjDCZzCOXhwBVW4hTo0gMEAnuAFXh3hPDtvzvu8NecsZo7hD5yPb75HjXI=</latexit>

B2

<latexit sha1_base64="5410JnBMVO/54U35NkAv7IJBUkQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMcQLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEsG1cd0vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY/lgRgn6Ee1LHnJGjZXuq93zbrHklt0pyA/xFkkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6anjsmJVXokjJUtachU/T2R0UjrURTYzoiagV70JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6BRvC0svLpHFW9i7L3t1FqVKdx5GHIziGU/DgCipwCzWoA4M+PMELvDrCeXbenPdZa86ZzxzCHzgf37/LjXM=</latexit>

B3

<latexit sha1_base64="im0fneZYsZkSZunPuC+CFht6sXw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8hXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd13qVXrHklt0ZyA/xlkkJFqj3ip/dfszSCKVhgmrd8dzE+BlVhjOBk0I31ZhQNqID7FgqaYTaz2anTsiZVfokjJUtachM/T2R0UjrcRTYzoiaoV72puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6BRvCysurpHlR9i7L3l2lVK0t4sjDCZzCOXhwBVW4hTo0gMEAnuAFXh3hPDtvzvu8NecsZo7hD5yPb8FPjXQ=</latexit>

B4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

Figure 8: The column geometry of AB is given by drawing the columns of B relative to the columns
of A shown here for A ∈ R2×2 and B ∈ R2×4.
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Figure 10: The column geometry of a product of more matrices is given by iterating on the above
process shown here for the product ABCD with A ∈ R2×2, B ∈ R2×3, C ∈ R3×2, and D ∈ R2×4.
Note the dimensions of the domain and co-domain for each matrix.

3.2 Range

The image of the entire domain through the matrix is called the range. Visualizing the range is
quite natural in terms of column geometry since it is simply the span of the columns of the matrix.
Note for a matrix A ∈ Rm×n with rank k the dimension of the range is k, the span of k linearly
independent columns. If k = m, then the span is the entire co-domain. We illustrate the range of
two matrices with co-domain of R3, A ∈ R3×1 and R3×2.
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<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="OJcpJexRPTBmTaNncFuFZForJHQ=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiRV1GXVjcsq9gFNLJPppB06mYSZG6GErNz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1+LLgG2/62cguLS8sr+dXC2vrG5lZxe6eho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9cjfzmA1OaR/IOhjHzQtKTPOCUgJE6xf0L7HKJ3ZBA3/fT2+w+PcYu8JBpXMk6xZJdtsfA88SZkhKaotYpfrndiCYhk0AF0brt2DF4KVHAqWBZwU00iwkdkB5rGyqJ2eOl4zcyfGiULg4iZUoCHqu/J1ISaj0MfdM5OlfPeiPxP6+dQHDupVzGCTBJJ4uCRGCI8CgT3OWKURBDQwhV3NyKaZ8oQsEkVzAhOLMvz5NGpeyclp2bk1L1chpHHu2hA3SEHHSGquga1VAdUfSIntErerOerBfr3fqYtOas6cwu+gPr8wfQZ5gU</latexit>

A 2 R3⇥2

<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)

<latexit sha1_base64="KSAyROY+3evGACawoOlATY+JxSQ=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIV9Vj14rGK/YAmls122y7dbMLuRCghJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy+IBdfgON/W3PzC4tJyYaW4ura+sWlvbdd1lCjKajQSkWoGRDPBJasBB8GasWIkDARrBIOr3G88MKV5JO9gGDM/JD3Ju5wSMFLb3rvAHpfYCwn0gyC9ze7TY+wBD5nGbta2S07ZGQHPEndCSmiCatv+8joRTUImgQqidct1YvBTooBTwbKil2gWEzogPdYyVBKzx09Hb2T4wCgd3I2UKQl4pP6eSEmo9TAMTGd+rp72cvE/r5VA99xPuYwTYJKOF3UTgSHCeSa4wxWjIIaGEKq4uRXTPlGEgkmuaEJwp1+eJfWjsntadm9OSpXLSRwFtIv20SFy0RmqoGtURTVE0SN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP87imBM=</latexit>

A 2 R3⇥1

Figure 11: Range (column span) for matrices (left) A ∈ R3×1 and (right) A ∈ R3×2. Note that each
matrix is tall and the range is a proper subset of R3.

The discussion above gives several other good examples of matrix ranges.

3.3 Nullspace of AT

The orthogonal complement to the range of A ∈ Rm×n is the set of vectors with no component in
the range. This subspace corresponds with the nullspace of AT , ie. is orthogonal to all the columns
of A. We illustrate this here for the range examples above. Note that the dimension of the nullspace
of AT is m− k, the difference between m, the dimension of the co-domain m and the rank k. As a
result, if m = k then the nullspace has dimension 0 and is simply the 0 vector.

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="OJcpJexRPTBmTaNncFuFZForJHQ=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiRV1GXVjcsq9gFNLJPppB06mYSZG6GErNz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1+LLgG2/62cguLS8sr+dXC2vrG5lZxe6eho0RRVqeRiFTLJ5oJLlkdOAjWihUjoS9Y0x9cjfzmA1OaR/IOhjHzQtKTPOCUgJE6xf0L7HKJ3ZBA3/fT2+w+PcYu8JBpXMk6xZJdtsfA88SZkhKaotYpfrndiCYhk0AF0brt2DF4KVHAqWBZwU00iwkdkB5rGyqJ2eOl4zcyfGiULg4iZUoCHqu/J1ISaj0MfdM5OlfPeiPxP6+dQHDupVzGCTBJJ4uCRGCI8CgT3OWKURBDQwhV3NyKaZ8oQsEkVzAhOLMvz5NGpeyclp2bk1L1chpHHu2hA3SEHHSGquga1VAdUfSIntErerOerBfr3fqYtOas6cwu+gPr8wfQZ5gU</latexit>

A 2 R3⇥2

<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)

<latexit sha1_base64="KVzeMhXbnH3r7P/GKxmMPm/ahOQ=">AAAB/nicbVDJSgNBEO2JW4zbqHjyMhiEeAkzIuox6sWTRMgGyRh6OjVJk56F7hoxDAF/xYsHRbz6Hd78GzsLookPCh7vVXVXPS8WXKFtfxmZhcWl5ZXsam5tfWNzy9zeqakokQyqLBKRbHhUgeAhVJGjgEYsgQaegLrXvxr59XuQikdhBQcxuAHthtznjKKW2uZeC+EB05tECBVTBsPCxV3lqG3m7aI9hvVDnFmSJ1OU2+ZnqxOxJIAQmaBKNR07RjelEjkTMMy1EgX6+T7tQlPTkAag3HS8/tA61ErH8iOpK0RrrP6eSGmg1CDwdGdAsadmvZH4n9dM0D93Ux7GCULIJh/5ibAwskZZWB0ugaEYaEKZ5HpXi/WopAx1YjkdwtzJ86R2XHROi87tSb50OY0jS/bJASkQh5yRErkmZVIljKTkibyQV+PReDbejPdJa8aYzuySPzA+vgENI5WI</latexit>

Nullspace(AT )

<latexit sha1_base64="wDRExZTHn4jqAbAHeM4VEXRRlCU=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9VLx6r2A9oQ9lsp+3SzSbsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBZco+t+W0vLK6tr67mN/ObW9k7B3t2r6yhRDGosEpFqBlSD4BJqyFFAM1ZAw0BAIxheT/zGAyjNI3mPoxj8kPYl73FG0Ugdu9BGeMT0jso+jEuXxx276JbdKZxF4mWkSDJUO/ZXuxuxJASJTFCtW54bo59ShZwJGOfbiYaYsiHtQ8tQSUPQfjo9fOwcGaXr9CJlSqIzVX9PpDTUehQGpjOkONDz3kT8z2sl2LvwUy7jBEGy2aJeIhyMnEkKTpcrYChGhlCmuLnVYQOqKEOTVd6E4M2/vEjqJ2XvrOzdnhYrV1kcOXJADkmJeOScVMgNqZIaYSQhz+SVvFlP1ov1bn3MWpesbGaf/IH1+QNVTpLf</latexit>

Range(A)

<latexit sha1_base64="KVzeMhXbnH3r7P/GKxmMPm/ahOQ=">AAAB/nicbVDJSgNBEO2JW4zbqHjyMhiEeAkzIuox6sWTRMgGyRh6OjVJk56F7hoxDAF/xYsHRbz6Hd78GzsLookPCh7vVXVXPS8WXKFtfxmZhcWl5ZXsam5tfWNzy9zeqakokQyqLBKRbHhUgeAhVJGjgEYsgQaegLrXvxr59XuQikdhBQcxuAHthtznjKKW2uZeC+EB05tECBVTBsPCxV3lqG3m7aI9hvVDnFmSJ1OU2+ZnqxOxJIAQmaBKNR07RjelEjkTMMy1EgX6+T7tQlPTkAag3HS8/tA61ErH8iOpK0RrrP6eSGmg1CDwdGdAsadmvZH4n9dM0D93Ux7GCULIJh/5ibAwskZZWB0ugaEYaEKZ5HpXi/WopAx1YjkdwtzJ86R2XHROi87tSb50OY0jS/bJASkQh5yRErkmZVIljKTkibyQV+PReDbejPdJa8aYzuySPzA+vgENI5WI</latexit>

Nullspace(AT )

<latexit sha1_base64="KSAyROY+3evGACawoOlATY+JxSQ=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIV9Vj14rGK/YAmls122y7dbMLuRCghJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy+IBdfgON/W3PzC4tJyYaW4ura+sWlvbdd1lCjKajQSkWoGRDPBJasBB8GasWIkDARrBIOr3G88MKV5JO9gGDM/JD3Ju5wSMFLb3rvAHpfYCwn0gyC9ze7TY+wBD5nGbta2S07ZGQHPEndCSmiCatv+8joRTUImgQqidct1YvBTooBTwbKil2gWEzogPdYyVBKzx09Hb2T4wCgd3I2UKQl4pP6eSEmo9TAMTGd+rp72cvE/r5VA99xPuYwTYJKOF3UTgSHCeSa4wxWjIIaGEKq4uRXTPlGEgkmuaEJwp1+eJfWjsntadm9OSpXLSRwFtIv20SFy0RmqoGtURTVE0SN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP87imBM=</latexit>

A 2 R3⇥1

A1

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

Figure 12: The nullspace of A⊤ is orthogonal to the columns, illustrated here for the matrices in
Fig. 11.

We now proceed to images of basic sets. Note that all the images that follow will be subsets of
the range.

3.4 Basic Set Images

The images of several basic sets, the 1-norm ball and the 2-norm ball are given below for A ∈ R2×2
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<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="aMB/xDT41GK4m1G0ND9v933UVW4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY9eKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0sXNoDYoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukXat6l1XvoV5p3OZxFOEETuEcPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHJQWNpw==</latexit>

�A2

<latexit sha1_base64="f14dvlBKBvhSGA/yM315/LvBk64=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyURUY9VLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZRWVtfWN8qbla3tnd09d/+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOrvp+3236tW8GdAy8QtShQKNvvvVG8QkFVQawrHWXd9LTJBhZRjhdFrppZommIzxkHYtlVhQHWSzW6foxCoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpia6DjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Eh+IsvL5PWec2/rPkPF9X6bRFHGY7gGE7Bhyuowz00oAkERvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8AI4GNpg==</latexit>

�A1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="aMB/xDT41GK4m1G0ND9v933UVW4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY9eKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0sXNoDYoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukXat6l1XvoV5p3OZxFOEETuEcPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHJQWNpw==</latexit>

�A2

<latexit sha1_base64="f14dvlBKBvhSGA/yM315/LvBk64=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyURUY9VLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZRWVtfWN8qbla3tnd09d/+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOrvp+3236tW8GdAy8QtShQKNvvvVG8QkFVQawrHWXd9LTJBhZRjhdFrppZommIzxkHYtlVhQHWSzW6foxCoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpia6DjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Eh+IsvL5PWec2/rPkPF9X6bRFHGY7gGE7Bhyuowz00oAkERvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8AI4GNpg==</latexit>

�A1

Figure 13: Image of (left) a 1-norm sphere and (right) a 2-norm sphere for A ∈ R2×2.

We also give several examples of the image of 1-norm and 2-norm through a matrix A ∈ R3×3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="aMB/xDT41GK4m1G0ND9v933UVW4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY9eKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0sXNoDYoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukXat6l1XvoV5p3OZxFOEETuEcPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHJQWNpw==</latexit>

�A2

<latexit sha1_base64="f14dvlBKBvhSGA/yM315/LvBk64=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyURUY9VLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZRWVtfWN8qbla3tnd09d/+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOrvp+3236tW8GdAy8QtShQKNvvvVG8QkFVQawrHWXd9LTJBhZRjhdFrppZommIzxkHYtlVhQHWSzW6foxCoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpia6DjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Eh+IsvL5PWec2/rPkPF9X6bRFHGY7gGE7Bhyuowz00oAkERvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8AI4GNpg==</latexit>

�A1

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="tQGaQGsBE+wMSKmET2zmh0FZ+5c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2XXinqsevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+C7z209UaRbJRzOJqS/wULKQEWwy6eymX+uXK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSOq96l1Xv4aJSv83jKMIRHMMpeHAFdbiHBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPJomNqA==</latexit>

�A3

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="aMB/xDT41GK4m1G0ND9v933UVW4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY9eKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0sXNoDYoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukXat6l1XvoV5p3OZxFOEETuEcPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHJQWNpw==</latexit>

�A2

<latexit sha1_base64="f14dvlBKBvhSGA/yM315/LvBk64=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBiyURUY9VLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZRWVtfWN8qbla3tnd09d/+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOrvp+3236tW8GdAy8QtShQKNvvvVG8QkFVQawrHWXd9LTJBhZRjhdFrppZommIzxkHYtlVhQHWSzW6foxCoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpia6DjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Eh+IsvL5PWec2/rPkPF9X6bRFHGY7gGE7Bhyuowz00oAkERvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8AI4GNpg==</latexit>

�A1

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="tQGaQGsBE+wMSKmET2zmh0FZ+5c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2XXinqsevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+C7z209UaRbJRzOJqS/wULKQEWwy6eymX+uXK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSOq96l1Xv4aJSv83jKMIRHMMpeHAFdbiHBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPJomNqA==</latexit>

�A3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

Figure 14: Image of (left) a 1-norm sphere and (right) a 2-norm sphere for A ∈ R3×3.

It is worth noting how the direction of a particular column Aj actually has no impact on the
subspace orthogonal to the jth coordinate vector and actually it is the other columns {Ai}i ̸=j whose
span determines these subspaces. This is immediate from the fact that xj = 0 and thus the image
Ax = A1x1 + · · · + Anxn should be independent from Aj these points x; but the affect on the
geometry is worth noting in the domain.

Note that the simpDFlex is highlighted as well. These sets were chosen as they show the geomery
of each orthant (in the domain) under the transformation. The location of each orthant should be
noted by the reader.

We now show several examples of the image of the 2-norm ball for rank-deficient matrices. The
first two matrices are non-square but full column or row rank depending on context. The first
matrix A ∈ R3×2 is tall and thus the columns do not span the full co-domain and as a result the
output image is flat relative to the co-domain. The second matrix A ∈ R2×3 is fat. Some of the
directions in the domain get mapped to the same point in the domain, ie. some information is lost
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(literally flattened) in the transformation.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

Figure 15: Image of 2-norm spheres through low rank matrices in two cases: (left) A ∈ R3×2 is tall
and (right) A ∈ R2×3 is fat.

Finally, we show a matrix that is both column and row rank deficient, A ∈ R3×4 with rank 2.
Here the matrix flattens two dimensions of the 4D set and then presents them in a 2D subspace of
the 3D domain.

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KF5k0aSRtSqEMa+Ff9y66twqKAs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO6d98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+W41y</latexit>

A4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

Figure 16: Image of 2-norm spheres through a matrix A ∈ R3×4 which is rank-2 (rank deficient).

3.5 Convex Hulls

We now focus specifically on the image of the simplex, ie. the convex hull of the columns of A. We
will denote this set A∆ as is fitting

A∆ =
{
Ax ∈ Rm

∣∣ x ∈ ∆n

}

=
{
Ax ∈ Rm

∣∣ 1Tx = 1, x ≥ 0
}
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and refer to Ax for x ∈ ∆ as a convex combination of the columns of A. The convex hull of a set of
points (or vectors) is the set of points "between" those vectors. We illustrate this here for A ∈ R2×2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="vVTWj8yOkAVHLlrJ2uYMK+YFtms=">AAACCnicbVBNS8NAEN34WetX1KOX1SIIQkmKqMeqF48V7Ae0oWy2m3bpZhN2J0IJOXvxr3jxoIhXf4E3/43bNgfb+mDg8d4MM/P8WHANjvNjLS2vrK6tFzaKm1vbO7v23n5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8HfvNR6Y0j+QDjGLmhaQvecApASN17aMOBIrQ1M3SSnbddfEZnlUqXbvklJ0J8CJxc1JCOWpd+7vTi2gSMglUEK3brhODlxIFnAqWFTuJZjGhQ9JnbUMlCZn20skrGT4xSg8HkTIlAU/UvxMpCbUehb7pDAkM9Lw3Fv/z2gkEV17KZZwAk3S6KEgEhgiPc8E9rhgFMTKEUMXNrZgOiAkCTHpFE4I7//IiaVTK7kXZvT8vVW/yOAroEB2jU+SiS1RFd6iG6oiiJ/SC3tC79Wy9Wh/W57R1ycpnDtAMrK9fi/OZhw==</latexit>

1
2A1 + 1

2A2

<latexit sha1_base64="nZIbLZUB9RjhGiktz4aqfTnppYs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJKpoi6rblxWsA9oQ5hMJ+3QySTMTIQSsnbjr7hxoYhbv8Cdf+O0zcK2HrhwOOde7r3HjzlT2nF+rMLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOUPb8d+65FKxSLxoEcxdUPcFyxgBGsjefZhVwcSkxRlaTW79hA8hbPKmWeXnYozAVwkKCdlkKPu2d/dXkSSkApNOFaqg5xYuymWmhFOs1I3UTTGZIj7tGOowCFVbjp5JYPHRunBIJKmhIYT9e9EikOlRqFvOkOsB2reG4v/eZ1EB1duykScaCrIdFGQcKgjOM4F9pikRPORIZhIZm6FZIBNENqkVzIhoPmXF0mzWkEXFXR/Xq7d5HEUwQE4AicAgUtQA3egDhqAgCfwAt7Au/VsvVof1ue0tWDlM/tgBtbXL413mYg=</latexit>

1
2A1 + 1

2A3

<latexit sha1_base64="Y5+J3GIxqQ2ukKcYecNkuNLA5qY=">AAACCnicbVDLSsNAFL2pr1pfUZduRosgCCWpoi6rblxWsA9oQ5hMJ+3QyYOZiVBC1m78FTcuFHHrF7jzb5y2WdjWAxcO59zLvfd4MWdSWdaPUVhaXlldK66XNja3tnfM3b2mjBJBaINEPBJtD0vKWUgbiilO27GgOPA4bXnD27HfeqRCsih8UKOYOgHuh8xnBCstueZhV/kCk9TO0mp27VbRKZpVzlyzbFWsCdAisXNShhx11/zu9iKSBDRUhGMpO7YVKyfFQjHCaVbqJpLGmAxxn3Y0DXFApZNOXsnQsVZ6yI+ErlChifp3IsWBlKPA050BVgM5743F/7xOovwrJ2VhnCgakukiP+FIRWicC+oxQYniI00wEUzfisgA6yCUTq+kQ7DnX14kzWrFvqjY9+fl2k0eRxEO4AhOwIZLqMEd1KEBBJ7gBd7g3Xg2Xo0P43PaWjDymX2YgfH1C48NmYk=</latexit>

1
2A2 + 1

2A3

<latexit sha1_base64="vVTWj8yOkAVHLlrJ2uYMK+YFtms=">AAACCnicbVBNS8NAEN34WetX1KOX1SIIQkmKqMeqF48V7Ae0oWy2m3bpZhN2J0IJOXvxr3jxoIhXf4E3/43bNgfb+mDg8d4MM/P8WHANjvNjLS2vrK6tFzaKm1vbO7v23n5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8HfvNR6Y0j+QDjGLmhaQvecApASN17aMOBIrQ1M3SSnbddfEZnlUqXbvklJ0J8CJxc1JCOWpd+7vTi2gSMglUEK3brhODlxIFnAqWFTuJZjGhQ9JnbUMlCZn20skrGT4xSg8HkTIlAU/UvxMpCbUehb7pDAkM9Lw3Fv/z2gkEV17KZZwAk3S6KEgEhgiPc8E9rhgFMTKEUMXNrZgOiAkCTHpFE4I7//IiaVTK7kXZvT8vVW/yOAroEB2jU+SiS1RFd6iG6oiiJ/SC3tC79Wy9Wh/W57R1ycpnDtAMrK9fi/OZhw==</latexit>

1
2A1 + 1

2A2

<latexit sha1_base64="zKnL0N5SBTit1EV6jW2Gj3x0M4I=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKFMalGXVTcuK9gLtMOQSTNtaCYzJBmhDLN246u4caGIW5/AnW9j2s5CW38I/HznHE7O78ecKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2RzeTevuBSsUica/HMXVDPBAsYARrgzz7sKcDiUmKsrSWXXkInsKcnM1I1bPLTsWZCi4alJsyyNXw7K9ePyJJSIUmHCvVRU6s3RRLzQinWamXKBpjMsID2jVW4JAqN52eksFjQ/owiKR5QsMp/T2R4lCpceibzhDroZqvTeB/tW6ig0s3ZSJONBVktihIONQRnOQC+0xSovnYGEwkM3+FZIhNENqkVzIhoPmTF02rWkHnFXRXK9ev8ziK4AAcgROAwAWog1vQAE1AwCN4Bq/gzXqyXqx362PWWrDymX3wR9bnD5VNmY0=</latexit>

1
4A1 + 3

4A2

<latexit sha1_base64="Zm0DnmLb5yI2W1EoG4msvzXd9Ao=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKFMalGXVTcuK9gLtMOQSTNtaCYzJBmhDLN246u4caGIW5/AnW9j2s5CW38I/HznHE7O78ecKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2RzeTevuBSsUica/HMXVDPBAsYARrgzz7sKcDiUl6lqW17MpD8BTmBM1I1bPLTsWZCi4alJsyyNXw7K9ePyJJSIUmHCvVRU6s3RRLzQinWamXKBpjMsID2jVW4JAqN52eksFjQ/owiKR5QsMp/T2R4lCpceibzhDroZqvTeB/tW6ig0s3ZSJONBVktihIONQRnOQC+0xSovnYGEwkM3+FZIhNENqkVzIhoPmTF02rWkHnFXRXK9ev8ziK4AAcgROAwAWog1vQAE1AwCN4Bq/gzXqyXqx362PWWrDymX3wR9bnD5VxmY0=</latexit>

3
4A1 + 1

4A2

<latexit sha1_base64="qOlmwfgic8bLZIbShoE2bs3ZLC8=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARBKFMWlGXVTcuK9gLtMOQSTNtaCYzJBmhDPMgbnwVNy4UceNC8G1M21nY1h8CP985h5Pz+zFnSjvOj1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90e2k3n6kUrFIPOhxTN0QDwQLGMHaIM+u9XQgMUlRltayaw/BMzhPqkuk5tllp+JMBZcNyk0Z5Gp49levH5EkpEITjpXqIifWboqlZoTTrNRLFI0xGeEB7RorcEiVm06Py+CJIX0YRNI8oeGU/p1IcajUOPRNZ4j1UC3WJvC/WjfRwZWbMhEnmgoyWxQkHOoITpKCfSYp0XxsDCaSmb9CMsQmCG3yLJkQ0OLJy6ZVraCLCro/L9dv8jiK4Agcg1OAwCWogzvQAE1AwBN4AW/g3Xq2Xq0P63PWWrDymUMwJ+v7F0TroDs=</latexit>

1
3A1 + 1

3A2 + 1
3A3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="vVTWj8yOkAVHLlrJ2uYMK+YFtms=">AAACCnicbVBNS8NAEN34WetX1KOX1SIIQkmKqMeqF48V7Ae0oWy2m3bpZhN2J0IJOXvxr3jxoIhXf4E3/43bNgfb+mDg8d4MM/P8WHANjvNjLS2vrK6tFzaKm1vbO7v23n5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8HfvNR6Y0j+QDjGLmhaQvecApASN17aMOBIrQ1M3SSnbddfEZnlUqXbvklJ0J8CJxc1JCOWpd+7vTi2gSMglUEK3brhODlxIFnAqWFTuJZjGhQ9JnbUMlCZn20skrGT4xSg8HkTIlAU/UvxMpCbUehb7pDAkM9Lw3Fv/z2gkEV17KZZwAk3S6KEgEhgiPc8E9rhgFMTKEUMXNrZgOiAkCTHpFE4I7//IiaVTK7kXZvT8vVW/yOAroEB2jU+SiS1RFd6iG6oiiJ/SC3tC79Wy9Wh/W57R1ycpnDtAMrK9fi/OZhw==</latexit>

1
2A1 + 1

2A2

<latexit sha1_base64="nZIbLZUB9RjhGiktz4aqfTnppYs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJKpoi6rblxWsA9oQ5hMJ+3QySTMTIQSsnbjr7hxoYhbv8Cdf+O0zcK2HrhwOOde7r3HjzlT2nF+rMLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOUPb8d+65FKxSLxoEcxdUPcFyxgBGsjefZhVwcSkxRlaTW79hA8hbPKmWeXnYozAVwkKCdlkKPu2d/dXkSSkApNOFaqg5xYuymWmhFOs1I3UTTGZIj7tGOowCFVbjp5JYPHRunBIJKmhIYT9e9EikOlRqFvOkOsB2reG4v/eZ1EB1duykScaCrIdFGQcKgjOM4F9pikRPORIZhIZm6FZIBNENqkVzIhoPmXF0mzWkEXFXR/Xq7d5HEUwQE4AicAgUtQA3egDhqAgCfwAt7Au/VsvVof1ue0tWDlM/tgBtbXL413mYg=</latexit>

1
2A1 + 1

2A3

<latexit sha1_base64="Y5+J3GIxqQ2ukKcYecNkuNLA5qY=">AAACCnicbVDLSsNAFL2pr1pfUZduRosgCCWpoi6rblxWsA9oQ5hMJ+3QyYOZiVBC1m78FTcuFHHrF7jzb5y2WdjWAxcO59zLvfd4MWdSWdaPUVhaXlldK66XNja3tnfM3b2mjBJBaINEPBJtD0vKWUgbiilO27GgOPA4bXnD27HfeqRCsih8UKOYOgHuh8xnBCstueZhV/kCk9TO0mp27VbRKZpVzlyzbFWsCdAisXNShhx11/zu9iKSBDRUhGMpO7YVKyfFQjHCaVbqJpLGmAxxn3Y0DXFApZNOXsnQsVZ6yI+ErlChifp3IsWBlKPA050BVgM5743F/7xOovwrJ2VhnCgakukiP+FIRWicC+oxQYniI00wEUzfisgA6yCUTq+kQ7DnX14kzWrFvqjY9+fl2k0eRxEO4AhOwIZLqMEd1KEBBJ7gBd7g3Xg2Xo0P43PaWjDymX2YgfH1C48NmYk=</latexit>

1
2A2 + 1

2A3

<latexit sha1_base64="vVTWj8yOkAVHLlrJ2uYMK+YFtms=">AAACCnicbVBNS8NAEN34WetX1KOX1SIIQkmKqMeqF48V7Ae0oWy2m3bpZhN2J0IJOXvxr3jxoIhXf4E3/43bNgfb+mDg8d4MM/P8WHANjvNjLS2vrK6tFzaKm1vbO7v23n5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8HfvNR6Y0j+QDjGLmhaQvecApASN17aMOBIrQ1M3SSnbddfEZnlUqXbvklJ0J8CJxc1JCOWpd+7vTi2gSMglUEK3brhODlxIFnAqWFTuJZjGhQ9JnbUMlCZn20skrGT4xSg8HkTIlAU/UvxMpCbUehb7pDAkM9Lw3Fv/z2gkEV17KZZwAk3S6KEgEhgiPc8E9rhgFMTKEUMXNrZgOiAkCTHpFE4I7//IiaVTK7kXZvT8vVW/yOAroEB2jU+SiS1RFd6iG6oiiJ/SC3tC79Wy9Wh/W57R1ycpnDtAMrK9fi/OZhw==</latexit>

1
2A1 + 1

2A2

<latexit sha1_base64="zKnL0N5SBTit1EV6jW2Gj3x0M4I=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKFMalGXVTcuK9gLtMOQSTNtaCYzJBmhDLN246u4caGIW5/AnW9j2s5CW38I/HznHE7O78ecKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2RzeTevuBSsUica/HMXVDPBAsYARrgzz7sKcDiUmKsrSWXXkInsKcnM1I1bPLTsWZCi4alJsyyNXw7K9ePyJJSIUmHCvVRU6s3RRLzQinWamXKBpjMsID2jVW4JAqN52eksFjQ/owiKR5QsMp/T2R4lCpceibzhDroZqvTeB/tW6ig0s3ZSJONBVktihIONQRnOQC+0xSovnYGEwkM3+FZIhNENqkVzIhoPmTF02rWkHnFXRXK9ev8ziK4AAcgROAwAWog1vQAE1AwCN4Bq/gzXqyXqx362PWWrDymX3wR9bnD5VNmY0=</latexit>

1
4A1 + 3

4A2

<latexit sha1_base64="Zm0DnmLb5yI2W1EoG4msvzXd9Ao=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKFMalGXVTcuK9gLtMOQSTNtaCYzJBmhDLN246u4caGIW5/AnW9j2s5CW38I/HznHE7O78ecKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2RzeTevuBSsUica/HMXVDPBAsYARrgzz7sKcDiUl6lqW17MpD8BTmBM1I1bPLTsWZCi4alJsyyNXw7K9ePyJJSIUmHCvVRU6s3RRLzQinWamXKBpjMsID2jVW4JAqN52eksFjQ/owiKR5QsMp/T2R4lCpceibzhDroZqvTeB/tW6ig0s3ZSJONBVktihIONQRnOQC+0xSovnYGEwkM3+FZIhNENqkVzIhoPmTF02rWkHnFXRXK9ev8ziK4AAcgROAwAWog1vQAE1AwCN4Bq/gzXqyXqx362PWWrDymX3wR9bnD5VxmY0=</latexit>

3
4A1 + 1

4A2

<latexit sha1_base64="qOlmwfgic8bLZIbShoE2bs3ZLC8=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARBKFMWlGXVTcuK9gLtMOQSTNtaCYzJBmhDPMgbnwVNy4UceNC8G1M21nY1h8CP985h5Pz+zFnSjvOj1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90e2k3n6kUrFIPOhxTN0QDwQLGMHaIM+u9XQgMUlRltayaw/BMzhPqkuk5tllp+JMBZcNyk0Z5Gp49levH5EkpEITjpXqIifWboqlZoTTrNRLFI0xGeEB7RorcEiVm06Py+CJIX0YRNI8oeGU/p1IcajUOPRNZ4j1UC3WJvC/WjfRwZWbMhEnmgoyWxQkHOoITpKCfSYp0XxsDCaSmb9CMsQmCG3yLJkQ0OLJy6ZVraCLCro/L9dv8jiK4Agcg1OAwCWogzvQAE1AwBN4AW/g3Xq2Xq0P63PWWrDymUMwJ+v7F0TroDs=</latexit>

1
3A1 + 1

3A2 + 1
3A3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

Figure 17: Convex hull of columns for (left) a matrix A ∈ R2×2 and (right) A ∈ R3×3. Note carefully
where linear combinations x such that 1Tx = 1 and x ≥ 0 map to between the various columns.

Unlike the images of other types of sets, convex hulls do not actually depend on the location of
the origin. The convex hull of any subset of columns is also within the convex hull (as is not hard
to show). We also note that the arithmetic mean of the vectors (the average) is in the center of the
convex hull.

For non-square A, the convex hull may be flat or the action of A may collapse dimensions of
∆. Here we show this set for A ∈ R2×5 with the outline of the convex hull illustrated. This case
where A is fat is quite common in applications and often the outline of the convex hull (as opposed
to the internal structure of the collapsed simplex is what is of interest. The projection of the edges
and faces down onto the lower dimensional space may overlap significantly. The average of the
points will still be near the center of the convex hull though more points to one side will naturally
shift it toward those points. We also illustrate the average here with the hypercube defined by the
coordinates 1

51 illustrated.

12



<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3<latexit sha1_base64="KF5k0aSRtSqEMa+Ff9y66twqKAs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO6d98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+W41y</latexit>

A4

<latexit sha1_base64="F1FBZ6cW9ZU0CXdk8EGUG+dAEN0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/XOeuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/utFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze/341z</latexit>

A5

<latexit sha1_base64="octTc0Ao+IiGuCFIlxy3yViC5oA=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVoSR9qMtWNy4r2Ac0JUymk3bo5MHMRCghH+LGX3HjQhE3LgT/xkmahbYemMvhnHu5c48TMiqkYXxrK6tr6xubha3i9s7u3r5+cNgVQcQx6eCABbzvIEEY9UlHUslIP+QEeQ4jPWd6k/q9B8IFDfx7OQvJ0ENjn7oUI6kkW69Z0uUIx2YSNxLLoeNyyzbhOWzZ1azWslrPagOmDWdFWy8ZFSMDXCZmTkogR9vWP61RgCOP+BIzJMTANEI5jBGXFDOSFK1IkBDhKRqTgaI+8ogYxtlxCTxVygi6AVfPlzBTf0/EyBNi5jmq00NyIha9VPzPG0TSvRrG1A8jSXw8X+RGDMoApknBEeUESzZTBGFO1V8hniAVllR5piGYiycvk261Yl5UzLt6qXmdx1EAx+AElIEJLkET3II26AAMHsEzeAVv2pP2or1rH/PWFS2fOQJ/oH39AOjrnNM=</latexit>

1
5

�
A1 + A2 + A3 + A4 + A5

�

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3<latexit sha1_base64="KF5k0aSRtSqEMa+Ff9y66twqKAs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO6d98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+W41y</latexit>

A4

<latexit sha1_base64="F1FBZ6cW9ZU0CXdk8EGUG+dAEN0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/XOeuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/utFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze/341z</latexit>

A5

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="wuZ7RcV9/WdrmBSNhcPzcTCPOuw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RgfB48RzAOSJcxOepMhs7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqHSPJYPZpSgH9G+5CFn1FipdUU6tygM7ZbKbsWdgiwSLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCx8VOqjGhbEj72LZU0gi1n03vHZNjq/RIGCtb0pCp+nsio5HWoyiwnRE1Az3vTcT/vHZqwks/4zJJDUo2WxSmgpiYTJ4nPa6QGTGyhDLF7a2EDaiizNiIijYEb/7lRdI4rXjnFe/+rFy9zuMowCEcwQl4cAFVuIMa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz9B/I93</latexit>

A�

Figure 18: Convex hull of the columns of a matrix A ∈ R2×5. This convex hull is the image of a
5D simplex collapsed into a 2D space. The specific coordinates for a point x =

(
1
5 ,

1
5 ,

1
5 ,

1
5 ,

1
5

)
are

shown on the right.

For matrices A2×2 there is a specific parametrizetion of the convex hull that is often useful. In
this case the set is a line segment between the two vectors and can be parametrized by a single
variable α. The constraints on x ∈ R2 can be rewritten

{[
x1
x2

]
∈ R2

∣∣∣∣∣ x1 + x2 = 1, x1, x2 ≥ 0

}

=

{[
x1
x2

]
=

[
α

1− α

]
∈ R2

∣∣∣∣∣ 0 ≤ α ≤ 1

}

Here the convex hull is parametrized by starting at one vector (say A2) when α = 0 and proceeding
along the difference between the two vectors as α is increased until reaching the other vector (A1)
when α = 1.

x1A1 + x2A2 = αA1 + (1− α)A2

= A2 + α(A1 −A2)

This construction is illustrated here.
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<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="/vh34OxSk//+phEH3ZDWaBayQWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWTCnqstWNywr2AW0Ik+mkHTqZhJmJUEI2/oobF4q49TPc+TdO2yy0euDC4Zx7ufceP+ZMacf5sgorq2vrG8XN0tb2zu6evX/QUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/uZn53QcqFYvEvZ7G1A3xSLCAEayN5NlHAx1ITFKUpfWs0vQQPIdNr3bm2WWn6swB/xKUkzLI0fLsz8EwIklIhSYcK9VHTqzdFEvNCKdZaZAoGmMywSPaN1TgkCo3nT+QwVOjDGEQSVNCw7n6cyLFoVLT0DedIdZjtezNxP+8fqKDKzdlIk40FWSxKEg41BGcpQGHTFKi+dQQTCQzt0IyxiYQbTIrmRDQ8st/SadWRRdVdFcvN67zOIrgGJyACkDgEjTALWiBNiAgA0/gBbxaj9az9Wa9L1oLVj5zCH7B+vgGA3uUuQ==</latexit>

1
4 (A1 � A2)

<latexit sha1_base64="R7J0BfUh8lrZ83rEre1kmDkSCjM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUtSi7psdeOygn1AG8JkOmmHTiZhZiKUkJUbf8WNC0Xc+g3u/BunbRbaeuDC4Zx7ufceL2JUKsv6NnJLyyura/n1wsbm1vaOubvXkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3upn47QciJA35vRpHxAnQgFOfYqS05JqHdbcCT2FP+QLh5DxNqmmp7trwDGrjxDWLVtmaAi4SOyNFkKHhml+9fojjgHCFGZKya1uRchIkFMWMpIVeLEmE8AgNSFdTjgIinWT6RgqPtdKHfih0cQWn6u+JBAVSjgNPdwZIDeW8NxH/87qx8q+chPIoVoTj2SI/ZlCFcJIJ7FNBsGJjTRAWVN8K8RDpQJROrqBDsOdfXiStStm+KNt31WLtOosjDw7AESgBG1yCGrgFDdAEGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gDmqJY0</latexit>

A2 + 3
4 (A1 � A2)

<latexit sha1_base64="+Wl8QWGRWBGxo4inaEFrj+gGNx0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcukFHXZ6sZlBfuAdhgyaaaGZjJDkhHK0JUbf8WNC0Xc+g3u/BvTdhbaeuDC4Zx7ufceP+ZMacf5tnJLyyura/n1wsbm1vaOvbvXUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vJ747QcqFYvEnR7F1A3xQLCAEayN5NmHda8CT2FPBxKTFI3T6rhU9xA8g8Y48eyiU3amgIsEZaQIMjQ8+6vXj0gSUqEJx0p1kRNrN8VSM8LpuNBLFI0xGeIB7RoqcEiVm07fGMNjo/RhEElTQsOp+nsixaFSo9A3nSHW92rem4j/ed1EB5duykScaCrIbFGQcKgjOMkE9pmkRPORIZhIZm6F5B6bQLRJrmBCQPMvL5JWpYzOy+i2WqxdZXHkwQE4AiWAwAWogRvQAE1AwCN4Bq/gzXqyXqx362PWmrOymX3wB9bnD+OCljI=</latexit>

A2 + 1
4 (A1 � A2)

<latexit sha1_base64="SRrRIAt5GX2cA508oWrigRcxPmw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQEcukiLpsdeOygn1AW4ZMmmlDM5khyQhlmJUbf8WNC0Xc+g3u/BvTdhbaeuDC4Zx7ufceL+JMacf5tnJLyyura/n1wsbm1vaOvbvXVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3upn4rQcqFQvFvR5HtBfggWA+I1gbybUPa24FnsKu9iUmCUqTSlqquQieQWOcuHbRKTtTwEWCMlIEGequ/dXthyQOqNCEY6U6yIl0L8FSM8JpWujGikaYjPCAdgwVOKCql0zfSOGxUfrQD6UpoeFU/T2R4ECpceCZzgDroZr3JuJ/XifW/lUvYSKKNRVktsiPOdQhnGQC+0xSovnYEEwkM7dCMsQmEG2SK5gQ0PzLi6RZKaOLMro7L1avszjy4AAcgRJA4BJUwS2ogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74A+vzB+BiljA=</latexit>

A2 + 1
2 (A1 � A2)

<latexit sha1_base64="pv9u01EJHhFsZXFz2lmt8zhPAWE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWTBF12erGZQX7gDaEyXTSDp1MwsxEKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/vp36nUcqFYvEg57E1A3xULCAEayN5NlHfR1ITFKUpbWs0vAQPIcNr3bm2WWn6swAlwnKSRnkaHr2V38QkSSkQhOOleohJ9ZuiqVmhNOs1E8UjTEZ4yHtGSpwSJWbzh7I4KlRBjCIpCmh4Uz9PZHiUKlJ6JvOEOuRWvSm4n9eL9HBtZsyESeaCjJfFCQc6ghO04ADJinRfGIIJpKZWyEZYROINpmVTAho8eVl0q5V0WUV3V+U6zd5HEVwDE5ABSBwBergDjRBCxCQgWfwCt6sJ+vFerc+5q0FK585BH9gff4AAFuUtw==</latexit>

1
2 (A1 � A2)

<latexit sha1_base64="5mXEvUlEIQ3tK7NI13mJv8pX3F0=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBiIVhNwa1TLSxjGAekIRldjKbDJl9MHNXCMs2/oqNhSK2foadf+Mk2UITD1w4nHMv997jRoIrsKxvI7eyura+kd8sbG3v7O6Z+wctFcaSsiYNRSg7LlFM8IA1gYNgnUgy4ruCtd3x7dRvPzKpeBg8wCRifZ8MA+5xSkBLjnnUA08SmlykSTUt1R0bn+O6UzlzzKJVtmbAy8TOSBFlaDjmV28Q0thnAVBBlOraVgT9hEjgVLC00IsViwgdkyHrahoQn6l+MnsgxadaGWAvlLoCwDP190RCfKUmvqs7fQIjtehNxf+8bgzedT/hQRQDC+h8kRcLDCGepoEHXDIKYqIJoZLrWzEdER0I6MwKOgR78eVl0qqU7cuyfV8t1m6yOPLoGJ2gErLRFaqhO9RATURRip7RK3oznowX4934mLfmjGzmEP2B8fkDBqGUuw==</latexit>

3
4 (A1 � A2)

Figure 19: Alternative (difference) perspective on convex hulls for A ∈ R2×2.

Similar constructions are possible for more than two columns where the set is parametrized
as starting at one column and proceeding to the other columns while varying n − 1 parameters
{zj}n−1

j=1 . We list one such construction here that may be of use. Consider the matrix consisting of
the differences between each column and a specific column (we choose the first column)




| |
A2 −A1 · · · An −A1

| |


 = AW

Note here that this matrix is given by AW where W ∈ Rn×n−1 is given by

W =

[
− 1T −

I

]
=




−1 · · · −1
1 · · · 0
...

...
0 · · · 1




The convex hull of A can be denoted

A∆ =
{
y ∈ Rm

∣∣ y = A1 +AWz,

1T z ≤ 1, z ≥ 0, z ∈ Rn−1
}

This construction is illustrated here for A ∈ R3×3
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<latexit sha1_base64="a/mSohs9FFDqUfBEk5DwUfKWBho=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBjWVSRN0IrW5cVrAPmA5DJs20oZnMkGSEUgpu/BU3LhRx60+482/MtLPQ1gPJPZxzL8k9QcKZ0o7zbRWWlldW14rrpY3Nre0de3evpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1geJP57QcqFYvFvR4l1ItwX7CQEayN5NsH3YD13Xo7K56P4BWs+1V4am7k22Wn4kwBFwnKSRnkaPj2V7cXkzSiQhOOlXKRk2hvjKVmhNNJqZsqmmAyxH3qGipwRJU3nu4wgcdG6cEwluYIDafq74kxjpQaRYHpjLAeqHkvE//z3FSHl96YiSTVVJDZQ2HKoY5hFgjsMUmJ5iNDMJHM/BWSAZaYaBNbyYSA5ldeJK1qBZ1X0N1ZuXadx1EEh+AInAAELkAN3IIGaAICHsEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/AB8MlT4=</latexit>⇥
AW

⇤
1

= A2 � A1

<latexit sha1_base64="t8ss2OacHzUUjyK8bpHxEW6+scs=">AAACA3icbVDLSgMxFL3js9bXqDvdBIvgxjJTRd0IrW5cVrAPmA5DJs20oZkHSUYoQ8GNv+LGhSJu/Ql3/o2ZtgttPZDcwzn3ktzjJ5xJZVnfxsLi0vLKamGtuL6xubVt7uw2ZZwKQhsk5rFo+1hSziLaUExx2k4ExaHPacsf3OR+64EKyeLoXg0T6oa4F7GAEay05Jn7HZ/1nForL65XQVeo5p2iE33bnlmyytYYaJ7YU1KCKeqe+dXpxiQNaaQIx1I6tpUoN8NCMcLpqNhJJU0wGeAedTSNcEilm413GKEjrXRREAt9IoXG6u+JDIdSDkNfd4ZY9eWsl4v/eU6qgks3Y1GSKhqRyUNBypGKUR4I6jJBieJDTTARTP8VkT4WmCgdW1GHYM+uPE+albJ9XrbvzkrV62kcBTiAQzgGGy6gCrdQhwYQeIRneIU348l4Md6Nj0nrgjGd2YM/MD5/ACImlUA=</latexit>⇥
AW

⇤
2

= A3 � A1

<latexit sha1_base64="KQUlgwpjE3Wy1GCZE0wrnOIFWrI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAvLTBF12erGZQX7gHYYMmmmDc1khiQj1NqFv+LGhSJu/Q13/o3pA9HqgQsn59xL7j1BwpnSjvNpZRYWl5ZXsqu5tfWNzS17e6eu4lQSWiMxj2UzwIpyJmhNM81pM5EURwGnjaB/OfYbt1QqFosbPUioF+GuYCEjWBvJt/fufLcdsG6h4pfQMapMX0e+nXeKzgTom7jzJA8zVH37o92JSRpRoQnHSrVcJ9HeEEvNCKejXDtVNMGkj7u0ZajAEVXecLL/CB0apYPCWJoSGk3UnxNDHCk1iALTGWHdU/PeWPzPa6U6PPeGTCSppoJMPwpTjnSMxmGgDpOUaD4wBBPJzK6I9LDERJvIciaEPyf/JfVS0T0tutcn+fLFLI4s7MMBFMCFMyjDFVShBgTu4RGe4cV6sJ6sV+tt2pqxZjO78AvW+xfhWZQV</latexit>

z1

�
A2 � A1

�

<latexit sha1_base64="i3qRjH20X+M72GBEL0eHzla7Oos=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAvLTBV12erGZQX7gHYYMmmmDc08SDJCrV34K25cKOLW33Dn35hpi2jrgQsn59xL7j1ezJlUlvVlZBYWl5ZXsqu5tfWNzS1ze6cuo0QQWiMRj0TTw5JyFtKaYorTZiwoDjxOG17/KvUbd1RIFoW3ahBTJ8DdkPmMYKUl19y7d0ttj3ULFfcEHaOKa6evI9fMW0VrDPRD7FmShymqrvnZ7kQkCWioCMdStmwrVs4QC8UIp6NcO5E0xqSPu7SlaYgDKp3heP8ROtRKB/mR0BUqNFZ/TwxxIOUg8HRngFVPznqp+J/XSpR/4QxZGCeKhmTykZ9wpCKUhoE6TFCi+EATTATTuyLSwwITpSPL6RDmTp4n9VLRPivaN6f58uU0jizswwEUwIZzKMM1VKEGBB7gCV7g1Xg0no03433SmjGmM7vwB8bHN+R/lBc=</latexit>

z2

�
A3 � A1

�

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="mi/cXLH0SAUwJhaius5JkDgtops=">AAACIHicbZDLSsNAFIYnXmu8RV26GSxCpViSKtZlqxuXFewF2hAm00k7dDIJMxOhhDyKG1/FjQtFdKdP4/SCaOuBgZ//O4cz5/djRqWy7U9jaXlldW09t2Fubm3v7Fp7+00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+cPrMW/dEyFpxO/UKCZuiPqcBhQjpS3PqtQ8BxZhVwUC4dTJ0nJWqHlleAo1ODGL5hw5mxHPytsle1LwRzjzIg9mVfesj24vwklIuMIMSdlx7Fi5KRKKYkYys5tIEiM8RH3S0ZKjkEg3nRyYwWPt9GAQCf24ghP390SKQilHoa87Q6QGcp6Nzf9YJ1HBpZtSHieKcDxdFCQMqgiO04I9KghWbKQFwoLqv0I8QDoQpTM1dQgLJy+KZrnkXJSc2/N89WoWRw4cgiNQAA6ogCq4AXXQABg8gCfwAl6NR+PZeDPep61LxmzmAPwp4+sbEyKelA==</latexit>

A1 +
1
2 (A2 �A1) +

) + 1
2 (A3 �A1)

<latexit sha1_base64="NwSOzrcZCEpRZ+9YcAlEV4Lgx0Q=">AAACDnicbZDLSgMxFIYzXut4G3XpJlgKlWKZqaIuW924rGAv0A5DJs20oZnMkGSEdugTuPFV3LhQxK1rd76N6QXR1h8Cf75zDsn5/ZhRqWz7y1haXlldW89smJtb2zu71t5+XUaJwKSGIxaJpo8kYZSTmqKKkWYsCAp9Rhp+/3pcb9wTIWnE79QgJm6IupwGFCOlkWflKp4DC3DoOfmKV4InUN+PzYI59EoanM6AZ2Xtoj0R/DHOvMmCmaqe9dnuRDgJCVeYISlbjh0rN0VCUczIyGwnksQI91GXtLTlKCTSTSfrjGBOkw4MIqEPV3BCf0+kKJRyEPq6M0SqJ+drY/hfrZWo4NJNKY8TRTiePhQkDKoIjrOBHSoIVmygDcKC6r9C3EMCYaUTNHUICysvmnqp6JwXnduzbPlqFkcGHIIjkAcOuABlcAOqoAYweABP4AW8Go/Gs/FmvE9bl4zZzAH4I+PjGxtqlnc=</latexit>

A1 + z1(A2 �A1) +
) + z2(A3 �A1)

<latexit sha1_base64="mi/cXLH0SAUwJhaius5JkDgtops=">AAACIHicbZDLSsNAFIYnXmu8RV26GSxCpViSKtZlqxuXFewF2hAm00k7dDIJMxOhhDyKG1/FjQtFdKdP4/SCaOuBgZ//O4cz5/djRqWy7U9jaXlldW09t2Fubm3v7Fp7+00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+cPrMW/dEyFpxO/UKCZuiPqcBhQjpS3PqtQ8BxZhVwUC4dTJ0nJWqHlleAo1ODGL5hw5mxHPytsle1LwRzjzIg9mVfesj24vwklIuMIMSdlx7Fi5KRKKYkYys5tIEiM8RH3S0ZKjkEg3nRyYwWPt9GAQCf24ghP390SKQilHoa87Q6QGcp6Nzf9YJ1HBpZtSHieKcDxdFCQMqgiO04I9KghWbKQFwoLqv0I8QDoQpTM1dQgLJy+KZrnkXJSc2/N89WoWRw4cgiNQAA6ogCq4AXXQABg8gCfwAl6NR+PZeDPep61LxmzmAPwp4+sbEyKelA==</latexit>

A1 +
1
2 (A2 �A1) +

<latexit sha1_base64="mi/cXLH0SAUwJhaius5JkDgtops=">AAACIHicbZDLSsNAFIYnXmu8RV26GSxCpViSKtZlqxuXFewF2hAm00k7dDIJMxOhhDyKG1/FjQtFdKdP4/SCaOuBgZ//O4cz5/djRqWy7U9jaXlldW09t2Fubm3v7Fp7+00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+cPrMW/dEyFpxO/UKCZuiPqcBhQjpS3PqtQ8BxZhVwUC4dTJ0nJWqHlleAo1ODGL5hw5mxHPytsle1LwRzjzIg9mVfesj24vwklIuMIMSdlx7Fi5KRKKYkYys5tIEiM8RH3S0ZKjkEg3nRyYwWPt9GAQCf24ghP390SKQilHoa87Q6QGcp6Nzf9YJ1HBpZtSHieKcDxdFCQMqgiO04I9KghWbKQFwoLqv0I8QDoQpTM1dQgLJy+KZrnkXJSc2/N89WoWRw4cgiNQAA6ogCq4AXXQABg8gCfwAl6NR+PZeDPep61LxmzmAPwp4+sbEyKelA==</latexit>

A1 +) +
1
2 (A3 �A1)

A1 + 1(A2 �A1)

A1 + 1(A3 �A1)

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

R3

Figure 20: Difference perspective on the convex hull of A ∈ R3×3 measured from the column A1.

It is worth noting the relationship between these two characterizations of convex sets. For a
point y ∈ A∆ we have that

y = A1 +AWz = AI1 +AWz = A(I1 +Wz)

Here we have that x

x = I1 +Wz =
[
1− 1T z z1 · · · zn−1

]T

Note here that if zj ≥ 0 and 1T z ≤ 1 then each xi ≥ 0. Note also that

1Tx = 1T (I1 +Wz) = 1T I1 + 1TWz = 1T I1 = 1

Remark 2. In general, the above constructions are more useful for smaller x. If x ∈ Rn, reducing
to z ∈ Rn−1 usually does not give much advantage. If x ∈ R3, reducing to x ∈ R2 can often be
useful; and if x ∈ R2 (as in the first example), reducing to z ∈ R actually turns a vector problem
into a scalar problem which can be very useful.

3.6 Subspace Representations

We now turn to discussing images of subspaces.
The first subspace representation

S1 =
{
x ∈ Rn

∣∣ x = Nz, z ∈ Rk
}

is naturally thought of as the range of N .
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<latexit sha1_base64="39+KdRlfbOGdYqNYVQQfeDeHuxo=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBU9gVUS9C0IsniWAekCxhdjKbjJmdWWZmxbjkH7x4UMSr/+PNv3HyQDSxoKGo6qa7K0w408bzvpzcwuLS8kp+tbC2vrG55W7v1LRMFaFVIrlUjRBrypmgVcMMp41EURyHnNbD/uXIr99TpZkUt2aQ0CDGXcEiRrCxUu0BnaPrx7Zb9EreGOiH+LOkCFNU2u5nqyNJGlNhCMdaN30vMUGGlWGE02GhlWqaYNLHXdq0VOCY6iAbXztEB1bpoEgqW8Kgsfp7IsOx1oM4tJ0xNj09643E/7xmaqKzIGMiSQ0VZLIoSjkyEo1eRx2mKDF8YAkmitlbEelhhYmxARVsCHMvz5PaUck/Kfk3x8XyxTSOPOzBPhyCD6dQhiuoQBUI3METvMCrI51n5815n7TmnOnMLvyB8/ENkwWOeg==</latexit>

x = Nz

<latexit sha1_base64="lbW1oXiHkx30gtpgL2zYN5kKrdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/NnY18</latexit>

N1

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2

<latexit sha1_base64="6+svyahRAc1Cibu+qPS/PxvW8Sw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMx81hmZsWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZOaT6jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRpA4AGe4RXePOW9eO/ex7y14OUzh/AH3ucP2F6Opw==</latexit>

x 2

<latexit sha1_base64="SJQBp1JNtrlg6ppZFkeUTPgn/rA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZDZmeXmV4hLvkELx4U8eoXefNvnDwQTSxoKKq66e4KEikMuu6Xk1tZXVvfyG8WtrZ3dveK+wcNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7g2Ilb3OEq4H9G+EqFgFK1099j1usWSW3anID/EWyQlmKPWLX52ejFLI66QSWpM23MT9DOqUTDJx4VOanhC2ZD2edtSRSNu/Gx66picWKVHwljbUkim6u+JjEbGjKLAdkYUB2bRm4j/ee0Uw0s/EypJkSs2WxSmkmBMJn+TntCcoRxZQpkW9lbCBlRThjadgg1h6eVl0jgre5Wyd3teql7N48jDERzDKXhwAVW4gRrUgUEfnuAFXh3pPDtvzvusNefMZw7hD5yPbxIijak=</latexit>z1

<latexit sha1_base64="H6Y0Mu4tNA5lMq61jKEiUzGCwXg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmgckS5id9CZDZmeXmVkhLvkELx4U8eoXefNvnDwQTSxoKKq66e4KEsG1cd0vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lvRgn6Ee1LHnJGjZXuHruVbrHklt0pyA/xFkkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6anjsmJVXokjJUtachU/T2R0UjrURTYzoiagV70JuJ/Xjs14aWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6BRvC0svLpFEpe+dl7/asVL2ax5GHIziGU/DgAqpwAzWoA4M+PMELvDrCeXbenPdZa86ZzxzCHzgf3xOmjao=</latexit>z2

<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="5XCaZSss7//0Ypj/7qrjuVO5sno=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKqMeiF48VbC20S8mm2TY0yS5JVqhL/4IXD4p49Q9589+YbYto64OBx3szzMwLE8GN9bwvVFhaXlldK66XNja3tnfKu3tNE6easgaNRaxbITFMcMUallvBWolmRIaC3YfD69y/f2Da8Fjd2VHCAkn6ikecEptLj13/uFuueFVvAvxD/HlSgRnq3fJnpxfTVDJlqSDGtH0vsUFGtOVUsHGpkxqWEDokfdZ2VBHJTJBNbh3jI6f0cBRrV8riifp7IiPSmJEMXackdmDmvVz8z2unNroMMq6S1DJFp4uiVGAb4/xx3OOaUStGjhCqubsV0wHRhFoXT8mFsPDyImmeVv3zqn97VqldzeIowgEcwgn4cAE1uIE6NIDCAJ7gBV6RRM/oDb1PWwtoNrMPf4A+vgFzMI3a</latexit>

z01<latexit sha1_base64="3iM14rDHvMl7JzVcuwf6nLoKhOU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktoh6LXjxWsB/QLiWbZtvQJLskWaEu/QtePCji1T/kzX9jdltEWx8MPN6bYWZeEHOmjet+OYWV1bX1jeJmaWt7Z3evvH/Q0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32R++4EqzSJ5byYx9QUeShYygk0mPfZrp/1yxa26OdAP8RZJBeZo9MufvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X6a3zpFJ1YZoDBStqRBufp7IsVC64kIbKfAZqQXvUz8z+smJrzyUybjxFBJZovChCMToexxNGCKEsMnlmCimL0VkRFWmBgbT8mGsPTyMmnVqt5F1bs7r9Sv53EU4QiO4Qw8uIQ63EIDmkBgBE/wAq+OcJ6dN+d91lpw5jOH8AfOxzd0tY3b</latexit>

z02

<latexit sha1_base64="3i0nc6NqyQJGle2U73JkE4OFW40=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPEU9gVUS9C0IsniWAekCxhdjKbDJmZXWdmxbjkJ7x4UMSrv+PNv3HyQDSxoKGo6qa7K4g508Z1v5zMwuLS8kp2Nbe2vrG5ld/eqekoUYRWScQj1QiwppxJWjXMcNqIFcUi4LQe9C9Hfv2eKs0ieWsGMfUF7koWMoKNlRoP6BxdFx+L7XzBLbljoB/izZICTFFp5z9bnYgkgkpDONa66bmx8VOsDCOcDnOtRNMYkz7u0qalEguq/XR87xAdWKWDwkjZkgaN1d8TKRZaD0RgOwU2PT3rjcT/vGZiwjM/ZTJODJVksihMODIRGj2POkxRYvjAEkwUs7ci0sMKE2MjytkQ5l6eJ7WjkndS8m6OC+WLaRxZ2IN9OAQPTqEMV1CBKhDg8AQv8OrcOc/Om/M+ac0405ld+APn4xtWeI7c</latexit>

x = N 0z0

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="6+svyahRAc1Cibu+qPS/PxvW8Sw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMx81hmZsWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZOaT6jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRpA4AGe4RXePOW9eO/ex7y14OUzh/AH3ucP2F6Opw==</latexit>

x 2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

N1

N2

<latexit sha1_base64="UoDJ2MfmvPxQolqQXOqZJntBNd8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvXiSCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfeD2vmgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVa9h3qlcZPHUYQTOIUL8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fMBONrg==</latexit>

N 0
2

<latexit sha1_base64="9rCFacJKq1hfk76yVPzMC3/2INU=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRiyepYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvVra2d3b33P2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLRzNJaCDwULKIEWxy6b7vn/bdqlfzZkDLxC9IFQo0+u5XbxCTVFBpCMdad30vMUGGlWGE02mll2qaYDLGQ9q1VGJBdZDNbp2iE6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroOMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT8WG4C++vExa5zX/suY/XFTrN0UcZTiCYzgDH66gDnfQgCYQGMEzvMKbI5wX5935mLeWnGLmEP7A+fwBLo6NrQ==</latexit>

N 0
1

<latexit sha1_base64="39+KdRlfbOGdYqNYVQQfeDeHuxo=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBU9gVUS9C0IsniWAekCxhdjKbjJmdWWZmxbjkH7x4UMSr/+PNv3HyQDSxoKGo6qa7K0w408bzvpzcwuLS8kp+tbC2vrG55W7v1LRMFaFVIrlUjRBrypmgVcMMp41EURyHnNbD/uXIr99TpZkUt2aQ0CDGXcEiRrCxUu0BnaPrx7Zb9EreGOiH+LOkCFNU2u5nqyNJGlNhCMdaN30vMUGGlWGE02GhlWqaYNLHXdq0VOCY6iAbXztEB1bpoEgqW8Kgsfp7IsOx1oM4tJ0xNj09643E/7xmaqKzIGMiSQ0VZLIoSjkyEo1eRx2mKDF8YAkmitlbEelhhYmxARVsCHMvz5PaUck/Kfk3x8XyxTSOPOzBPhyCD6dQhiuoQBUI3METvMCrI51n5815n7TmnOnMLvyB8/ENkwWOeg==</latexit>

x = Nz

<latexit sha1_base64="lbW1oXiHkx30gtpgL2zYN5kKrdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/NnY18</latexit>

N1

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2

<latexit sha1_base64="6+svyahRAc1Cibu+qPS/PxvW8Sw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMx81hmZsWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZOaT6jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRpA4AGe4RXePOW9eO/ex7y14OUzh/AH3ucP2F6Opw==</latexit>

x 2

<latexit sha1_base64="SJQBp1JNtrlg6ppZFkeUTPgn/rA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZDZmeXmV4hLvkELx4U8eoXefNvnDwQTSxoKKq66e4KEikMuu6Xk1tZXVvfyG8WtrZ3dveK+wcNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7g2Ilb3OEq4H9G+EqFgFK1099j1usWSW3anID/EWyQlmKPWLX52ejFLI66QSWpM23MT9DOqUTDJx4VOanhC2ZD2edtSRSNu/Gx66picWKVHwljbUkim6u+JjEbGjKLAdkYUB2bRm4j/ee0Uw0s/EypJkSs2WxSmkmBMJn+TntCcoRxZQpkW9lbCBlRThjadgg1h6eVl0jgre5Wyd3teql7N48jDERzDKXhwAVW4gRrUgUEfnuAFXh3pPDtvzvusNefMZw7hD5yPbxIijak=</latexit>z1

<latexit sha1_base64="H6Y0Mu4tNA5lMq61jKEiUzGCwXg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmgckS5id9CZDZmeXmVkhLvkELx4U8eoXefNvnDwQTSxoKKq66e4KEsG1cd0vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lvRgn6Ee1LHnJGjZXuHruVbrHklt0pyA/xFkkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6anjsmJVXokjJUtachU/T2R0UjrURTYzoiagV70JuJ/Xjs14aWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6BRvC0svLpFEpe+dl7/asVL2ax5GHIziGU/DgAqpwAzWoA4M+PMELvDrCeXbenPdZa86ZzxzCHzgf3xOmjao=</latexit>z2

<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="5XCaZSss7//0Ypj/7qrjuVO5sno=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKqMeiF48VbC20S8mm2TY0yS5JVqhL/4IXD4p49Q9589+YbYto64OBx3szzMwLE8GN9bwvVFhaXlldK66XNja3tnfKu3tNE6easgaNRaxbITFMcMUallvBWolmRIaC3YfD69y/f2Da8Fjd2VHCAkn6ikecEptLj13/uFuueFVvAvxD/HlSgRnq3fJnpxfTVDJlqSDGtH0vsUFGtOVUsHGpkxqWEDokfdZ2VBHJTJBNbh3jI6f0cBRrV8riifp7IiPSmJEMXackdmDmvVz8z2unNroMMq6S1DJFp4uiVGAb4/xx3OOaUStGjhCqubsV0wHRhFoXT8mFsPDyImmeVv3zqn97VqldzeIowgEcwgn4cAE1uIE6NIDCAJ7gBV6RRM/oDb1PWwtoNrMPf4A+vgFzMI3a</latexit>

z01<latexit sha1_base64="3iM14rDHvMl7JzVcuwf6nLoKhOU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktoh6LXjxWsB/QLiWbZtvQJLskWaEu/QtePCji1T/kzX9jdltEWx8MPN6bYWZeEHOmjet+OYWV1bX1jeJmaWt7Z3evvH/Q0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32R++4EqzSJ5byYx9QUeShYygk0mPfZrp/1yxa26OdAP8RZJBeZo9MufvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X6a3zpFJ1YZoDBStqRBufp7IsVC64kIbKfAZqQXvUz8z+smJrzyUybjxFBJZovChCMToexxNGCKEsMnlmCimL0VkRFWmBgbT8mGsPTyMmnVqt5F1bs7r9Sv53EU4QiO4Qw8uIQ63EIDmkBgBE/wAq+OcJ6dN+d91lpw5jOH8AfOxzd0tY3b</latexit>

z02

<latexit sha1_base64="3i0nc6NqyQJGle2U73JkE4OFW40=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPEU9gVUS9C0IsniWAekCxhdjKbDJmZXWdmxbjkJ7x4UMSrv+PNv3HyQDSxoKGo6qa7K4g508Z1v5zMwuLS8kp2Nbe2vrG5ld/eqekoUYRWScQj1QiwppxJWjXMcNqIFcUi4LQe9C9Hfv2eKs0ieWsGMfUF7koWMoKNlRoP6BxdFx+L7XzBLbljoB/izZICTFFp5z9bnYgkgkpDONa66bmx8VOsDCOcDnOtRNMYkz7u0qalEguq/XR87xAdWKWDwkjZkgaN1d8TKRZaD0RgOwU2PT3rjcT/vGZiwjM/ZTJODJVksihMODIRGj2POkxRYvjAEkwUs7ci0sMKE2MjytkQ5l6eJ7WjkndS8m6OC+WLaRxZ2IN9OAQPTqEMV1CBKhDg8AQv8OrcOc/Om/M+ac0405ld+APn4xtWeI7c</latexit>

x = N 0z0

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="6+svyahRAc1Cibu+qPS/PxvW8Sw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMx81hmZsWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZOaT6jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRpA4AGe4RXePOW9eO/ex7y14OUzh/AH3ucP2F6Opw==</latexit>

x 2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

N1

N2

<latexit sha1_base64="UoDJ2MfmvPxQolqQXOqZJntBNd8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvXiSCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfeD2vmgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVa9h3qlcZPHUYQTOIUL8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fMBONrg==</latexit>

N 0
2

<latexit sha1_base64="9rCFacJKq1hfk76yVPzMC3/2INU=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRiyepYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvVra2d3b33P2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLRzNJaCDwULKIEWxy6b7vn/bdqlfzZkDLxC9IFQo0+u5XbxCTVFBpCMdad30vMUGGlWGE02mll2qaYDLGQ9q1VGJBdZDNbp2iE6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroOMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT8WG4C++vExa5zX/suY/XFTrN0UcZTiCYzgDH66gDnfQgCYQGMEzvMKbI5wX5935mLeWnGLmEP7A+fwBLo6NrQ==</latexit>

N 0
1

Figure 21: First subspace representation as the range (column span) of a matrix N ∈ Rm×d where
m (here m = 3) is the ambient dimension and d (here d = 2) is the dimension of the subspace. x in
the subspace is given by x = Nz for some independent coordinates z ∈ Rd. Changing the basis for
the subspace N ′ results in different coordinates for the same point x; x = N ′z′. Note that z and z′

have the same dimension.

Note that for a particular subspace, the choice of N is not unique; it is only important that they
have the same span. For a particular 2D subspace in R3, we illustrate two matrices N and N ′ that
have the same span be used to represent the same subspace.

It is worth noting the relationship between different representations N and N ′. Specifically there
exists a matrix M ∈ Rk×k′ such that N ′ = NM and

x = N ′z′ = NMz′ = Nz

and thus we have the relationships N ′ = NM and z = Mz′. We illustrate this here.

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2 <latexit sha1_base64="6+svyahRAc1Cibu+qPS/PxvW8Sw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMx81hmZsWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZOaT6jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRpA4AGe4RXePOW9eO/ex7y14OUzh/AH3ucP2F6Opw==</latexit>

x 2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="lbW1oXiHkx30gtpgL2zYN5kKrdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/NnY18</latexit>

N1

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2<latexit sha1_base64="UoDJ2MfmvPxQolqQXOqZJntBNd8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvXiSCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfeD2vmgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVa9h3qlcZPHUYQTOIUL8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fMBONrg==</latexit>

N 0
2

<latexit sha1_base64="9rCFacJKq1hfk76yVPzMC3/2INU=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRiyepYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvVra2d3b33P2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLRzNJaCDwULKIEWxy6b7vn/bdqlfzZkDLxC9IFQo0+u5XbxCTVFBpCMdad30vMUGGlWGE02mll2qaYDLGQ9q1VGJBdZDNbp2iE6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroOMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT8WG4C++vExa5zX/suY/XFTrN0UcZTiCYzgDH66gDnfQgCYQGMEzvMKbI5wX5935mLeWnGLmEP7A+fwBLo6NrQ==</latexit>

N 0
1

<latexit sha1_base64="TDzwFV89PU5JPgUhwYLWNKx677o=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9SIEvXgxRDAPSJYwO+kkQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriAWXBvX/XaWlldW19ZzG/nNre2d3cLefl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw9uJ33hCpXkkH80oRj+kfcl7nFFjpUblhFyTyn2nUHRL7hRkkXgZKUKGaqfw1e5GLAlRGiao1i3PjY2fUmU4EzjOtxONMWVD2seWpZKGqP10eu6YHFulS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ35adcxolByWaLeokgJiKT30mXK2RGjCyhTHF7K2EDqigzNqG8DcGbf3mR1M9K3kXJezgvlm+yOHJwCEdwCh5cQhnuoAo1YDCEZ3iFNyd2Xpx352PWuuRkMwfwB87nD24EjlM=</latexit>

N 0 = NM

<latexit sha1_base64="xY6nPxIdHuKbDz0r1WxhHB3rido=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiFy9CBWsL7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMCxPBjfX9b6+0srq2vlHerGxt7+zuVfcPHk2caspaNBax7oTEMMEVa1luBeskmhEZCtYOxze5335i2vBYPdhJwgJJhopHnBKbS3d9jPrVml/3Z0DLBBekBgWa/epXbxDTVDJlqSDGdLGf2CAj2nIq2LTSSw1LCB2TIes6qohkJshmt07RiVMGKIq1K2XRTP09kRFpzESGrlMSOzKLXi7+53VTG10FGVdJapmi80VRKpCNUf44GnDNqBUTRwjV3N2K6IhoQq2Lp+JCwIsvL5PHszq+qOP781rjuoijDEdwDKeA4RIacAtNaAGFETzDK7x50nvx3r2PeWvJK2YO4Q+8zx8ia42l</latexit>

M1

<latexit sha1_base64="jRfoIX4eu0VlmYaP3KSn2rRpo+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kWoaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3e9aq9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5NmteJdVLz783LtOo+jAMdwAmfgwSXU4Bbq0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8AzZuNfA==</latexit>

M2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="WUc0a9Q/Ki7nlWWsmLH1Nlz5ir8=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7Irol6EohcvSgX7Ae1Ssmm2jc0mS5IVytL/4MWDIl79P978N6btHrT1wcDjvRlm5oUJZ9p43rdTWFpeWV0rrpc2Nre2d9zdvYaWqSK0TiSXqhViTTkTtG6Y4bSVKIrjkNNmOLye+M0nqjST4sGMEhrEuC9YxAg2Vmpcorvbrt91y17FmwItEj8nZchR67pfnZ4kaUyFIRxr3fa9xAQZVoYRTselTqppgskQ92nbUoFjqoNseu0YHVmlhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//PaqYkugoyJJDVUkNmiKOXISDR5HfWYosTwkSWYKGZvRWSAFSbGBlSyIfjzLy+SxknFP6v496fl6lUeRxEO4BCOwYdzqMIN1KAOBB7hGV7hzZHOi/PufMxaC04+sw9/4Hz+AEC6jkQ=</latexit>

= NM1

<latexit sha1_base64="Vy+LcmVoArcXptAJFDvDmkBnTjQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IsXJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlZrkitzfdSvdYsktuzOQZeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2bkTcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+pZ9yGScGJZsv6ieCmIhMfyc9rpAZMbaEMsXtrYQNqaLM2IQKNgRv8eVl0qiUvfOy93BWql5nceThCI7hFDy4gCrcQg3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD5hsjm8=</latexit>

= NM2

Figure 22: Calculating the coordinates of each column of N ′ with respect to N allows us to quantify
relationships between bases for subspaces, N ′ = NM where each column Mi is the coordinates of
N ′

i with respect to N .

16



<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2 <latexit sha1_base64="6+svyahRAc1Cibu+qPS/PxvW8Sw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMx81hmZsWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZOaT6jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRpA4AGe4RXePOW9eO/ex7y14OUzh/AH3ucP2F6Opw==</latexit>

x 2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

N1

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2<latexit sha1_base64="UoDJ2MfmvPxQolqQXOqZJntBNd8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvXiSCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfeD2vmgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVa9h3qlcZPHUYQTOIUL8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fMBONrg==</latexit>

N 0
2

<latexit sha1_base64="9rCFacJKq1hfk76yVPzMC3/2INU=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRiyepYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvVra2d3b33P2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLRzNJaCDwULKIEWxy6b7vn/bdqlfzZkDLxC9IFQo0+u5XbxCTVFBpCMdad30vMUGGlWGE02mll2qaYDLGQ9q1VGJBdZDNbp2iE6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroOMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT8WG4C++vExa5zX/suY/XFTrN0UcZTiCYzgDH66gDnfQgCYQGMEzvMKbI5wX5935mLeWnGLmEP7A+fwBLo6NrQ==</latexit>

N 0
1

<latexit sha1_base64="TDzwFV89PU5JPgUhwYLWNKx677o=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9SIEvXgxRDAPSJYwO+kkQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriAWXBvX/XaWlldW19ZzG/nNre2d3cLefl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw9uJ33hCpXkkH80oRj+kfcl7nFFjpUblhFyTyn2nUHRL7hRkkXgZKUKGaqfw1e5GLAlRGiao1i3PjY2fUmU4EzjOtxONMWVD2seWpZKGqP10eu6YHFulS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ35adcxolByWaLeokgJiKT30mXK2RGjCyhTHF7K2EDqigzNqG8DcGbf3mR1M9K3kXJezgvlm+yOHJwCEdwCh5cQhnuoAo1YDCEZ3iFNyd2Xpx352PWuuRkMwfwB87nD24EjlM=</latexit>

N 0 = NM

<latexit sha1_base64="xY6nPxIdHuKbDz0r1WxhHB3rido=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiFy9CBWsL7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMCxPBjfX9b6+0srq2vlHerGxt7+zuVfcPHk2caspaNBax7oTEMMEVa1luBeskmhEZCtYOxze5335i2vBYPdhJwgJJhopHnBKbS3d9jPrVml/3Z0DLBBekBgWa/epXbxDTVDJlqSDGdLGf2CAj2nIq2LTSSw1LCB2TIes6qohkJshmt07RiVMGKIq1K2XRTP09kRFpzESGrlMSOzKLXi7+53VTG10FGVdJapmi80VRKpCNUf44GnDNqBUTRwjV3N2K6IhoQq2Lp+JCwIsvL5PHszq+qOP781rjuoijDEdwDKeA4RIacAtNaAGFETzDK7x50nvx3r2PeWvJK2YO4Q+8zx8ia42l</latexit>

M1

<latexit sha1_base64="jRfoIX4eu0VlmYaP3KSn2rRpo+g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kWoaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3e9aq9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5NmteJdVLz783LtOo+jAMdwAmfgwSXU4Bbq0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8AzZuNfA==</latexit>

M2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="WUc0a9Q/Ki7nlWWsmLH1Nlz5ir8=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7Irol6EohcvSgX7Ae1Ssmm2jc0mS5IVytL/4MWDIl79P978N6btHrT1wcDjvRlm5oUJZ9p43rdTWFpeWV0rrpc2Nre2d9zdvYaWqSK0TiSXqhViTTkTtG6Y4bSVKIrjkNNmOLye+M0nqjST4sGMEhrEuC9YxAg2Vmpcorvbrt91y17FmwItEj8nZchR67pfnZ4kaUyFIRxr3fa9xAQZVoYRTselTqppgskQ92nbUoFjqoNseu0YHVmlhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//PaqYkugoyJJDVUkNmiKOXISDR5HfWYosTwkSWYKGZvRWSAFSbGBlSyIfjzLy+SxknFP6v496fl6lUeRxEO4BCOwYdzqMIN1KAOBB7hGV7hzZHOi/PufMxaC04+sw9/4Hz+AEC6jkQ=</latexit>

= NM1

<latexit sha1_base64="Vy+LcmVoArcXptAJFDvDmkBnTjQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IsXJYJ5QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlZrkitzfdSvdYsktuzOQZeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2bkTcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+pZ9yGScGJZsv6ieCmIhMfyc9rpAZMbaEMsXtrYQNqaLM2IQKNgRv8eVl0qiUvfOy93BWql5nceThCI7hFDy4gCrcQg3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD5hsjm8=</latexit>

= NM2

<latexit sha1_base64="5XCaZSss7//0Ypj/7qrjuVO5sno=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKqMeiF48VbC20S8mm2TY0yS5JVqhL/4IXD4p49Q9589+YbYto64OBx3szzMwLE8GN9bwvVFhaXlldK66XNja3tnfKu3tNE6easgaNRaxbITFMcMUallvBWolmRIaC3YfD69y/f2Da8Fjd2VHCAkn6ikecEptLj13/uFuueFVvAvxD/HlSgRnq3fJnpxfTVDJlqSDGtH0vsUFGtOVUsHGpkxqWEDokfdZ2VBHJTJBNbh3jI6f0cBRrV8riifp7IiPSmJEMXackdmDmvVz8z2unNroMMq6S1DJFp4uiVGAb4/xx3OOaUStGjhCqubsV0wHRhFoXT8mFsPDyImmeVv3zqn97VqldzeIowgEcwgn4cAE1uIE6NIDCAJ7gBV6RRM/oDb1PWwtoNrMPf4A+vgFzMI3a</latexit>

z01<latexit sha1_base64="3iM14rDHvMl7JzVcuwf6nLoKhOU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktoh6LXjxWsB/QLiWbZtvQJLskWaEu/QtePCji1T/kzX9jdltEWx8MPN6bYWZeEHOmjet+OYWV1bX1jeJmaWt7Z3evvH/Q0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32R++4EqzSJ5byYx9QUeShYygk0mPfZrp/1yxa26OdAP8RZJBeZo9MufvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X6a3zpFJ1YZoDBStqRBufp7IsVC64kIbKfAZqQXvUz8z+smJrzyUybjxFBJZovChCMToexxNGCKEsMnlmCimL0VkRFWmBgbT8mGsPTyMmnVqt5F1bs7r9Sv53EU4QiO4Qw8uIQ63EIDmkBgBE/wAq+OcJ6dN+d91lpw5jOH8AfOxzd0tY3b</latexit>

z02

<latexit sha1_base64="3i0nc6NqyQJGle2U73JkE4OFW40=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPEU9gVUS9C0IsniWAekCxhdjKbDJmZXWdmxbjkJ7x4UMSrv+PNv3HyQDSxoKGo6qa7K4g508Z1v5zMwuLS8kp2Nbe2vrG5ld/eqekoUYRWScQj1QiwppxJWjXMcNqIFcUi4LQe9C9Hfv2eKs0ieWsGMfUF7koWMoKNlRoP6BxdFx+L7XzBLbljoB/izZICTFFp5z9bnYgkgkpDONa66bmx8VOsDCOcDnOtRNMYkz7u0qalEguq/XR87xAdWKWDwkjZkgaN1d8TKRZaD0RgOwU2PT3rjcT/vGZiwjM/ZTJODJVksihMODIRGj2POkxRYvjAEkwUs7ci0sMKE2MjytkQ5l6eJ7WjkndS8m6OC+WLaRxZ2IN9OAQPTqEMV1CBKhDg8AQv8OrcOc/Om/M+ac0405ld+APn4xtWeI7c</latexit>

x = N 0z0 <latexit sha1_base64="OZCMgpgaKJMfRbx9Mmk1GVCLIdc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKqBch6MWLEME8IFnC7KSTDJmdXWZmhWTJR3jxoIhXv8ebf+PkgWhiQUNR1U13VxALro3rfjmZpeWV1bXsem5jc2t7J7+7V9VRohhWWCQiVQ+oRsElVgw3AuuxQhoGAmtB/2bs1x5RaR7JBzOI0Q9pV/IOZ9RYqTYkV+RueNzKF9yiOwH5Id48KcAM5Vb+s9mOWBKiNExQrRueGxs/pcpwJnCUayYaY8r6tIsNSyUNUfvp5NwRObJKm3QiZUsaMlF/T6Q01HoQBrYzpKan572x+J/XSEzn0k+5jBODkk0XdRJBTETGv5M2V8iMGFhCmeL2VsJ6VFFmbEI5G8LCy4ukelr0zove/VmhdD2LIwsHcAgn4MEFlOAWylABBn14ghd4dWLn2Xlz3qetGWc2sw9/4Hx8A/Zajqw=</latexit>

z = Mz0

Figure 23: Writing the columns of N ′ in coordinates relative to N allows us to transform between
the z and z′ representations of x. If N ′ = NM then z′ = Mz.

3.7 Subspace Images

Visualizing the image of domain subspaces when they are mapped into the co-domain is straight
forward in that we just simply see them relative to the columns of A. Using the representations
above, we can simply apply the matrix transformation to each column of N . We illustrate this here
for the matrix B ∈ R3×3 shown.

<latexit sha1_base64="/9kE/uWpFuBvunKyergTgseoeCc=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMdSLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2xbR1gcDj/dmmJkXJoIb63lfqLC2vrG5Vdwu7ezu7R+UD49aJk41ZU0ai1h3QmKY4Io1LbeCdRLNiAwFa4fj29xvPzJteKwe7CRhgSRDxSNOic2let/H/XLFq3oz4B/iL5MKLNDolz97g5imkilLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jikhmgmx26xSfOWWAo1i7UhbP1N8TGZHGTGToOiWxI7Ps5eJ/Xje10U2QcZWklik6XxSlAtsY54/jAdeMWjFxhFDN3a2Yjogm1Lp4Si6ElZdXSeui6l9V/fvLSq2+iKMIJ3AK5+DDNdTgDhrQBAojeIIXeEUSPaM39D5vLaDFzDH8Afr4BhMMjZs=</latexit>

B1

<latexit sha1_base64="C6FgrS+iRu4+s0JWP35G4P9uIQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8hXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd13qVXrHklt0ZyA/xlkkJFqj3ip/dfszSCKVhgmrd8dzE+BlVhjOBk0I31ZhQNqID7FgqaYTaz2anTsiZVfokjJUtachM/T2R0UjrcRTYzoiaoV72puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6BRvCysurpFkpe5dl7+6iVK0t4sjDCZzCOXhwBVW4hTo0gMEAnuAFXh3hPDtvzvu8NecsZo7hD5yPb75HjXI=</latexit>

B2

<latexit sha1_base64="5410JnBMVO/54U35NkAv7IJBUkQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMcQLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEsG1cd0vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY/lgRgn6Ee1LHnJGjZXuq93zbrHklt0pyA/xFkkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6anjsmJVXokjJUtachU/T2R0UjrURTYzoiagV70JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6BRvC0svLpHFW9i7L3t1FqVKdx5GHIziGU/DgCipwCzWoA4M+PMELvDrCeXbenPdZa86ZzxzCHzgf37/LjXM=</latexit>

B3

<latexit sha1_base64="lbW1oXiHkx30gtpgL2zYN5kKrdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/NnY18</latexit>

N1
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

Figure 24: The basis for the image of a subspace through a matrix B is given simply by multiplying
BN , ie. taking the columns of N as coordinates relative to B rather than the identity I.

3.8 Affine Spaces

The first characterization of affine spaces

A1 =
{
x ∈ Rn

∣∣ x = Nz + x0, z ∈ Rk
}
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is simply a subspace shifted by x0. We illustrate this here.

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="lbW1oXiHkx30gtpgL2zYN5kKrdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/NnY18</latexit>

N1

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2

<latexit sha1_base64="8nUtEGZvTXYoSDG/HCQtsulrfkM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZDZmeXmV4xLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEikMuu6Xk1tZXVvfyG8WtrZ3dveK+wcNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7g2Ilb3OEq4H9G+EqFgFK1099h1u8WSW3anID/EWyQlmKPWLX52ejFLI66QSWpM23MT9DOqUTDJx4VOanhC2ZD2edtSRSNu/Gx66picWKVHwljbUkim6u+JjEbGjKLAdkYUB2bRm4j/ee0Uw0s/EypJkSs2WxSmkmBMJn+TntCcoRxZQpkW9lbCBlRThjadgg1h6eVl0jgre5Wyd3teql7N48jDERzDKXhwAVW4gRrUgUEfnuAFXh3pPDtvzvusNefMZw7hD5yPbw2SjaY=</latexit>x0

Similar to the discussion for subspaces above, for a particular affine space the choice of both N
and x0 are not unique. We illustrate three possibilities for the affine space shown above.

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="lbW1oXiHkx30gtpgL2zYN5kKrdQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/NnY18</latexit>

N1

<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2

<latexit sha1_base64="8nUtEGZvTXYoSDG/HCQtsulrfkM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZDZmeXmV4xLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEikMuu6Xk1tZXVvfyG8WtrZ3dveK+wcNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7g2Ilb3OEq4H9G+EqFgFK1099h1u8WSW3anID/EWyQlmKPWLX52ejFLI66QSWpM23MT9DOqUTDJx4VOanhC2ZD2edtSRSNu/Gx66picWKVHwljbUkim6u+JjEbGjKLAdkYUB2bRm4j/ee0Uw0s/EypJkSs2WxSmkmBMJn+TntCcoRxZQpkW9lbCBlRThjadgg1h6eVl0jgre5Wyd3teql7N48jDERzDKXhwAVW4gRrUgUEfnuAFXh3pPDtvzvusNefMZw7hD5yPbw2SjaY=</latexit>x0

<latexit sha1_base64="n6nC6Mu8Vddfyojx8o5esFJkdpo=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPoKeyKqMegF48RTAwkS5idzCZD5rHMzIphyS948aCIV3/Im3/jbBJEEwsaiqpuuruihDNjff/LKywtr6yuFddLG5tb2zvl3b2mUakmtEEUV7oVYUM5k7RhmeW0lWiKRcTpfTS8zv37B6oNU/LOjhIaCtyXLGYE21x67PrH3XLFr/oToB8SzJMKzFDvlj87PUVSQaUlHBvTDvzEhhnWlhFOx6VOamiCyRD3adtRiQU1YTa5dYyOnNJDsdKupEUT9fdEhoUxIxG5ToHtwMx7ufif105tfBlmTCappZJMF8UpR1ah/HHUY5oSy0eOYKKZuxWRAdaYWBdPyYWw8PIiaZ5Wg/NqcHtWqV3N4ijCARzCCQRwATW4gTo0gMAAnuAFXj3hPXtv3vu0teDNZvbhD7yPb26djdc=</latexit>

x0
0

<latexit sha1_base64="AkqCAp4gLKBqo55EK/eAprH5OH0=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPEU9gVUY9BLx4juEkgWcLspDcZMju7zMyKIeQbvHhQxKsf5M2/cfJANLGgoajqprsrTAXXxnW/nNzK6tr6Rn6zsLW9s7tX3D+o6yRTDH2WiEQ1Q6pRcIm+4UZgM1VI41BgIxzcTPzGAyrNE3lvhikGMe1JHnFGjZX8x45bLneKJbfiTkF+iLdISjBHrVP8bHcTlsUoDRNU65bnpiYYUWU4EzgutDONKWUD2sOWpZLGqIPR9NgxObFKl0SJsiUNmaq/J0Y01noYh7YzpqavF72J+J/Xykx0FYy4TDODks0WRZkgJiGTz0mXK2RGDC2hTHF7K2F9qigzNp+CDWHp5WVSP6t4FxXv7rxUvZ7HkYcjOIZT8OASqnALNfCBAYcneIFXRzrPzpvzPmvNOfOZQ/gD5+Mbz9GOCA==</latexit>

x00
0

<latexit sha1_base64="9rCFacJKq1hfk76yVPzMC3/2INU=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRiyepYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvVra2d3b33P2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLRzNJaCDwULKIEWxy6b7vn/bdqlfzZkDLxC9IFQo0+u5XbxCTVFBpCMdad30vMUGGlWGE02mll2qaYDLGQ9q1VGJBdZDNbp2iE6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroOMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT8WG4C++vExa5zX/suY/XFTrN0UcZTiCYzgDH66gDnfQgCYQGMEzvMKbI5wX5935mLeWnGLmEP7A+fwBLo6NrQ==</latexit>

N 0
1

<latexit sha1_base64="UoDJ2MfmvPxQolqQXOqZJntBNd8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT0WvXiSCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfeD2vmgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVa9h3qlcZPHUYQTOIUL8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fMBONrg==</latexit>

N 0
2

<latexit sha1_base64="QHs4ijNGDBYLG9R50ZE17xfBp6A=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRapp7JbRD0WvXiSCm5baJeSTbNtaJJdkqxQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48auk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H49uZ336iSrNYPppJQgOBh5JFjGBjJf++X69W++WKW3PnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6DrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKq17zLmvdwUWnc5HEU4QRO4Rw8uIIG3EETfCDA4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gCRH43f</latexit>

N 00
2

<latexit sha1_base64="/10IJG+yPEUNyId1vOgYjUOsSqM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSL1VBIR9Vj04kkq2A9oQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVGvc9r1Lplcpu1Z2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Njt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTz0lfaM5Qji2hTAt7K2FDqilDm0/RhuAtvrxMmudV77LqPVyUazd5HAU4hhM4Aw+uoAZ3UIcGMBDwDK/w5ijnxXl3PuatK04+cwR/4Hz+AI+Zjd4=</latexit>

N 00
1

In fact, x0 can be any point in the space and the columns of N can be any basis for the
appropriate subspace. (Actually the columns of N need not even be linearly independent, though
if they aren’t than there will be redundant coordinates z that reach the same point in the space.)
It is worth noting algebraically the relationship between these different representations. For two
separate representations (N, x0) and (N ′, x′0), we have N ′ = NM . Note that the difference x′0 − x0
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is in the subspace and thus there exist coordinates such that Nu = x′0 − x0. For any point x in the
affine space

x = N ′z′ + x′0

= NMz′ + x′0

= NMz′ + x′0 − x0 + x0

= NMz′ +Nu+ x0

= N(Mz′ + u) + x0

Thus we have the relationships N ′ = NM and z = Mz′ + u
The third affine space representation

A3 =
{
x ∈ Rn

∣∣ x = Az, 1T z = 1, z ∈ Rk+1
}

is an extension of the idea of a convex hull. Here the positivity constraints on each zi are removed.
Here the columns of A define k points that the subspace must pass through. Note that the extra
constraint 1T z = 1 reduces the dimension of the set by 1. In an m-dimensional space, k (with
k ≤ m) linearly independent points naturally defines an k − 1 dimensional subspace that passes
through all of them. For example, in R2, two points define a line; in R3 three points define a plane;
etc. The image of this set through a matrix A ∈ Rn×k is the k − 1-dimesional affine space passing
through all the columns. This is illustrated here for A ∈ R2×2 with several points labeled

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="vVTWj8yOkAVHLlrJ2uYMK+YFtms=">AAACCnicbVBNS8NAEN34WetX1KOX1SIIQkmKqMeqF48V7Ae0oWy2m3bpZhN2J0IJOXvxr3jxoIhXf4E3/43bNgfb+mDg8d4MM/P8WHANjvNjLS2vrK6tFzaKm1vbO7v23n5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8HfvNR6Y0j+QDjGLmhaQvecApASN17aMOBIrQ1M3SSnbddfEZnlUqXbvklJ0J8CJxc1JCOWpd+7vTi2gSMglUEK3brhODlxIFnAqWFTuJZjGhQ9JnbUMlCZn20skrGT4xSg8HkTIlAU/UvxMpCbUehb7pDAkM9Lw3Fv/z2gkEV17KZZwAk3S6KEgEhgiPc8E9rhgFMTKEUMXNrZgOiAkCTHpFE4I7//IiaVTK7kXZvT8vVW/yOAroEB2jU+SiS1RFd6iG6oiiJ/SC3tC79Wy9Wh/W57R1ycpnDtAMrK9fi/OZhw==</latexit>

1
2A1 + 1

2A2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="xMUcvQk802VeHYarrGkJE9cDjQ4=">AAACCnicbZC7SgNBFIbPeo3xtmppMxoEG8NOFLWM2lhGMBdIljA7mU2GzF6YmRXCsrWNr2JjoYitT2Dn2zhJttDEHwZ+vnMOZ87vxYIr7Tjf1sLi0vLKamGtuL6xubVt7+w2VJRIyuo0EpFseUQxwUNW11wL1oolI4EnWNMb3ozrzQcmFY/Cez2KmRuQfsh9Tok2qGsfdLQvCU1Ps7SSXXUxOkE5wVNS6dolp+xMhOYNzk0JctW69lenF9EkYKGmgijVxk6s3ZRIzalgWbGTKBYTOiR91jY2JAFTbjo5JUNHhvSQH0nzQo0m9PdESgKlRoFnOgOiB2q2Nob/1dqJ9i/dlIdxollIp4v8RCAdoXEuqMclo1qMjCFUcvNXRAfEBKFNekUTAp49ed40KmV8XsZ3Z6XqdR5HAfbhEI4BwwVU4RZqUAcKj/AMr/BmPVkv1rv1MW1dsPKZPfgj6/MHklWZiw==</latexit>

3
2A1 � 1

2A2

<latexit sha1_base64="r1+BwAgxmO7hBEfzqwue1B8yGkE=">AAACCnicbZC7SgNBFIbPeo3xtmppMxoEG8NOFLWM2lhGMBdIljA7mU2GzF6YmRXCsrWNr2JjoYitT2Dn2zhJttDEHwZ+vnMOZ87vxYIr7Tjf1sLi0vLKamGtuL6xubVt7+w2VJRIyuo0EpFseUQxwUNW11wL1oolI4EnWNMb3ozrzQcmFY/Cez2KmRuQfsh9Tok2qGsfdLQvCU1Ps7SSXXUr6ATlBE8J7tolp+xMhOYNzk0JctW69lenF9EkYKGmgijVxk6s3ZRIzalgWbGTKBYTOiR91jY2JAFTbjo5JUNHhvSQH0nzQo0m9PdESgKlRoFnOgOiB2q2Nob/1dqJ9i/dlIdxollIp4v8RCAdoXEuqMclo1qMjCFUcvNXRAfEBKFNekUTAp49ed40KmV8XsZ3Z6XqdR5HAfbhEI4BwwVU4RZqUAcKj/AMr/BmPVkv1rv1MW1dsPKZPfgj6/MHkmeZiw==</latexit>

3
2A2 � 1

2A1

and for A ∈ R3×3 with the regions defined by z’s with various sign profiles (though all summing
to 1)
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<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="PAmyCTimM4D4+Tjw5fGRu1H9tQk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiKWBIRdVl047KCfUATymRy2w6dTMLMRCyh3+DGX3HjQhG3rtz5N07bINp6YIbDOfdy7z1BwpnSjvNlzc0vLC4tF1aKq2vrG5v21nZdxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd+4A6lYLG71IAE/Il3BOowSbaS2fegF0GUiCyKiJbsf4iPsefg4/0CEP07bLjllZww8S9yclFCOatv+9MKYphEITTlRquU6ifYzIjWjHIZFL1WQENonXWgZKkgEys/GJw3xvlFC3ImleULjsfq7IyORUoMoMJVmv56a9kbif14r1Z0LP2MiSTUIOhnUSTnWMR7lg0MmgWo+MIRQycyumPaIJFSbFIsmBHf65FlSPym7Z2X35rRUuczjKKBdtIcOkIvOUQVdoyqqIYoe0BN6Qa/Wo/VsvVnvk9I5K+/ZQX9gfXwDnySc0g==</latexit>2
4

+
�
�

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

<latexit sha1_base64="a6Lmg7gyj89hgo40qKVDEAhltPY=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiKUBIRdVl047KCfUATymRy2w6dTMLMRCyh3+DGX3HjQhG3rtz5N07bULT1wAyHc+7l3nuChDOlHefbWlhcWl5ZLawV1zc2t7btnd26ilNJoUZjHstmQBRwJqCmmebQTCSQKODQCPrXI79xD1KxWNzpQQJ+RLqCdRgl2kht+9gLoMtEFkRES/YwxCfY86YfiHDqtO2SU3bGwPPEzUkJ5ai27S8vjGkagdCUE6VarpNoPyNSM8phWPRSBQmhfdKFlqGCRKD8bHzSEB8aJcSdWJonNB6rvzsyEik1iAJTafbrqVlvJP7ntVLdufQzJpJUg6CTQZ2UYx3jUT44ZBKo5gNDCJXM7Ippj0hCtUmxaEJwZ0+eJ/XTsntedm/PSpWrPI4C2kcH6Ai56AJV0A2qohqi6BE9o1f0Zj1ZL9a79TEpXbDynj30B9bnD5jSnM4=</latexit>2
4

+
+
+

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

<latexit sha1_base64="E7zZPNb2uhHI9jdRh8hA6ZYjm8A=">AAACEnicbVDLSsNAFJ34rPVVdelmsAiKWBIRdVl047KCfUATymRy0w6dTMLMRCyh3+DGX3HjQhG3rtz5N07aItp6YIbDOfdy7z1+wpnStv1lzc0vLC4tF1aKq2vrG5ulre2GilNJoU5jHsuWTxRwJqCumebQSiSQyOfQ9PtXud+8A6lYLG71IAEvIl3BQkaJNlKndOj60GUi8yOiJbsf4iPsuvg4/wwDEfw4nVLZrtgj4FniTEgZTVDrlD7dIKZpBEJTTpRqO3aivYxIzSiHYdFNFSSE9kkX2oYKEoHystFJQ7xvlACHsTRPaDxSf3dkJFJqEPmm0uzXU9NeLv7ntVMdXngZE0mqQdDxoDDlWMc4zwcHTALVfGAIoZKZXTHtEUmoNikWTQjO9MmzpHFScc4qzs1puXo5iaOAdtEeOkAOOkdVdI1qqI4oekBP6AW9Wo/Ws/VmvY9L56xJzw76A+vjG5wAnNA=</latexit>2
4

+
�
+

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

<latexit sha1_base64="2oLu8TMGCbEUW8NPHZ1g9srGd/0=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiKWBIRdVl047KCfUATymRy2w6dTMLMRCyh3+DGX3HjQhG3rtz5N07bINp6YIbDOfdy7z1BwpnSjvNlzc0vLC4tF1aKq2vrG5v21nZdxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd+4A6lYLG71IAE/Il3BOowSbaS2fegF0GUiCyKiJbsf4mPsefgo/0CEP07bLjllZww8S9yclFCOatv+9MKYphEITTlRquU6ifYzIjWjHIZFL1WQENonXWgZKkgEys/GJw3xvlFC3ImleULjsfq7IyORUoMoMJVmv56a9kbif14r1Z0LP2MiSTUIOhnUSTnWMR7lg0MmgWo+MIRQycyumPaIJFSbFIsmBHf65FlSPym7Z2X35rRUuczjKKBdtIcOkIvOUQVdoyqqIYoe0BN6Qa/Wo/VsvVnvk9I5K+/ZQX9gfXwDnAqc0A==</latexit>2
4
�
+
+

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

<latexit sha1_base64="hoJQNRW77SdmMKXFt6dzEPDqB/4=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiKWBIRdVl047KCfUATymRy2w6dTMLMRCyh3+DGX3HjQhG3rtz5N07bINp6YIbDOfdy7z1BwpnSjvNlzc0vLC4tF1aKq2vrG5v21nZdxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd+4A6lYLG71IAE/Il3BOowSbaS2fegF0GUiCyKiJbsf4iPseZPvGHsgwh+nbZecsjMGniVuTkooR7Vtf3phTNMIhKacKNVynUT7GZGaUQ7DopcqSAjtky60DBUkAuVn45OGeN8oIe7E0jyh8Vj93ZGRSKlBFJhKs19PTXsj8T+vlerOhZ8xkaQaBJ0M6qQc6xiP8sEhk0A1HxhCqGRmV0x7RBKqTYpFE4I7ffIsqZ+U3bOye3NaqlzmcRTQLtpDB8hF56iCrlEV1RBFD+gJvaBX69F6tt6s90npnJX37KA/sD6+AZv2nNA=</latexit>2
4

+
+
�

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

<latexit sha1_base64="j9j6/gkm4TuijHklR1hYcoXejWY=">AAACEnicbVDLSsNAFJ34rPVVdelmsAiKWBIRdVl047KCfUATymRy0w6dTMLMRCyh3+DGX3HjQhG3rtz5N07aItp6YIbDOfdy7z1+wpnStv1lzc0vLC4tF1aKq2vrG5ulre2GilNJoU5jHsuWTxRwJqCumebQSiSQyOfQ9PtXud+8A6lYLG71IAEvIl3BQkaJNlKndOj60GUi8yOiJbsf4mPsuvgo/wwDEfw4nVLZrtgj4FniTEgZTVDrlD7dIKZpBEJTTpRqO3aivYxIzSiHYdFNFSSE9kkX2oYKEoHystFJQ7xvlACHsTRPaDxSf3dkJFJqEPmm0uzXU9NeLv7ntVMdXngZE0mqQdDxoDDlWMc4zwcHTALVfGAIoZKZXTHtEUmoNikWTQjO9MmzpHFScc4qzs1puXo5iaOAdtEeOkAOOkdVdI1qqI4oekBP6AW9Wo/Ws/VmvY9L56xJzw76A+vjG58unNI=</latexit>2
4
�
+
�

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

<latexit sha1_base64="W3XaWhlkliTtUDGTVoOL82X5MSE=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiKWBIRdVl047KCfUATymRy2w6dTMLMRCyh3+DGX3HjQhG3rtz5N07bINp6YIbDOfdy7z1BwpnSjvNlzc0vLC4tF1aKq2vrG5v21nZdxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd+4A6lYLG71IAE/Il3BOowSbaS2fegF0GUiCyKiJbsf4mPseZPvCHsgwh+nbZecsjMGniVuTkooR7Vtf3phTNMIhKacKNVynUT7GZGaUQ7DopcqSAjtky60DBUkAuVn45OGeN8oIe7E0jyh8Vj93ZGRSKlBFJhKs19PTXsj8T+vlerOhZ8xkaQaBJ0M6qQc6xiP8sEhk0A1HxhCqGRmV0x7RBKqTYpFE4I7ffIsqZ+U3bOye3NaqlzmcRTQLtpDB8hF56iCrlEV1RBFD+gJvaBX69F6tt6s90npnJX37KA/sD6+AZ84nNI=</latexit>2
4
�
�
+

3
5

<latexit sha1_base64="2dVcI9ZJ6bG3JR+Pb7lULzkvigg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK1hbSUDbbTbt0swm7E6GU/gwvHhTx6q/x5r9x0+agrQ92ebw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6SGS6F4CwVK3kk1p3EoeTsc3eZ++4lrIxL1gOOUBzEdKBEJRtFKfjcUA/86/4NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSY3zPTTGYUI2CST6tdDPDU8pGdMB9SxWNuQkms5Wn5MQqfRIl2j6FZKb+7pjQ2JhxHNrKmOLQLHq5+J/nZxhdBROh0gy5YvNBUSYJJiS/n/SF5gzl2BLKtLC7EjakmjK0KVVsCN7iycvk8azuXdS9+/Na46aIowxHcAyn4MElNOAOmtACBgk8wyu8Oei8OO/Ox7y05BQ9h/AHzucP6CmRAw==</latexit>⇥
A
⇤

It is fairly straightforward to see how these sets extend the convex hulls of the points. These
constructions can be quite useful when parametrizing lines and planes in R2 and R3.

Again for a given affine space, the representation is not unique. We illustrate two column
representations A and A′ here.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="U2+i0y72qOOUpVc+EGdmyi6RM8M=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPVi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9O6WV1bX1jfJmZWt7Z3fP3T9o6ThVhDZJzGPVCbGmnEnaNMxw2kkUxSLktB2O73K//USVZrF8NJOEBgIPJYsYwSaXbvr+ad+tejVvBrRM/IJUoUCj7371BjFJBZWGcKx11/cSE2RYGUY4nVZ6qaYJJmM8pF1LJRZUB9ns1ik6scoARbGyJQ2aqb8nMiy0nojQdgpsRnrRy8X/vG5qousgYzJJDZVkvihKOTIxyh9HA6YoMXxiCSaK2VsRGWGFibHxVGwI/uLLy6R1XvMva/7DRbV+W8RRhiM4hjPw4QrqcA8NaAKBETzDK7w5wnlx3p2PeWvJKWYO4Q+czx8as42g</latexit>

A0
1

<latexit sha1_base64="exlmmA+KFkY3mrYgcagdP0+qSSQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktRT1WvXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSeqNIvko5nG1Bd4JFnICDaZdDOonQ/KFbfqzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp16reZdV7qFcat3kcRTiBU7gAD66gAffQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBHDiNoQ==</latexit>

A0
2

<latexit sha1_base64="px+A7AUPUhJICS/rIdbNKhtt/Ng=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9m1oh6rXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89hNVmkXy0Uxi6gs8lCxkBJtMuunXTvvlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+d3TpFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjtp0zGiaGSzBeFCUcmQtnjaMAUJYZPLMFEMXsrIiOsMDE2npINwVt8eZm0zqveZdV7uKjUb/M4inAEx3AGHlxBHe6hAU0gMIJneIU3RzgvzrvzMW8tOPnMIfyB8/kDHb2Nog==</latexit>

A0
3

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="cnuYcXf5p77636zIG+N4QenrYj0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHf5Y2I</latexit>

Z1
<latexit sha1_base64="hriGpaYOeVQ5BJzbiznFb4DXbLY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHhaY2J</latexit>

Z2

<latexit sha1_base64="0vYtpnsluNKMX+24SuawNaK3iyw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPbUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfROe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzfi7Y2K</latexit>

Z3

Given two representations of the space based on the columns of A and A′, we can derive a
relationship between the two representations. Since the columns of A′ are in the affine space, we
can write A′ = AZ where the columns of Z sum to 1, ie. 1TZ = 1T . Given this construction we
have that

x = A′z′ = AZz′

with z = Zz′. Note that 1T z = 1TZz′ = 1T z′ = 1. Here we can actually see A′ as the columns of
Z transformed by A as illustrated here.

We also note several specific examples that are useful for practice and intuition. First suppose
B = βI. In this case we are simplying scaling the length of the columns of A as shown here. This
has the same effect as as modifying the constraint on x from 1Tx = 1 to 1Tx = β. Another example
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is letting B be a diagonal matrix B = dg(b) as shown here. Here we are scaling the columns of A
each by different lengths. If the elements of b are ±1, the image becomes alternative faces of the
1-norm ball. Next, we show examples where B is some subset of columns of the identity, specifically
B =

[
I1 I2 I3

]
and B =

[
I1 I2

]
for A ∈ R2×4. Many other examples are obviously possible.

3.9 Affine Space Images

Visualizing images of general affine spaces represented in this way, again, is simply a matter of
transforming the columns of A. We illustrate this here for a matrix B ∈ R3×3 for affine space
defined is similar to visualizing images of shapes and subspace. If we can "see" where each point
in the domain maps in the co-domain we can apply this to each point in the affine space. To be
precise, for visualizing images of affine spaces defined above through a matrix B we can simply
apply the transformation B to the columns of A or the columns of N and x0 and see how the space
transforms. This is illustrated here briefly.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="r4xch4SfDcDQIISsVhN0iIKRJ+U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8hXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJFIYdN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvtbzesWSW3ZnID/EWyYlWKDeK352+zFLI66QSWpMx3MT9DOqUTDJJ4VuanhC2YgOeMdSRSNu/Gx26oScWaVPwljbUkhm6u+JjEbGjKPAdkYUh2bZm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadgg1h5eVV0rwoe5Wyd3dZqtYWceThBE7hHDy4gircQh0awGAAT/ACr450np03533emnMWM8fwB87HN7zDjXE=</latexit>

B1

<latexit sha1_base64="C6FgrS+iRu4+s0JWP35G4P9uIQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8hXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd13qVXrHklt0ZyA/xlkkJFqj3ip/dfszSCKVhgmrd8dzE+BlVhjOBk0I31ZhQNqID7FgqaYTaz2anTsiZVfokjJUtachM/T2R0UjrcRTYzoiaoV72puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6BRvCysurpFkpe5dl7+6iVK0t4sjDCZzCOXhwBVW4hTo0gMEAnuAFXh3hPDtvzvu8NecsZo7hD5yPb75HjXI=</latexit>

B2

<latexit sha1_base64="5410JnBMVO/54U35NkAv7IJBUkQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMcQLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEsG1cd0vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmIyrNY/lgRgn6Ee1LHnJGjZXuq93zbrHklt0pyA/xFkkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6anjsmJVXokjJUtachU/T2R0UjrURTYzoiagV70JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6BRvC0svLpHFW9i7L3t1FqVKdx5GHIziGU/DgCipwCzWoA4M+PMELvDrCeXbenPdZa86ZzxzCHzgf37/LjXM=</latexit>

B3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B

<latexit sha1_base64="QLExIdqIvr4Z5/UJy3r6imLftgE=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUqgAsYKFsaC6ENq08pxndaq40S2A6qi/AcLAwix8i9s/A1OmwFajmTp6Jx7dY+PF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ucn89iOVioXiQU8j6gZ4JJjPCNZG6vcCrMeel9yn/eQ8HZQrdtWeAS0TJycVyNEYlL96w5DEARWacKxU17Ej7SZYakY4TUu9WNEIkwke0a6hAgdUucksdYpOjDJEfijNExrN1N8bCQ6UmgaemcxSqkUvE//zurH2r9yEiSjWVJD5IT/mSIcoqwANmaRE86khmEhmsiIyxhITbYoqmRKcxS8vk9ZZ1bmoOne1Sv06r6MIR3AMp+DAJdThFhrQBAISnuEV3qwn68V6tz7mowUr3zmEP7A+fwC5n5Kp</latexit>

R3

4 Domain Sets

Visualizing sets in the domain via column geometry is more subtle and difficult then visualizing sets
in the co-domain but in many ways more fruitful.

We will start with a basic discussion of visualizing pre-images for matrices with full-column rank.
Our first major payoff will come from a clean way to visualize the columns of A−1 (for invertible
matrices) as the pre-image of the identity in the co-domain.

The first major subtlety will come with visualizing nullspaces of matrices that are column rank
deficient (matrice that have non-trivial nullspaces). The matrices collapse directions (dimensions)
of the domain and we will be concerned with visualizing these directions explicitly. We will spend
a large portion of this next section on visualizing these nullspaces and nullspace representations of
subspaces and affine spaces. Beyond just being geometrically interesting, these constructions will
inform several algebraic techniques that are foundational for linear proofs. In particular, we will
give very natural ways to construct nullspace bases and prove the rank-nullity theorem.

The second major subtlety in visualizing domain sets will come when we turn to visualizing the
rows of the matrix in terms of the column geometry. Many sets of interest in the domain are directly
related to the rows of A , most obviously the range of AT . Visualizing the geometry of a matrix’s
rows in terms of it’s columns is a surprisingly tricky exercise and perhaps the most unnatural we
will discuss in this paper. We hope the readers will find our treatment satisfying.
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Remark 3. Visualizing the rows of a matrix A is the same as visualizing the columns of AT .
Algebraically, computing a matrix inverse is far more complicated than computing a matrix transpose.
Visually, however, we will see that this is directly reversed. For an invertible A, visualizing the
columns of A−1 will be much more natural than visualizing the columns of AT . It is unclear if this
is an insightful remark.

4.1 Basic Pre-Images

It is a bit more subtle to visualize the pre-image of co-domain sets before they are transformed
through the matrix. This is done by drawing the set in the co-domain and then visualizing which
points in the domain would end up in that set. Several examples for A ∈ R2×2 are illustrated here.

Note that opposite the image case discussed above, a small column tends to expand the relative
size of a set in the preimage and a large column tends to shrink it. This is due to the fact that
the columns represent the transformed standard basis vectors. If a standard basis vector will grow
substantially when transformed by A, a small component in that direction in the pre-image can
produce a large component in the image. The non-square (low-rank) case for pre-images is even
more subtle than for images. For a tall (column rank deficient) matrix, there will likely be points
in the image that are not within the range of A and thus have no corresponding points in the
pre-image. For a fat (row rank deficient) matrix, any point in the nullspace of A will be deleted by
A and is thus in the pre-image. Thus pre-images of sets for fat matrices are generally not compact.
We will revisit this in our discussion of nullspaces below.

4.2 Inverses

One of the surprisingly straight-forward applications of visualizing a pre-image is visualizing the
columns of a matrix inverse. The columns of A−1 are simply the pre-image of the identity I. We
illustrate this here for several matrices R2×2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="rG/3U9rXeBBbFQrp5UvJgNv6zwU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZF1GPUi8cI5gHJGmYns8mQ2dl1plcIS37CiwdFvPo73vwbJw9EEwsaiqpuuruCRAqDrvvlLCwuLa+s5tby6xubW9uFnd2aiVPNeJXFMtaNgBouheJVFCh5I9GcRoHk9aB/PfLrj1wbEas7HCTcj2hXiVAwilZqXN5nx96w7bULRbfkjkF+iDdLijBFpV34bHVilkZcIZPUmKbnJuhnVKNgkg/zrdTwhLI+7fKmpYpG3PjZ+N4hObRKh4SxtqWQjNXfExmNjBlEge2MKPbMrDcS//OaKYYXfiZUkiJXbLIoTCXBmIyeJx2hOUM5sIQyLeythPWopgxtRHkbwtzL86R2UvLOSt7tabF8NY0jB/twAEfgwTmU4QYqUAUGEp7gBV6dB+fZeXPeJ60LznRmD/7A+fgGEQaPVg==</latexit>

A�1
1

<latexit sha1_base64="eGVtXIz3OQCJxyI0Lu7CAWDdDw0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9SIEvegtgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyGNxO/+US1YUo+2FFCQ4H7ksWMYOukxl03QFeoWyr7FX8KtEiCnJQhR61b+ur0FEkFlZZwbEw78BMbZlhbRjgdFzupoQkmQ9ynbUclFtSE2fTaMTp2Sg/FSruSFk3V3xMZFsaMROQ6BbYDM+9NxP+8dmrjyzBjMkktlWS2KE45sgpNXkc9pimxfOQIJpq5WxEZYI2JdQEVXQjB/MuLpHFaCc4rwf1ZuXqdx1GAQziCEwjgAqpwCzWoA4FHeIZXePOU9+K9ex+z1iUvnzmAP/A+fwD1SI4S</latexit>

I1 =
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="Fm+N/XWa+nEyEtD1Rkn0y3THcak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbRD1GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VxFIYdN0vJ7O0vLK6ll3PbWxube/kd/dqJko041UWyUg3Amq4FIpXUaDkjVhzGgaS14PB9divP3JtRKTucBhzP6Q9JbqCUbRS4/I+PfFG7VI7X3CL7gTkh3jzpAAzVNr5z1YnYknIFTJJjWl6box+SjUKJvko10oMjykb0B5vWqpoyI2fTu4dkSOrdEg30rYUkon6eyKloTHDMLCdIcW+mffG4n9eM8HuhZ8KFSfIFZsu6iaSYETGz5OO0JyhHFpCmRb2VsL6VFOGNqKcDWHh5UVSKxW9s6J3e1ooX83iyMIBHMIxeHAOZbiBClSBgYQneIFX58F5dt6c92lrxpnN7MMfOB/fEoqPVw==</latexit>

A�1
2

<latexit sha1_base64="qM/cRB12wzmYEx3LsUWApzVmHEQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbRL0IRS96q2A/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27XhVdoZ5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/vOLfn5Vr13kcRTiCYzgFHy6gBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9s+OEw==</latexit>

I2 =
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="Fm+N/XWa+nEyEtD1Rkn0y3THcak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbRD1GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VxFIYdN0vJ7O0vLK6ll3PbWxube/kd/dqJko041UWyUg3Amq4FIpXUaDkjVhzGgaS14PB9divP3JtRKTucBhzP6Q9JbqCUbRS4/I+PfFG7VI7X3CL7gTkh3jzpAAzVNr5z1YnYknIFTJJjWl6box+SjUKJvko10oMjykb0B5vWqpoyI2fTu4dkSOrdEg30rYUkon6eyKloTHDMLCdIcW+mffG4n9eM8HuhZ8KFSfIFZsu6iaSYETGz5OO0JyhHFpCmRb2VsL6VFOGNqKcDWHh5UVSKxW9s6J3e1ooX83iyMIBHMIxeHAOZbiBClSBgYQneIFX58F5dt6c92lrxpnN7MMfOB/fEoqPVw==</latexit>

A�1
2

<latexit sha1_base64="rG/3U9rXeBBbFQrp5UvJgNv6zwU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZF1GPUi8cI5gHJGmYns8mQ2dl1plcIS37CiwdFvPo73vwbJw9EEwsaiqpuuruCRAqDrvvlLCwuLa+s5tby6xubW9uFnd2aiVPNeJXFMtaNgBouheJVFCh5I9GcRoHk9aB/PfLrj1wbEas7HCTcj2hXiVAwilZqXN5nx96w7bULRbfkjkF+iDdLijBFpV34bHVilkZcIZPUmKbnJuhnVKNgkg/zrdTwhLI+7fKmpYpG3PjZ+N4hObRKh4SxtqWQjNXfExmNjBlEge2MKPbMrDcS//OaKYYXfiZUkiJXbLIoTCXBmIyeJx2hOUM5sIQyLeythPWopgxtRHkbwtzL86R2UvLOSt7tabF8NY0jB/twAEfgwTmU4QYqUAUGEp7gBV6dB+fZeXPeJ60LznRmD/7A+fgGEQaPVg==</latexit>

A�1
1

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2 <latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

Figure 25: Visualizing A−1 as the pre-image of the identity for A ∈ R2×2

and R3×3
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<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="XhsE85tuhnDcLQyq055mBGPWevo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbCroh6jXjxGMA9I1jA7mSRDZmfXmV4hLPkJLx4U8ervePNvnDwQTSxoKKq66e4KYikMuu6Xk1lYXFpeya7m1tY3Nrfy2ztVEyWa8QqLZKTrATVcCsUrKFDyeqw5DQPJa0H/euTXHrk2IlJ3OIi5H9KuEh3BKFqpfnmfHnnD1kkrX3CL7hjkh3izpABTlFv5z2Y7YknIFTJJjWl4box+SjUKJvkw10wMjynr0y5vWKpoyI2fju8dkgOrtEkn0rYUkrH6eyKloTGDMLCdIcWemfVG4n9eI8HOhZ8KFSfIFZss6iSSYERGz5O20JyhHFhCmRb2VsJ6VFOGNqKcDWHu5XlSPS56Z0Xv9rRQuprGkYU92IdD8OAcSnADZagAAwlP8AKvzoPz7Lw575PWjDOd2YU/cD6+ARQOj1g=</latexit>

A�1
3

<latexit sha1_base64="Fm+N/XWa+nEyEtD1Rkn0y3THcak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbRD1GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VxFIYdN0vJ7O0vLK6ll3PbWxube/kd/dqJko041UWyUg3Amq4FIpXUaDkjVhzGgaS14PB9divP3JtRKTucBhzP6Q9JbqCUbRS4/I+PfFG7VI7X3CL7gTkh3jzpAAzVNr5z1YnYknIFTJJjWl6box+SjUKJvko10oMjykb0B5vWqpoyI2fTu4dkSOrdEg30rYUkon6eyKloTHDMLCdIcW+mffG4n9eM8HuhZ8KFSfIFZsu6iaSYETGz5OO0JyhHFpCmRb2VsL6VFOGNqKcDWHh5UVSKxW9s6J3e1ooX83iyMIBHMIxeHAOZbiBClSBgYQneIFX58F5dt6c92lrxpnN7MMfOB/fEoqPVw==</latexit>

A�1
2

<latexit sha1_base64="rG/3U9rXeBBbFQrp5UvJgNv6zwU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZF1GPUi8cI5gHJGmYns8mQ2dl1plcIS37CiwdFvPo73vwbJw9EEwsaiqpuuruCRAqDrvvlLCwuLa+s5tby6xubW9uFnd2aiVPNeJXFMtaNgBouheJVFCh5I9GcRoHk9aB/PfLrj1wbEas7HCTcj2hXiVAwilZqXN5nx96w7bULRbfkjkF+iDdLijBFpV34bHVilkZcIZPUmKbnJuhnVKNgkg/zrdTwhLI+7fKmpYpG3PjZ+N4hObRKh4SxtqWQjNXfExmNjBlEge2MKPbMrDcS//OaKYYXfiZUkiJXbLIoTCXBmIyeJx2hOUM5sIQyLeythPWopgxtRHkbwtzL86R2UvLOSt7tabF8NY0jB/twAEfgwTmU4QYqUAUGEp7gBV6dB+fZeXPeJ60LznRmD/7A+fgGEQaPVg==</latexit>

A�1
1

<latexit sha1_base64="XhsE85tuhnDcLQyq055mBGPWevo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbCroh6jXjxGMA9I1jA7mSRDZmfXmV4hLPkJLx4U8ervePNvnDwQTSxoKKq66e4KYikMuu6Xk1lYXFpeya7m1tY3Nrfy2ztVEyWa8QqLZKTrATVcCsUrKFDyeqw5DQPJa0H/euTXHrk2IlJ3OIi5H9KuEh3BKFqpfnmfHnnD1kkrX3CL7hjkh3izpABTlFv5z2Y7YknIFTJJjWl4box+SjUKJvkw10wMjynr0y5vWKpoyI2fju8dkgOrtEkn0rYUkrH6eyKloTGDMLCdIcWemfVG4n9eI8HOhZ8KFSfIFZss6iSSYERGz5O20JyhHFhCmRb2VsJ6VFOGNqKcDWHu5XlSPS56Z0Xv9rRQuprGkYU92IdD8OAcSnADZagAAwlP8AKvzoPz7Lw575PWjDOd2YU/cD6+ARQOj1g=</latexit>

A�1
3

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="EbzI0y08aQtUHpJUxdmQGpe+zwA=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7Krol6Eohe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFpeWV1bXiemljc2t7x93da2iZKkLrRHKpWiHWlDNB64YZTluJojgOOW2Gw5uJ33yiSjMpHswooUGM+4JFjGBjpcZd9xRdoa5b9ireFGiR+DkpQ45a1/3q9CRJYyoM4Vjrtu8lJsiwMoxwOi51Uk0TTIa4T9uWChxTHWTTa8foyCo9FEllSxg0VX9PZDjWehSHtjPGZqDnvYn4n9dOTXQZZEwkqaGCzBZFKUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oJINwZ9/eZE0Tir+ecW/PytXr/M4inAAh3AMPlxAFW6hBnUg8AjP8ApvjnRenHfnY9ZacPKZffgD5/MH+FaOFA==</latexit>

I3 =

<latexit sha1_base64="rG/3U9rXeBBbFQrp5UvJgNv6zwU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZF1GPUi8cI5gHJGmYns8mQ2dl1plcIS37CiwdFvPo73vwbJw9EEwsaiqpuuruCRAqDrvvlLCwuLa+s5tby6xubW9uFnd2aiVPNeJXFMtaNgBouheJVFCh5I9GcRoHk9aB/PfLrj1wbEas7HCTcj2hXiVAwilZqXN5nx96w7bULRbfkjkF+iDdLijBFpV34bHVilkZcIZPUmKbnJuhnVKNgkg/zrdTwhLI+7fKmpYpG3PjZ+N4hObRKh4SxtqWQjNXfExmNjBlEge2MKPbMrDcS//OaKYYXfiZUkiJXbLIoTCXBmIyeJx2hOUM5sIQyLeythPWopgxtRHkbwtzL86R2UvLOSt7tabF8NY0jB/twAEfgwTmU4QYqUAUGEp7gBV6dB+fZeXPeJ60LznRmD/7A+fgGEQaPVg==</latexit>

A�1
1

<latexit sha1_base64="eGVtXIz3OQCJxyI0Lu7CAWDdDw0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9SIEvegtgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyGNxO/+US1YUo+2FFCQ4H7ksWMYOukxl03QFeoWyr7FX8KtEiCnJQhR61b+ur0FEkFlZZwbEw78BMbZlhbRjgdFzupoQkmQ9ynbUclFtSE2fTaMTp2Sg/FSruSFk3V3xMZFsaMROQ6BbYDM+9NxP+8dmrjyzBjMkktlWS2KE45sgpNXkc9pimxfOQIJpq5WxEZYI2JdQEVXQjB/MuLpHFaCc4rwf1ZuXqdx1GAQziCEwjgAqpwCzWoA4FHeIZXePOU9+K9ex+z1iUvnzmAP/A+fwD1SI4S</latexit>

I1 =
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="Fm+N/XWa+nEyEtD1Rkn0y3THcak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbRD1GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VxFIYdN0vJ7O0vLK6ll3PbWxube/kd/dqJko041UWyUg3Amq4FIpXUaDkjVhzGgaS14PB9divP3JtRKTucBhzP6Q9JbqCUbRS4/I+PfFG7VI7X3CL7gTkh3jzpAAzVNr5z1YnYknIFTJJjWl6box+SjUKJvko10oMjykb0B5vWqpoyI2fTu4dkSOrdEg30rYUkon6eyKloTHDMLCdIcW+mffG4n9eM8HuhZ8KFSfIFZsu6iaSYETGz5OO0JyhHFpCmRb2VsL6VFOGNqKcDWHh5UVSKxW9s6J3e1ooX83iyMIBHMIxeHAOZbiBClSBgYQneIFX58F5dt6c92lrxpnN7MMfOB/fEoqPVw==</latexit>

A�1
2

<latexit sha1_base64="qM/cRB12wzmYEx3LsUWApzVmHEQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbRL0IRS96q2A/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27XhVdoZ5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/vOLfn5Vr13kcRTiCYzgFHy6gBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9s+OEw==</latexit>

I2 =
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

Figure 26: Visualizing A−1 as the pre-image of the identity for A ∈ R3×3

This technique is surprisingly simple and should allow visually oriented readers to estimate
inverses for 2× 2 and 3× 3 matrices quite quickly.

Remark 4. There is a dynamic version of this visualization that can be fruitful. A reader with
n-hands could picture grabbing each column of A and pulling them to the appropriate standard basis
vector. As the columns move, the rest of the space gets dragged/stretched with them. As the columns
of A move to the standard basis vectors, the standard basis vectors will move to the columns of A−1.
The reader is encouraged to try this mentally for the 2× 2 and 3× 3 examples shown here.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="eGVtXIz3OQCJxyI0Lu7CAWDdDw0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9SIEvegtgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyGNxO/+US1YUo+2FFCQ4H7ksWMYOukxl03QFeoWyr7FX8KtEiCnJQhR61b+ur0FEkFlZZwbEw78BMbZlhbRjgdFzupoQkmQ9ynbUclFtSE2fTaMTp2Sg/FSruSFk3V3xMZFsaMROQ6BbYDM+9NxP+8dmrjyzBjMkktlWS2KE45sgpNXkc9pimxfOQIJpq5WxEZYI2JdQEVXQjB/MuLpHFaCc4rwf1ZuXqdx1GAQziCEwjgAqpwCzWoA4FHeIZXePOU9+K9ex+z1iUvnzmAP/A+fwD1SI4S</latexit>

I1 =

<latexit sha1_base64="qM/cRB12wzmYEx3LsUWApzVmHEQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbRL0IRS96q2A/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27XhVdoZ5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/vOLfn5Vr13kcRTiCYzgFHy6gBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9s+OEw==</latexit>

I2 =

<latexit sha1_base64="Fm+N/XWa+nEyEtD1Rkn0y3THcak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbRD1GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VxFIYdN0vJ7O0vLK6ll3PbWxube/kd/dqJko041UWyUg3Amq4FIpXUaDkjVhzGgaS14PB9divP3JtRKTucBhzP6Q9JbqCUbRS4/I+PfFG7VI7X3CL7gTkh3jzpAAzVNr5z1YnYknIFTJJjWl6box+SjUKJvko10oMjykb0B5vWqpoyI2fTu4dkSOrdEg30rYUkon6eyKloTHDMLCdIcW+mffG4n9eM8HuhZ8KFSfIFZsu6iaSYETGz5OO0JyhHFpCmRb2VsL6VFOGNqKcDWHh5UVSKxW9s6J3e1ooX83iyMIBHMIxeHAOZbiBClSBgYQneIFX58F5dt6c92lrxpnN7MMfOB/fEoqPVw==</latexit>

A�1
2

<latexit sha1_base64="rG/3U9rXeBBbFQrp5UvJgNv6zwU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZF1GPUi8cI5gHJGmYns8mQ2dl1plcIS37CiwdFvPo73vwbJw9EEwsaiqpuuruCRAqDrvvlLCwuLa+s5tby6xubW9uFnd2aiVPNeJXFMtaNgBouheJVFCh5I9GcRoHk9aB/PfLrj1wbEas7HCTcj2hXiVAwilZqXN5nx96w7bULRbfkjkF+iDdLijBFpV34bHVilkZcIZPUmKbnJuhnVKNgkg/zrdTwhLI+7fKmpYpG3PjZ+N4hObRKh4SxtqWQjNXfExmNjBlEge2MKPbMrDcS//OaKYYXfiZUkiJXbLIoTCXBmIyeJx2hOUM5sIQyLeythPWopgxtRHkbwtzL86R2UvLOSt7tabF8NY0jB/twAEfgwTmU4QYqUAUGEp7gBV6dB+fZeXPeJ60LznRmD/7A+fgGEQaPVg==</latexit>

A�1
1

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="XhsE85tuhnDcLQyq055mBGPWevo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbCroh6jXjxGMA9I1jA7mSRDZmfXmV4hLPkJLx4U8ervePNvnDwQTSxoKKq66e4KYikMuu6Xk1lYXFpeya7m1tY3Nrfy2ztVEyWa8QqLZKTrATVcCsUrKFDyeqw5DQPJa0H/euTXHrk2IlJ3OIi5H9KuEh3BKFqpfnmfHnnD1kkrX3CL7hjkh3izpABTlFv5z2Y7YknIFTJJjWl4box+SjUKJvkw10wMjynr0y5vWKpoyI2fju8dkgOrtEkn0rYUkrH6eyKloTGDMLCdIcWemfVG4n9eI8HOhZ8KFSfIFZss6iSSYERGz5O20JyhHFhCmRb2VsJ6VFOGNqKcDWHu5XlSPS56Z0Xv9rRQuprGkYU92IdD8OAcSnADZagAAwlP8AKvzoPz7Lw575PWjDOd2YU/cD6+ARQOj1g=</latexit>

A�1
3

<latexit sha1_base64="Fm+N/XWa+nEyEtD1Rkn0y3THcak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbRD1GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VxFIYdN0vJ7O0vLK6ll3PbWxube/kd/dqJko041UWyUg3Amq4FIpXUaDkjVhzGgaS14PB9divP3JtRKTucBhzP6Q9JbqCUbRS4/I+PfFG7VI7X3CL7gTkh3jzpAAzVNr5z1YnYknIFTJJjWl6box+SjUKJvko10oMjykb0B5vWqpoyI2fTu4dkSOrdEg30rYUkon6eyKloTHDMLCdIcW+mffG4n9eM8HuhZ8KFSfIFZsu6iaSYETGz5OO0JyhHFpCmRb2VsL6VFOGNqKcDWHh5UVSKxW9s6J3e1ooX83iyMIBHMIxeHAOZbiBClSBgYQneIFX58F5dt6c92lrxpnN7MMfOB/fEoqPVw==</latexit>

A�1
2

<latexit sha1_base64="rG/3U9rXeBBbFQrp5UvJgNv6zwU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZF1GPUi8cI5gHJGmYns8mQ2dl1plcIS37CiwdFvPo73vwbJw9EEwsaiqpuuruCRAqDrvvlLCwuLa+s5tby6xubW9uFnd2aiVPNeJXFMtaNgBouheJVFCh5I9GcRoHk9aB/PfLrj1wbEas7HCTcj2hXiVAwilZqXN5nx96w7bULRbfkjkF+iDdLijBFpV34bHVilkZcIZPUmKbnJuhnVKNgkg/zrdTwhLI+7fKmpYpG3PjZ+N4hObRKh4SxtqWQjNXfExmNjBlEge2MKPbMrDcS//OaKYYXfiZUkiJXbLIoTCXBmIyeJx2hOUM5sIQyLeythPWopgxtRHkbwtzL86R2UvLOSt7tabF8NY0jB/twAEfgwTmU4QYqUAUGEp7gBV6dB+fZeXPeJ60LznRmD/7A+fgGEQaPVg==</latexit>

A�1
1

<latexit sha1_base64="EbzI0y08aQtUHpJUxdmQGpe+zwA=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7Krol6Eohe9VbAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFpeWV1bXiemljc2t7x93da2iZKkLrRHKpWiHWlDNB64YZTluJojgOOW2Gw5uJ33yiSjMpHswooUGM+4JFjGBjpcZd9xRdoa5b9ireFGiR+DkpQ45a1/3q9CRJYyoM4Vjrtu8lJsiwMoxwOi51Uk0TTIa4T9uWChxTHWTTa8foyCo9FEllSxg0VX9PZDjWehSHtjPGZqDnvYn4n9dOTXQZZEwkqaGCzBZFKUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oJINwZ9/eZE0Tir+ecW/PytXr/M4inAAh3AMPlxAFW6hBnUg8AjP8ApvjnRenHfnY9ZacPKZffgD5/MH+FaOFA==</latexit>

I3 =

<latexit sha1_base64="eGVtXIz3OQCJxyI0Lu7CAWDdDw0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9SIEvegtgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyGNxO/+US1YUo+2FFCQ4H7ksWMYOukxl03QFeoWyr7FX8KtEiCnJQhR61b+ur0FEkFlZZwbEw78BMbZlhbRjgdFzupoQkmQ9ynbUclFtSE2fTaMTp2Sg/FSruSFk3V3xMZFsaMROQ6BbYDM+9NxP+8dmrjyzBjMkktlWS2KE45sgpNXkc9pimxfOQIJpq5WxEZYI2JdQEVXQjB/MuLpHFaCc4rwf1ZuXqdx1GAQziCEwjgAqpwCzWoA4FHeIZXePOU9+K9ex+z1iUvnzmAP/A+fwD1SI4S</latexit>

I1 =

<latexit sha1_base64="qM/cRB12wzmYEx3LsUWApzVmHEQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbRL0IRS96q2A/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27XhVdoZ5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/vOLfn5Vr13kcRTiCYzgFHy6gBrdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9s+OEw==</latexit>

I2 =

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

Figure 27: Dynamic illustrations of inverting a matrix (left) A ∈ R2×2 and (right) A ∈ R3×3
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4.3 Nullspace of A

We now turn to subspaces in the domain starting with the nullspace. We note that in this discussion
it is useful to keep any intuition preimage intuition from the above discussion in mind. The nullspace
of A is the preimage of the point 0. Another way to say this is the coordinates of the point 0. Note
that in order for a non-trivial nullspace to exist there must be more columns in A than dimension
of the span of A in the co-domain. There is a classic construction for constructing a basis for a
nullspace that will aid our visualizations. For a matrix A ∈ Rm×n with rank k, if we select k linearly
independent columns of A (wlog assume they are the first k columns) we can write A =

[
A′ A′′]

with A′ ∈ Rm×k and A′′ containing the remaining n− k columns. Since A has rank k, we can write
each column of A′′ as linear combinations of the columns of A′, ie. A′′ = A′B for some matrix
B ∈ Rk×n−k. We then have that A = A′[I B

]
. We can see immediately then that if

N =

[
B
−I

]

then AN = 0. With a little more work, we can show that the columns of N form a basis for the
nullspace. The identity block proves the linear independence of the columns. We can also show
explicitly that any element in the nullspace of A is in the span of N . This fact relies on the linear
independence of the columns of A′. Explicitly these two proofs are given by

LIN IND: Nx = 0 ⇒
[
Nx
−x

]
=

[
0
0

]
⇒ x = 0

SPAN: Ax = 0 ⇒ A′[I B
] [x′

x′′

]
= 0

⇒ x′ = −Bx′′ ⇒ x =

[
B
−I

]
(-x′′)

where the beginning the second line depends on the columns of A′ being linearly independent. We
illustrate writing the columns of A′′ in terms of the columns of A′ for A ∈ R2×4 in the figure XXX
below. Here

AN =




| |
A1 A2

| |
︸ ︷︷ ︸
lin.ind.

| |
A3 A4

| |
︸ ︷︷ ︸
lin.dep.







B11 B12

B21 B22

−1 0
0 −1


 =

[
0
0

]
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<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2
<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="z7NSov0xEeEJeePfj59KBhex9P4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjixWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GyQPRxIKGoqqb7q4okcKi7395K6tr6xubua389s7u3n7h4LBudWoYrzEttWlG1HIpFK+hQMmbieE0jiRvRMObid945MYKre5xlPAwpn0leoJRdFK90smCYNwpFP2SPwX5IcEiKcIc1U7hs93VLI25Qiapta3ATzDMqEHBJB/n26nlCWVD2uctRxWNuQ2z6bVjcuqULulp40ohmaq/JzIaWzuKI9cZUxzYRW8i/ue1Uuxdh5lQSYpcsdmiXioJajJ5nXSF4QzlyBHKjHC3EjaghjJ0AeVdCEsvL5P6eSm4LAV3F8VyZR5HDo7hBM4ggCsowy1UoQYMHuAJXuDV096z9+a9z1pXvPnMEfyB9/EN8aqOuA==</latexit>

B11

<latexit sha1_base64="YZnGIahPcCmkh5AQKmfssCM5/KY=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPUyvzLpFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mvjrk=</latexit>

B12

<latexit sha1_base64="nu+q88QzuzxZ11852MnSr2Ohciw=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWySmXSK5a8sjcD/iH+MinBAvVe8bPbVzSNmbRUEGM6vpfYICPacirYpNBNDUsIHZEB6zgqScxMkM2uneAzp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn2puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqACi6ElZdXSbNS9i/L/t1FqVpbxJGHEziFc/DhCqpwC3VoAIUHeIIXeEUKPaM39D5vzaHFzDH8Afr4BvS1jro=</latexit>

B22

<latexit sha1_base64="Im+QFWuP9ot/WLexq5Wld4pkEwQ=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWyij/pFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mwjrk=</latexit>

B21

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2
<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="z7NSov0xEeEJeePfj59KBhex9P4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjixWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GyQPRxIKGoqqb7q4okcKi7395K6tr6xubua389s7u3n7h4LBudWoYrzEttWlG1HIpFK+hQMmbieE0jiRvRMObid945MYKre5xlPAwpn0leoJRdFK90smCYNwpFP2SPwX5IcEiKcIc1U7hs93VLI25Qiapta3ATzDMqEHBJB/n26nlCWVD2uctRxWNuQ2z6bVjcuqULulp40ohmaq/JzIaWzuKI9cZUxzYRW8i/ue1Uuxdh5lQSYpcsdmiXioJajJ5nXSF4QzlyBHKjHC3EjaghjJ0AeVdCEsvL5P6eSm4LAV3F8VyZR5HDo7hBM4ggCsowy1UoQYMHuAJXuDV096z9+a9z1pXvPnMEfyB9/EN8aqOuA==</latexit>

B11

<latexit sha1_base64="YZnGIahPcCmkh5AQKmfssCM5/KY=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPUyvzLpFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mvjrk=</latexit>

B12

<latexit sha1_base64="nu+q88QzuzxZ11852MnSr2Ohciw=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWySmXSK5a8sjcD/iH+MinBAvVe8bPbVzSNmbRUEGM6vpfYICPacirYpNBNDUsIHZEB6zgqScxMkM2uneAzp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn2puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqACi6ElZdXSbNS9i/L/t1FqVpbxJGHEziFc/DhCqpwC3VoAIUHeIIXeEUKPaM39D5vzaHFzDH8Afr4BvS1jro=</latexit>

B22

<latexit sha1_base64="Im+QFWuP9ot/WLexq5Wld4pkEwQ=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWyij/pFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mwjrk=</latexit>

B21

<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

Figure 28: (Left) Linear dependent columns as linear combinations of linearly independent columns.
(Right) Constructing “coordinates of 0” from linearly dependent columns.

We note in this case, we are actually visualizing specific (non-zero) points in the domain that
map to 0. If we expand these out in the domain we get the points in these figure illustrated for a
matrix with one "extra" column A ∈ R2×3

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2
<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="Fd2IcfMV6KQQsuFt1vMFXJu65Do=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUFQhLDrQT0uevEYwTwgCWF20kmGzM4uM72SsOQvPHvxoIhXf8Rb/sbJ46CJBQ1FVTfdXUEshUHXnThr6xubW9uZnezu3v7BYe4oXzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuJv6tSfQRkTqEUcxtELWU6IrOEMrtXP5JsIQU+wDjbToCXU+bueKbsmdga4Sb0GKfqF58TzxR+V27rvZiXgSgkIumTENz42xlTKNgksYZ5uJgZjxAetBw1LFQjCtdHb7mJ5apUO7kbalkM7U3xMpC40ZhYHtDBn2zbI3Ff/zGgl2b1qpUHGCoPh8UTeRFCM6DYJ2hAaOcmQJ41rYWynvM8042riyNgRv+eVVUr0seVcl78Er+rdkjgw5IQVyRjxyTXxyT8qkQjgZkhfyRt6dsfPqfDif89Y1ZzFzTP7A+foBVkSXnA==</latexit>

the origin)

<latexit sha1_base64="e7r4xQ2wERCzN7Lfc3abEn61jlk=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUEICGHXg3oMevEYwTwgCWF2djYZMjuzzPRKwrJ/4dmLB0W8+iPe8jdOHgdNLGgoqrrp7vJjwQ247tTZ2Nza3tnN7eX3Dw6PjgsnxaZRiaasQZVQuu0TwwSXrAEcBGvHmpHIF6zlj+5mfuuJacOVfIRJzHoRGUgeckrASv1CsQtsDGmFKqUDg1WIs36h7FbdOfA68ZakXCt1L56ntUm9X/juBoomEZNABTGm47kx9FKigVPBsnw3MSwmdEQGrGOpJBEzvXR+e4bPrRLgUGlbEvBc/T2RksiYSeTbzojA0Kx6M/E/r5NAeNNLuYwTYJIuFoWJwKDwLAgccM0oiIklhGpub8V0SDShYOPK2xC81ZfXSfOy6l1VvQevXLtFC+TQGSqhCvLQNaqhe1RHDUTRGL2gN/TuZM6r8+F8Llo3nOXMKfoD5+sH4rWXUQ==</latexit>

(coords of

<latexit sha1_base64="z7NSov0xEeEJeePfj59KBhex9P4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjixWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GyQPRxIKGoqqb7q4okcKi7395K6tr6xubua389s7u3n7h4LBudWoYrzEttWlG1HIpFK+hQMmbieE0jiRvRMObid945MYKre5xlPAwpn0leoJRdFK90smCYNwpFP2SPwX5IcEiKcIc1U7hs93VLI25Qiapta3ATzDMqEHBJB/n26nlCWVD2uctRxWNuQ2z6bVjcuqULulp40ohmaq/JzIaWzuKI9cZUxzYRW8i/ue1Uuxdh5lQSYpcsdmiXioJajJ5nXSF4QzlyBHKjHC3EjaghjJ0AeVdCEsvL5P6eSm4LAV3F8VyZR5HDo7hBM4ggCsowy1UoQYMHuAJXuDV096z9+a9z1pXvPnMEfyB9/EN8aqOuA==</latexit>

B11

<latexit sha1_base64="Im+QFWuP9ot/WLexq5Wld4pkEwQ=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWyij/pFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mwjrk=</latexit>

B21
<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="z7NSov0xEeEJeePfj59KBhex9P4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjixWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GyQPRxIKGoqqb7q4okcKi7395K6tr6xubua389s7u3n7h4LBudWoYrzEttWlG1HIpFK+hQMmbieE0jiRvRMObid945MYKre5xlPAwpn0leoJRdFK90smCYNwpFP2SPwX5IcEiKcIc1U7hs93VLI25Qiapta3ATzDMqEHBJB/n26nlCWVD2uctRxWNuQ2z6bVjcuqULulp40ohmaq/JzIaWzuKI9cZUxzYRW8i/ue1Uuxdh5lQSYpcsdmiXioJajJ5nXSF4QzlyBHKjHC3EjaghjJ0AeVdCEsvL5P6eSm4LAV3F8VyZR5HDo7hBM4ggCsowy1UoQYMHuAJXuDV096z9+a9z1pXvPnMEfyB9/EN8aqOuA==</latexit>

B11

<latexit sha1_base64="Im+QFWuP9ot/WLexq5Wld4pkEwQ=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWyij/pFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mwjrk=</latexit>

B21

<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)

<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

Figure 29: Constructing a vector in the nullspace for A ∈ R2×3. (Left) Coordinates of 0 mapping
to the origin in the co-domain. (Right) Those same coordinates shown in the domain.

and for a matrix with two extra columns A ∈ R2×4.
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<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2
<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3
<latexit sha1_base64="BZMdtQypziGjj1PKILUloBRRVYQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv4PiP/A==</latexit>

4

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)

<latexit sha1_base64="7d+t7D42rp9mbMkvMFrjs8ThNkM=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B08IlNw=</latexit>

R4
<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="Fd2IcfMV6KQQsuFt1vMFXJu65Do=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUFQhLDrQT0uevEYwTwgCWF20kmGzM4uM72SsOQvPHvxoIhXf8Rb/sbJ46CJBQ1FVTfdXUEshUHXnThr6xubW9uZnezu3v7BYe4oXzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuJv6tSfQRkTqEUcxtELWU6IrOEMrtXP5JsIQU+wDjbToCXU+bueKbsmdga4Sb0GKfqF58TzxR+V27rvZiXgSgkIumTENz42xlTKNgksYZ5uJgZjxAetBw1LFQjCtdHb7mJ5apUO7kbalkM7U3xMpC40ZhYHtDBn2zbI3Ff/zGgl2b1qpUHGCoPh8UTeRFCM6DYJ2hAaOcmQJ41rYWynvM8042riyNgRv+eVVUr0seVcl78Er+rdkjgw5IQVyRjxyTXxyT8qkQjgZkhfyRt6dsfPqfDif89Y1ZzFzTP7A+foBVkSXnA==</latexit>

the origin)

<latexit sha1_base64="e7r4xQ2wERCzN7Lfc3abEn61jlk=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUEICGHXg3oMevEYwTwgCWF2djYZMjuzzPRKwrJ/4dmLB0W8+iPe8jdOHgdNLGgoqrrp7vJjwQ247tTZ2Nza3tnN7eX3Dw6PjgsnxaZRiaasQZVQuu0TwwSXrAEcBGvHmpHIF6zlj+5mfuuJacOVfIRJzHoRGUgeckrASv1CsQtsDGmFKqUDg1WIs36h7FbdOfA68ZakXCt1L56ntUm9X/juBoomEZNABTGm47kx9FKigVPBsnw3MSwmdEQGrGOpJBEzvXR+e4bPrRLgUGlbEvBc/T2RksiYSeTbzojA0Kx6M/E/r5NAeNNLuYwTYJIuFoWJwKDwLAgccM0oiIklhGpub8V0SDShYOPK2xC81ZfXSfOy6l1VvQevXLtFC+TQGSqhCvLQNaqhe1RHDUTRGL2gN/TuZM6r8+F8Llo3nOXMKfoD5+sH4rWXUQ==</latexit>

(coords of

<latexit sha1_base64="z7NSov0xEeEJeePfj59KBhex9P4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjixWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GyQPRxIKGoqqb7q4okcKi7395K6tr6xubua389s7u3n7h4LBudWoYrzEttWlG1HIpFK+hQMmbieE0jiRvRMObid945MYKre5xlPAwpn0leoJRdFK90smCYNwpFP2SPwX5IcEiKcIc1U7hs93VLI25Qiapta3ATzDMqEHBJB/n26nlCWVD2uctRxWNuQ2z6bVjcuqULulp40ohmaq/JzIaWzuKI9cZUxzYRW8i/ue1Uuxdh5lQSYpcsdmiXioJajJ5nXSF4QzlyBHKjHC3EjaghjJ0AeVdCEsvL5P6eSm4LAV3F8VyZR5HDo7hBM4ggCsowy1UoQYMHuAJXuDV096z9+a9z1pXvPnMEfyB9/EN8aqOuA==</latexit>

B11

<latexit sha1_base64="Im+QFWuP9ot/WLexq5Wld4pkEwQ=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWyij/pFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mwjrk=</latexit>

B21
<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="YZnGIahPcCmkh5AQKmfssCM5/KY=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPUyvzLpFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mvjrk=</latexit>

B12

<latexit sha1_base64="nu+q88QzuzxZ11852MnSr2Ohciw=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWySmXSK5a8sjcD/iH+MinBAvVe8bPbVzSNmbRUEGM6vpfYICPacirYpNBNDUsIHZEB6zgqScxMkM2uneAzp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn2puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqACi6ElZdXSbNS9i/L/t1FqVpbxJGHEziFc/DhCqpwC3VoAIUHeIIXeEUKPaM39D5vzaHFzDH8Afr4BvS1jro=</latexit>

B22
<latexit sha1_base64="z7NSov0xEeEJeePfj59KBhex9P4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjixWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GyQPRxIKGoqqb7q4okcKi7395K6tr6xubua389s7u3n7h4LBudWoYrzEttWlG1HIpFK+hQMmbieE0jiRvRMObid945MYKre5xlPAwpn0leoJRdFK90smCYNwpFP2SPwX5IcEiKcIc1U7hs93VLI25Qiapta3ATzDMqEHBJB/n26nlCWVD2uctRxWNuQ2z6bVjcuqULulp40ohmaq/JzIaWzuKI9cZUxzYRW8i/ue1Uuxdh5lQSYpcsdmiXioJajJ5nXSF4QzlyBHKjHC3EjaghjJ0AeVdCEsvL5P6eSm4LAV3F8VyZR5HDo7hBM4ggCsowy1UoQYMHuAJXuDV096z9+a9z1pXvPnMEfyB9/EN8aqOuA==</latexit>

B11

<latexit sha1_base64="Im+QFWuP9ot/WLexq5Wld4pkEwQ=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWyij/pFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mwjrk=</latexit>

B21

<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="0JBje5ziMjVufAjyKpOfUAsxXvE=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBC8uMya4MZb0IvHKOYByRJmJ7PJkNkHM7NCWPIHXjwo4tU/8ubfOElWUNGChqKqm+4uPxFcaYw/rKXlldW19cJGcXNre2e3tLffUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fDXz2/dMKh5Hd3qSMC8kw4gHnBJtpNtTp18qY9t13YqLEbbxHIZULrBbqyInV8qQo9EvvfcGMU1DFmkqiFJdByfay4jUnAo2LfZSxRJCx2TIuoZGJGTKy+aXTtGxUQYoiKWpSKO5+n0iI6FSk9A3nSHRI/Xbm4l/ed1UBzUv41GSahbRxaIgFUjHaPY2GnDJqBYTQwiV3NyK6IhIQrUJp2hC+PoU/U9aZ7Zzbjs31XL9Mo+jAIdwBCfggAt1uIYGNIFCAA/wBM/W2Hq0XqzXReuSlc8cwA9Yb58/s40w</latexit>�1

<latexit sha1_base64="YZnGIahPcCmkh5AQKmfssCM5/KY=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPUyvzLpFUte2ZsB/xB/mZRggXqv+NntK5rGTFoqiDEd30tskBFtORVsUuimhiWEjsiAdRyVJGYmyGbXTvCZU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx7U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ABRfCysurpFkp+5dl/+6iVK0t4sjDCZzCOfhwBVW4hTo0gMIDPMELvCKFntEbep+35tBi5hj+AH18A/Mvjrk=</latexit>

B12

<latexit sha1_base64="nu+q88QzuzxZ11852MnSr2Ohciw=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMtSNy4r2Ae0Q8mkmTY2kwxJRihD/8GNC0Xc+j/u/BvTB6KtBy4czrmXe+8JE8GN9bwvlFtb39jcym8Xdnb39g+Kh0dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UrPWySmXSK5a8sjcD/iH+MinBAvVe8bPbVzSNmbRUEGM6vpfYICPacirYpNBNDUsIHZEB6zgqScxMkM2uneAzp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn2puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqACi6ElZdXSbNS9i/L/t1FqVpbxJGHEziFc/DhCqpwC3VoAIUHeIIXeEUKPaM39D5vzaHFzDH8Afr4BvS1jro=</latexit>

B22

Figure 30: Constructing two nullspace vectors for A ∈ R2×4. (Left) Coordinates of 0 mapping to
the origin in the co-domain. (Right) Those same coordinates shown in the domain.

Any linear combination of these vectors is also in the nullspace of A and thus the span of these
vectors is the nullspace as illustrated for A ∈ R2×3 (a one dimensional nullspace)

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2
<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="Fd2IcfMV6KQQsuFt1vMFXJu65Do=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUFQhLDrQT0uevEYwTwgCWF20kmGzM4uM72SsOQvPHvxoIhXf8Rb/sbJ46CJBQ1FVTfdXUEshUHXnThr6xubW9uZnezu3v7BYe4oXzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuJv6tSfQRkTqEUcxtELWU6IrOEMrtXP5JsIQU+wDjbToCXU+bueKbsmdga4Sb0GKfqF58TzxR+V27rvZiXgSgkIumTENz42xlTKNgksYZ5uJgZjxAetBw1LFQjCtdHb7mJ5apUO7kbalkM7U3xMpC40ZhYHtDBn2zbI3Ff/zGgl2b1qpUHGCoPh8UTeRFCM6DYJ2hAaOcmQJ41rYWynvM8042riyNgRv+eVVUr0seVcl78Er+rdkjgw5IQVyRjxyTXxyT8qkQjgZkhfyRt6dsfPqfDif89Y1ZzFzTP7A+foBVkSXnA==</latexit>

the origin)

<latexit sha1_base64="e7r4xQ2wERCzN7Lfc3abEn61jlk=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUEICGHXg3oMevEYwTwgCWF2djYZMjuzzPRKwrJ/4dmLB0W8+iPe8jdOHgdNLGgoqrrp7vJjwQ247tTZ2Nza3tnN7eX3Dw6PjgsnxaZRiaasQZVQuu0TwwSXrAEcBGvHmpHIF6zlj+5mfuuJacOVfIRJzHoRGUgeckrASv1CsQtsDGmFKqUDg1WIs36h7FbdOfA68ZakXCt1L56ntUm9X/juBoomEZNABTGm47kx9FKigVPBsnw3MSwmdEQGrGOpJBEzvXR+e4bPrRLgUGlbEvBc/T2RksiYSeTbzojA0Kx6M/E/r5NAeNNLuYwTYJIuFoWJwKDwLAgccM0oiIklhGpub8V0SDShYOPK2xC81ZfXSfOy6l1VvQevXLtFC+TQGSqhCvLQNaqhe1RHDUTRGL2gN/TuZM6r8+F8Llo3nOXMKfoD5+sH4rWXUQ==</latexit>

(coords of

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3
<latexit sha1_base64="BZMdtQypziGjj1PKILUloBRRVYQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv4PiP/A==</latexit>

4

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)

<latexit sha1_base64="7d+t7D42rp9mbMkvMFrjs8ThNkM=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B08IlNw=</latexit>

R4

A1

A2

A3

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)

<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="Fd2IcfMV6KQQsuFt1vMFXJu65Do=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUFQhLDrQT0uevEYwTwgCWF20kmGzM4uM72SsOQvPHvxoIhXf8Rb/sbJ46CJBQ1FVTfdXUEshUHXnThr6xubW9uZnezu3v7BYe4oXzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuJv6tSfQRkTqEUcxtELWU6IrOEMrtXP5JsIQU+wDjbToCXU+bueKbsmdga4Sb0GKfqF58TzxR+V27rvZiXgSgkIumTENz42xlTKNgksYZ5uJgZjxAetBw1LFQjCtdHb7mJ5apUO7kbalkM7U3xMpC40ZhYHtDBn2zbI3Ff/zGgl2b1qpUHGCoPh8UTeRFCM6DYJ2hAaOcmQJ41rYWynvM8042riyNgRv+eVVUr0seVcl78Er+rdkjgw5IQVyRjxyTXxyT8qkQjgZkhfyRt6dsfPqfDif89Y1ZzFzTP7A+foBVkSXnA==</latexit>

the origin)

<latexit sha1_base64="e7r4xQ2wERCzN7Lfc3abEn61jlk=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUEICGHXg3oMevEYwTwgCWF2djYZMjuzzPRKwrJ/4dmLB0W8+iPe8jdOHgdNLGgoqrrp7vJjwQ247tTZ2Nza3tnN7eX3Dw6PjgsnxaZRiaasQZVQuu0TwwSXrAEcBGvHmpHIF6zlj+5mfuuJacOVfIRJzHoRGUgeckrASv1CsQtsDGmFKqUDg1WIs36h7FbdOfA68ZakXCt1L56ntUm9X/juBoomEZNABTGm47kx9FKigVPBsnw3MSwmdEQGrGOpJBEzvXR+e4bPrRLgUGlbEvBc/T2RksiYSeTbzojA0Kx6M/E/r5NAeNNLuYwTYJIuFoWJwKDwLAgccM0oiIklhGpub8V0SDShYOPK2xC81ZfXSfOy6l1VvQevXLtFC+TQGSqhCvLQNaqhe1RHDUTRGL2gN/TuZM6r8+F8Llo3nOXMKfoD5+sH4rWXUQ==</latexit>

(coords of

Figure 31: Scaling the coordinates (in the domain) still results in a vector in the nullspace, ie. those
coordinates still map to the origin (in the co-domain).

and for A ∈ R2×4 (a richer two dimensional nullspace example)
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<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2
<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="Fd2IcfMV6KQQsuFt1vMFXJu65Do=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUFQhLDrQT0uevEYwTwgCWF20kmGzM4uM72SsOQvPHvxoIhXf8Rb/sbJ46CJBQ1FVTfdXUEshUHXnThr6xubW9uZnezu3v7BYe4oXzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuJv6tSfQRkTqEUcxtELWU6IrOEMrtXP5JsIQU+wDjbToCXU+bueKbsmdga4Sb0GKfqF58TzxR+V27rvZiXgSgkIumTENz42xlTKNgksYZ5uJgZjxAetBw1LFQjCtdHb7mJ5apUO7kbalkM7U3xMpC40ZhYHtDBn2zbI3Ff/zGgl2b1qpUHGCoPh8UTeRFCM6DYJ2hAaOcmQJ41rYWynvM8042riyNgRv+eVVUr0seVcl78Er+rdkjgw5IQVyRjxyTXxyT8qkQjgZkhfyRt6dsfPqfDif89Y1ZzFzTP7A+foBVkSXnA==</latexit>

the origin)

<latexit sha1_base64="e7r4xQ2wERCzN7Lfc3abEn61jlk=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUEICGHXg3oMevEYwTwgCWF2djYZMjuzzPRKwrJ/4dmLB0W8+iPe8jdOHgdNLGgoqrrp7vJjwQ247tTZ2Nza3tnN7eX3Dw6PjgsnxaZRiaasQZVQuu0TwwSXrAEcBGvHmpHIF6zlj+5mfuuJacOVfIRJzHoRGUgeckrASv1CsQtsDGmFKqUDg1WIs36h7FbdOfA68ZakXCt1L56ntUm9X/juBoomEZNABTGm47kx9FKigVPBsnw3MSwmdEQGrGOpJBEzvXR+e4bPrRLgUGlbEvBc/T2RksiYSeTbzojA0Kx6M/E/r5NAeNNLuYwTYJIuFoWJwKDwLAgccM0oiIklhGpub8V0SDShYOPK2xC81ZfXSfOy6l1VvQevXLtFC+TQGSqhCvLQNaqhe1RHDUTRGL2gN/TuZM6r8+F8Llo3nOXMKfoD5+sH4rWXUQ==</latexit>

(coords of

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3
<latexit sha1_base64="BZMdtQypziGjj1PKILUloBRRVYQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv4PiP/A==</latexit>

4

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)

<latexit sha1_base64="7d+t7D42rp9mbMkvMFrjs8ThNkM=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B08IlNw=</latexit>

R4

A1

A2

A3

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="l01Ua2Bj4On5BdIVKGCsJOWMtmw=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtXK3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0CiXvJOSV/OKlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/Ad3wj/o=</latexit>

2

<latexit sha1_base64="TmLS5y66y6tOchro49E9PBnYMcA=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdBbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2s6nGnUHRKzkRkHtwfKF682+fJ26dd6RQ+2t2YpSFGmgmqVMt1Eu1lVGrOBI7sdqowoWxAe9gyGNEQlZdNBh2RA+N0SRBL8yJNJu7vjoyGSg1D31SGVPfVbDY2/8taqQ7OvIxHSaoxYtOPglQQHZPx1qTLJTIthgYok9zMSlifSsq0uY1tjuDOrjwP9aOSe1Jyq26xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdv33SP+w==</latexit>

3

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)
<latexit sha1_base64="G3Qk8CQ8ZrQIIjzhZNnJRjInpA4=">AAACBHicbVC7SgNBFJ31GeMraplmSBAiQti1UMugjWUE84AkhNnJTTJkdnaZuSuGJYWNX+A/2FgoYutH2OVvnDwKTTwwcDjnHu7c40dSGHTdsbOyura+sZnaSm/v7O7tZw4OqyaMNYcKD2Wo6z4zIIWCCgqUUI80sMCXUPMH1xO/dg/aiFDd4TCCVsB6SnQFZ2ildibbRHjApKBiKU3EOFCQEIBCczJqZ/Ju0Z2CLhNvTvKlXPP0eVwaltuZ72Yn5PEkziUzpuG5EbYSplFwCaN0MzZgdwxYDxqWKhaAaSXTI0b02Cod2g21fQrpVP2dSFhgzDDw7WTAsG8WvYn4n9eIsXvZSoSKYgTFZ4u6saQY0kkjtCM0cJRDSxjXwv6V8j7TjKPtLW1L8BZPXibVs6J3XvRuvXzpisyQIlmSIwXikQtSIjekTCqEk0fyQt7Iu/PkvDofzudsdMWZZ47IHzhfP0Xim3k=</latexit>

(nullspace elements)

<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="Fd2IcfMV6KQQsuFt1vMFXJu65Do=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUFQhLDrQT0uevEYwTwgCWF20kmGzM4uM72SsOQvPHvxoIhXf8Rb/sbJ46CJBQ1FVTfdXUEshUHXnThr6xubW9uZnezu3v7BYe4oXzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuJv6tSfQRkTqEUcxtELWU6IrOEMrtXP5JsIQU+wDjbToCXU+bueKbsmdga4Sb0GKfqF58TzxR+V27rvZiXgSgkIumTENz42xlTKNgksYZ5uJgZjxAetBw1LFQjCtdHb7mJ5apUO7kbalkM7U3xMpC40ZhYHtDBn2zbI3Ff/zGgl2b1qpUHGCoPh8UTeRFCM6DYJ2hAaOcmQJ41rYWynvM8042riyNgRv+eVVUr0seVcl78Er+rdkjgw5IQVyRjxyTXxyT8qkQjgZkhfyRt6dsfPqfDif89Y1ZzFzTP7A+foBVkSXnA==</latexit>

the origin)

<latexit sha1_base64="e7r4xQ2wERCzN7Lfc3abEn61jlk=">AAAB+3icbVDLSgNBEJz1GeMrxqOXIUEICGHXg3oMevEYwTwgCWF2djYZMjuzzPRKwrJ/4dmLB0W8+iPe8jdOHgdNLGgoqrrp7vJjwQ247tTZ2Nza3tnN7eX3Dw6PjgsnxaZRiaasQZVQuu0TwwSXrAEcBGvHmpHIF6zlj+5mfuuJacOVfIRJzHoRGUgeckrASv1CsQtsDGmFKqUDg1WIs36h7FbdOfA68ZakXCt1L56ntUm9X/juBoomEZNABTGm47kx9FKigVPBsnw3MSwmdEQGrGOpJBEzvXR+e4bPrRLgUGlbEvBc/T2RksiYSeTbzojA0Kx6M/E/r5NAeNNLuYwTYJIuFoWJwKDwLAgccM0oiIklhGpub8V0SDShYOPK2xC81ZfXSfOy6l1VvQevXLtFC+TQGSqhCvLQNaqhe1RHDUTRGL2gN/TuZM6r8+F8Llo3nOXMKfoD5+sH4rWXUQ==</latexit>

(coords of

Figure 32: Linear combinations of nullspace elements (in the domain) still results in a vector that
maps to the origin in the co-domain (though the path taken may be more complicated).

Note that in both cases, the element in the nullspace provide a way to move away from the
origin and then back to it along the directions given by the columns of A.

If one wishes, one could visualize pulling the columns of A back to the axes of the domain and
watching the point 0 expand (possibly in multiple directions) to points in the nullspace. There is
a variation of this expansion idea that can help us visualize nullspace but it is more natural in the
context of visualizing affine spaces below.

The nullspace constructions given above are critical for defining subspaces in general. Specifi-
cally, there are two natural ways to define a dimension k subspace of Rn: one as the nullspace of a
rank k matrix A ∈ Rm×n and one as the range of a matrix N ∈ Rn×k.

X =
{
x ∈ Rn

∣∣∣ Ax = 0
}

X =
{
x ∈ Rn

∣∣∣ x = Nz, z ∈ Rk
}

For the two characterizations to be of the same subspace, we want to choose N as above to be a
basis for the nullspace of A.

4.4 Range of AT

The last and most difficult subspace that we will consider in reference to column geometry is the
span of the rows of the matrix, the range of AT . It is perhaps a surprising fact of matrix geometry
that while the algebraic relationship between columns and rows is quite simple, any geometric
relationships are much more subtle. We offer several perspectives here on how to "see" the rows via
the column geometry of a matrix. The authors would like to note this section is experimental and
they find it the least satisfactory in this paper.

4.4.1 Input Directions

Another option for row visualization is to note that each row defines an input direction that provides
the maximum gain in a particular coordinate of the co-domain. To be more specific, consider a unit
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vector u in the domain, u ∈ Rn and multiply u by a matrix A, Au.

Au =



− ĀT

1 −
...

− ĀT
m −






|
u
|


 =



ĀT

1 u
...

ĀT
mu




The ith coordinate of the output is given by ĀT
i u, the inner product between the ith row and u.

The quantity ĀT
i u is maximized when u = 1

∥Āi∥
Āi, ie. when u points in the same direction as row

ĀT
i . Note also that when this is the case,

ĀT
i u =

ĀT
i Āi

∥Āi∥
= ∥Āi∥,

ie. ĀT
i u is the magnitude of row ĀT

i . This leads to the following visualization. Visualize the image
of the unit sphere (in the domain) via the column geometry. The direction (in the domain) that
gives the maximum output along each axis is the direction of that row. The gain along that axis is
the magnitude of the row. This illustrated for A ∈ R2×2.

<latexit sha1_base64="my2clHksXtG1wjTTCQy6nyTZicM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSNU3bisYB/QhDCZTtqhkwczN0IJ+Qw3/oobF4q47c6/cZqWotUDA+eecy937vETwRVY1pdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB24rcfmVQ8jh5glDA3JP2IB5wS0JJnnqSeja+wA4EkNLPzzGkxCdjxicyuc+0VdT6vPbNq1awCeE7sRVJFMzQ8c+z0YpqGLAIqiFJd20rAzYgETgXLK06qWELokPRZV9OIhEy5WXFYjo+00sNBLPWLABfqz4mMhEqNQl93hgQGatGbiP953RSCSzfjUZICi+h0UZAKDDGepIR7XDIKYqQJoZLrv2I6IDoi0FlWdAh/Tv5LWqc1+7xm359V6zezOMroAB2iY2SjC1RHd6iBmoiiJ/SC3tC78Wy8Gh/G57S1ZMxm9tEvGONvlp+fhQ==</latexit>

u1 = 1
kĀ1k Ā1

<latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k Ā2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="rVsU6s4vWZyY1zh3s8YXkLYoWPk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRF1GXVjcsK9gFNCJPppB06mYSZG6GEgr/ixoUibv0Od/6N07SIth64cOace5l7T5gKrsFxvqyl5ZXVtfXSRnlza3tn197bb+kkU5Q1aSIS1QmJZoJL1gQOgnVSxUgcCtYOhzcTv/3AlOaJvIdRyvyY9CWPOCVgpMA+9FpMAfZCovKrcVDDxTuwK07VKYB/iDtPKmiGRmB/er2EZjGTQAXRuus6Kfg5UcCpYOOyl2mWEjokfdY1VJKYaT8v1h/jE6P0cJQoUxJwof6eyEms9SgOTWdMYKDnvYn4n9fNILr0cy7TDJik04+iTGBI8CQL3OOKURAjQwhV3OyK6YAoQsEkVjYhLJy8SFq1qntede/OKvXrWRwldISO0Sly0QWqo1vUQE1EUY6e0At6tR6tZ+vNep+2LlmzmQP0B9bHN1oTlRk=</latexit>

kĀ2k

<latexit sha1_base64="XUrzQhPfjw4avyxSqCLo6QJsjoQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURUZdVNy4r2Ac0IUymN+3QySTMTIQSCv6KGxeKuPU73Pk3TtMi2nrgwplz7mXuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6WSTFJo0oQnshMSBZwJaGqmOXRSCSQOObTD4c3Ebz+AVCwR93qUgh+TvmARo0QbKbAPvBZIjb2QyPxqHLi4eAd21ak5BfAPcedJFc3QCOxPr5fQLAahKSdKdV0n1X5OpGaUw7jiZQpSQoekD11DBYlB+Xmx/hgfG6WHo0SaEhoX6u+JnMRKjeLQdMZED9S8NxH/87qZji79nIk00yDo9KMo41gneJIF7jEJVPORIYRKZnbFdEAkodokVjEhLJy8SFqnNfe85t6dVevXszjK6BAdoRPkogtUR7eogZqIohw9oRf0aj1az9ab9T5tLVmzmX30B9bHN1iJlRg=</latexit>

kĀ1k

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="KzpgSN1XlsXIFvguIOJD73bjcSY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexG0eQW9OIxonlAsoTZyWwyZHZ2mYcQlnyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkHCmtOt+OrmV1bX1jfxmYWt7Z3evuH/QUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYX8/89gOVisXiXk8S6kd4KFjICNZWujP9Sr9YcsvuHGiJ1GrVqnuGvEwpQYZGv/jRG8TERFRowrFSXc9NtJ9iqRnhdFroGUUTTMZ4SLuWChxR5afzU6foxCoDFMbSltBori5PpDhSahIFtjPCeqR+ezPxL69rdFj1UyYSo6kgi0Wh4UjHaPY3GjBJieYTSzCRzN6KyAhLTLRNp2BD+P4U/U9albJ3UfZuz0v1qyyOPBzBMZyCB5dQhxtoQBMIDOERnuHF4c6T8+q8LVpzTjZzCD/gvH8BPvaNyQ==</latexit>u2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="Ci3sgZgwMgJhb8qEx0MRMH+V5Mg=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hV0VTW5BLx4jmgckS5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkAiujet+OkvLK6tr67mN/ObW9s5uYW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqDSPJb3ZpSgH9G+5CFn1FjpLu163ULRLbkzkAVSqZTL7hnxMqUIGWrdwkenF7M0QmmYoFq3PTcx/pgqw5nASb6TakwoG9I+ti2VNELtj2enTsixVXokjJUtachMXZwY00jrURTYzoiagf7tTcW/vHZqwrI/5jJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh08jaE70/J/6RxWvIuSt7tebF6lcWRg0M4ghPw4BKqcAM1qAODPjzCM7w4wnlyXp23eeuSk80cwA847189co3I</latexit>u1

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

This illustration separates the action of the row into it’s magnitude and direction. The direction
is shown in the domain, while the magnitude is shown in the codomain. Algebraically, this is
equivalent to separating A in the following way

A =



− ĀT

1 −
...

− ĀT
m −


 =



∥Ā1∥ · · · 0

...
...

0 · · · ∥Ām∥




︸ ︷︷ ︸
dg




− 1
∥Ā1∥

ĀT
1 −

...
− 1

∥Ām∥Ā
T
m −




We can illustrate the magnitude in the domain as well; however the method may be less than
satisfying. We do this by applying the stretching that moves the unit circle (in the domain) to
the matrix dg to each of the rows in the domain. This can be illustrated using similar triangles as
follows.
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<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="rVsU6s4vWZyY1zh3s8YXkLYoWPk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRF1GXVjcsK9gFNCJPppB06mYSZG6GEgr/ixoUibv0Od/6N07SIth64cOace5l7T5gKrsFxvqyl5ZXVtfXSRnlza3tn197bb+kkU5Q1aSIS1QmJZoJL1gQOgnVSxUgcCtYOhzcTv/3AlOaJvIdRyvyY9CWPOCVgpMA+9FpMAfZCovKrcVDDxTuwK07VKYB/iDtPKmiGRmB/er2EZjGTQAXRuus6Kfg5UcCpYOOyl2mWEjokfdY1VJKYaT8v1h/jE6P0cJQoUxJwof6eyEms9SgOTWdMYKDnvYn4n9fNILr0cy7TDJik04+iTGBI8CQL3OOKURAjQwhV3OyK6YAoQsEkVjYhLJy8SFq1qntede/OKvXrWRwldISO0Sly0QWqo1vUQE1EUY6e0At6tR6tZ+vNep+2LlmzmQP0B9bHN1oTlRk=</latexit>

kĀ2k

<latexit sha1_base64="XUrzQhPfjw4avyxSqCLo6QJsjoQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURUZdVNy4r2Ac0IUymN+3QySTMTIQSCv6KGxeKuPU73Pk3TtMi2nrgwplz7mXuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6WSTFJo0oQnshMSBZwJaGqmOXRSCSQOObTD4c3Ebz+AVCwR93qUgh+TvmARo0QbKbAPvBZIjb2QyPxqHLi4eAd21ak5BfAPcedJFc3QCOxPr5fQLAahKSdKdV0n1X5OpGaUw7jiZQpSQoekD11DBYlB+Xmx/hgfG6WHo0SaEhoX6u+JnMRKjeLQdMZED9S8NxH/87qZji79nIk00yDo9KMo41gneJIF7jEJVPORIYRKZnbFdEAkodokVjEhLJy8SFqnNfe85t6dVevXszjK6BAdoRPkogtUR7eogZqIohw9oRf0aj1az9ab9T5tLVmzmX30B9bHN1iJlRg=</latexit>

kĀ1k

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain

<latexit sha1_base64="my2clHksXtG1wjTTCQy6nyTZicM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSNU3bisYB/QhDCZTtqhkwczN0IJ+Qw3/oobF4q47c6/cZqWotUDA+eecy937vETwRVY1pdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB24rcfmVQ8jh5glDA3JP2IB5wS0JJnnqSeja+wA4EkNLPzzGkxCdjxicyuc+0VdT6vPbNq1awCeE7sRVJFMzQ8c+z0YpqGLAIqiFJd20rAzYgETgXLK06qWELokPRZV9OIhEy5WXFYjo+00sNBLPWLABfqz4mMhEqNQl93hgQGatGbiP953RSCSzfjUZICi+h0UZAKDDGepIR7XDIKYqQJoZLrv2I6IDoi0FlWdAh/Tv5LWqc1+7xm359V6zezOMroAB2iY2SjC1RHd6iBmoiiJ/SC3tC78Wy8Gh/G57S1ZMxm9tEvGONvlp+fhQ==</latexit>

u1 = 1
kĀ1k

Ā1

<latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k

Ā2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2 <latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain
<latexit sha1_base64="Qbx9KP+BWMrydGhMvLU4ww5/9Uw=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjNB1GPUi8cIZpFkCD2dnqRJL0N3jxCGfIUXD4p49XO8+Td2FkQTHxQ83quiql6UcGas7395uZXVtfWN/GZha3tnd6+4f9AwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawddJDJ8I6uxp3K91iyS/7U6AfEiySEsxR6xY/Oz1FUkGlJRwb0w78xIYZ1pYRTseFTmpogskQ92nbUYkFNWE2PXiMTpzSQ7HSrqRFU/X3RIaFMSMRuU6B7cAsehPxP6+d2vgyzJhMUkslmS2KU46sQpPvUY9pSiwfOYKJZu5WRAZYY2JdRgUXwtLLy6RRKQfn5eDurFS9nseRhyM4hlMI4AKqcAs1qAMBAU/wAq+e9p69N+991prz5jOH8Afexzd/c5A2</latexit>

Ā2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="TKRjMcgTs/+ds06EX5KHOaePBV8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeoF48RTIwkS5iddJIhM7PLzKwQlnyFFw+KePVzvPk3Th6IJhY0FFXddHdFieDG+v6Xl1taXlldy68XNja3tneKu3t1E6eaYY3FItaNiBoUXGHNciuwkWikMhJ4Hw2ux/79I2rDY3VnhwmGkvYU73JGrZMeWhHV2eWoHbSLJb/sT0B+SDBPSjBDtV38bHVilkpUlglqTDPwExtmVFvOBI4KrdRgQtmA9rDpqKISTZhNDh6RI6d0SDfWrpQlE/X3REalMUMZuU5Jbd/Me2PxP6+Z2u5FmHGVpBYVmy7qpoLYmIy/Jx2ukVkxdIQyzd2thPWppsy6jAouhIWXF0n9pByclYPb01LlahZHHg7gEI4hgHOowA1UoQYMJDzBC7x62nv23rz3aWvOm83swx94H99975A1</latexit>

Ā1
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="TKRjMcgTs/+ds06EX5KHOaePBV8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeoF48RTIwkS5iddJIhM7PLzKwQlnyFFw+KePVzvPk3Th6IJhY0FFXddHdFieDG+v6Xl1taXlldy68XNja3tneKu3t1E6eaYY3FItaNiBoUXGHNciuwkWikMhJ4Hw2ux/79I2rDY3VnhwmGkvYU73JGrZMeWhHV2eWoHbSLJb/sT0B+SDBPSjBDtV38bHVilkpUlglqTDPwExtmVFvOBI4KrdRgQtmA9rDpqKISTZhNDh6RI6d0SDfWrpQlE/X3REalMUMZuU5Jbd/Me2PxP6+Z2u5FmHGVpBYVmy7qpoLYmIy/Jx2ukVkxdIQyzd2thPWppsy6jAouhIWXF0n9pByclYPb01LlahZHHg7gEI4hgHOowA1UoQYMJDzBC7x62nv23rz3aWvOm83swx94H99975A1</latexit>

Ā1

<latexit sha1_base64="Qbx9KP+BWMrydGhMvLU4ww5/9Uw=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjNB1GPUi8cIZpFkCD2dnqRJL0N3jxCGfIUXD4p49XO8+Td2FkQTHxQ83quiql6UcGas7395uZXVtfWN/GZha3tnd6+4f9AwKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawddJDJ8I6uxp3K91iyS/7U6AfEiySEsxR6xY/Oz1FUkGlJRwb0w78xIYZ1pYRTseFTmpogskQ92nbUYkFNWE2PXiMTpzSQ7HSrqRFU/X3RIaFMSMRuU6B7cAsehPxP6+d2vgyzJhMUkslmS2KU46sQpPvUY9pSiwfOYKJZu5WRAZYY2JdRgUXwtLLy6RRKQfn5eDurFS9nseRhyM4hlMI4AKqcAs1qAMBAU/wAq+e9p69N+991prz5jOH8Afexzd/c5A2</latexit>

Ā2

Again, we note that this illustration is slightly unsatisfying in that the stretching is difficult to
visualize. For the remainder of the examples in this section, we will simply illustrate the unit vectors
in the domain (the directions of the rows) and magnitudes in the co-domain as in the first example
above. Perhaps an interested reader can provide a more elegant illustration. We now consider cases
where A is not square.

4.4.2 Input Directions - Tall Matrices

When A is a tall matrix the same illustration applies however the image of the domain unit circle
has lower dimension than the codomain. We illustrate this here for A ∈ R3×2. Note that there
are three points on the 2D unit circle that maximize the distance along each separate axis in the
codomain R3 that correspond to each row of the matrix.

<latexit sha1_base64="ekBUhq9CWDHUVDaI38MpPY5+5R0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIRdVl147KCfUATwmR60w6dTMLMRKih+CtuXCji1v9w5984TYto64ELZ865l7n3hClnSjvOl7WwuLS8slpaK69vbG5t2zu7TZVkkkKDJjyR7ZAo4ExAQzPNoZ1KIHHIoRUOrsd+6x6kYom408MU/Jj0BIsYJdpIgb3vNUFq7IVE5pejwC2egV1xqk4B/EPcWVJBU9QD+9PrJjSLQWjKiVId10m1nxOpGeUwKnuZgpTQAelBx1BBYlB+Xmw/wkdG6eIokaaExoX6eyInsVLDODSdMdF9NeuNxf+8TqajCz9nIs00CDr5KMo41gkeR4G7TALVfGgIoZKZXTHtE0moNoGVTQhzJ8+T5knVPau6t6eV2tU0jhI6QIfoGLnoHNXQDaqjBqLoAT2hF/RqPVrP1pv1PmldsKYze+gPrI9v/LqU7g==</latexit>

kĀ1k

<latexit sha1_base64="hSPQt4xwqx/BzIkvmRQFjrDxxZI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpoi6rblxWsA9oQphMp+3QySTMTIQair/ixoUibv0Pd/6N07SIth64cOace5l7T5hwprTjfFmFpeWV1bXiemljc2t7x97da6o4lYQ2SMxj2Q6xopwJ2tBMc9pOJMVRyGkrHF5P/NY9lYrF4k6PEupHuC9YjxGsjRTYB16TSo28EMvschxU82dgl52KkwP9EHeelGGGemB/et2YpBEVmnCsVMd1Eu1nWGpGOB2XvFTRBJMh7tOOoQJHVPlZvv0YHRuli3qxNCU0ytXfExmOlBpFoemMsB6oeW8i/ud1Ut278DMmklRTQaYf9VKOdIwmUaAuk5RoPjIEE8nMrogMsMREm8BKJoSFkxdJs1pxzyru7Wm5djWLowiHcAQn4MI51OAG6tAAAg/wBC/waj1az9ab9T5tLVizmX34A+vjG/5DlO8=</latexit>

kĀ2k
<latexit sha1_base64="Tk4eZDVCTs9PAnHrFk7JMDmWrwU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyVRUZdVNy4r2Ac0IUym03boZBJmJkINxV9x40IRt/6HO//GaVpEWw9cOHPOvcy9J0w4U9pxvqzCwuLS8kpxtbS2vrG5ZW/vNFScSkLrJOaxbIVYUc4ErWumOW0lkuIo5LQZDq7HfvOeSsVicaeHCfUj3BOsywjWRgrsPa9BpUZeiGV2OQpO8mdgl52KkwP9EHeWlGGKWmB/ep2YpBEVmnCsVNt1Eu1nWGpGOB2VvFTRBJMB7tG2oQJHVPlZvv0IHRqlg7qxNCU0ytXfExmOlBpGoemMsO6rWW8s/ue1U9298DMmklRTQSYfdVOOdIzGUaAOk5RoPjQEE8nMroj0scREm8BKJoS5k+dJ47jinlXc29Ny9WoaRxH24QCOwIVzqMIN1KAOBB7gCV7g1Xq0nq03633SWrCmM7vwB9bHN//MlPA=</latexit>

kĀ3k

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

1

2 R3 R2

1

2

u1 = 1
kĀ1k

Ā1

<latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k

Ā2

u3 = 1
kĀ3k

Ā3
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4.4.3 Input Directions - Fat Matrices

For fat matrices, the domain unit circle has larger dimension and the action of the matrix collapses
one or more of those dimensions (the nullspace of A). Here the rows are the points on the unit
circle that maximize the gain in a particular direction and also do not contain a component in the
nullspace. We also illustrate this here for A ∈ R2×3.

<latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k Ā2

<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="my2clHksXtG1wjTTCQy6nyTZicM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSNU3bisYB/QhDCZTtqhkwczN0IJ+Qw3/oobF4q47c6/cZqWotUDA+eecy937vETwRVY1pdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB24rcfmVQ8jh5glDA3JP2IB5wS0JJnnqSeja+wA4EkNLPzzGkxCdjxicyuc+0VdT6vPbNq1awCeE7sRVJFMzQ8c+z0YpqGLAIqiFJd20rAzYgETgXLK06qWELokPRZV9OIhEy5WXFYjo+00sNBLPWLABfqz4mMhEqNQl93hgQGatGbiP953RSCSzfjUZICi+h0UZAKDDGepIR7XDIKYqQJoZLrv2I6IDoi0FlWdAh/Tv5LWqc1+7xm359V6zezOMroAB2iY2SjC1RHd6iBmoiiJ/SC3tC78Wy8Gh/G57S1ZMxm9tEvGONvlp+fhQ==</latexit>

u1 = 1
kĀ1k Ā1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="rVsU6s4vWZyY1zh3s8YXkLYoWPk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRF1GXVjcsK9gFNCJPppB06mYSZG6GEgr/ixoUibv0Od/6N07SIth64cOace5l7T5gKrsFxvqyl5ZXVtfXSRnlza3tn197bb+kkU5Q1aSIS1QmJZoJL1gQOgnVSxUgcCtYOhzcTv/3AlOaJvIdRyvyY9CWPOCVgpMA+9FpMAfZCovKrcVDDxTuwK07VKYB/iDtPKmiGRmB/er2EZjGTQAXRuus6Kfg5UcCpYOOyl2mWEjokfdY1VJKYaT8v1h/jE6P0cJQoUxJwof6eyEms9SgOTWdMYKDnvYn4n9fNILr0cy7TDJik04+iTGBI8CQL3OOKURAjQwhV3OyK6YAoQsEkVjYhLJy8SFq1qntede/OKvXrWRwldISO0Sly0QWqo1vUQE1EUY6e0At6tR6tZ+vNep+2LlmzmQP0B9bHN1oTlRk=</latexit>

kĀ2k

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KzpgSN1XlsXIFvguIOJD73bjcSY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexG0eQW9OIxonlAsoTZyWwyZHZ2mYcQlnyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkHCmtOt+OrmV1bX1jfxmYWt7Z3evuH/QUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYX8/89gOVisXiXk8S6kd4KFjICNZWujP9Sr9YcsvuHGiJ1GrVqnuGvEwpQYZGv/jRG8TERFRowrFSXc9NtJ9iqRnhdFroGUUTTMZ4SLuWChxR5afzU6foxCoDFMbSltBori5PpDhSahIFtjPCeqR+ezPxL69rdFj1UyYSo6kgi0Wh4UjHaPY3GjBJieYTSzCRzN6KyAhLTLRNp2BD+P4U/U9albJ3UfZuz0v1qyyOPBzBMZyCB5dQhxtoQBMIDOERnuHF4c6T8+q8LVpzTjZzCD/gvH8BPvaNyQ==</latexit>u2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="Ci3sgZgwMgJhb8qEx0MRMH+V5Mg=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hV0VTW5BLx4jmgckS5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkAiujet+OkvLK6tr67mN/ObW9s5uYW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqDSPJb3ZpSgH9G+5CFn1FjpLu163ULRLbkzkAVSqZTL7hnxMqUIGWrdwkenF7M0QmmYoFq3PTcx/pgqw5nASb6TakwoG9I+ti2VNELtj2enTsixVXokjJUtachMXZwY00jrURTYzoiagf7tTcW/vHZqwrI/5jJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh08jaE70/J/6RxWvIuSt7tebF6lcWRg0M4ghPw4BKqcAM1qAODPjzCM7w4wnlyXp23eeuSk80cwA847189co3I</latexit>u1

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="XUrzQhPfjw4avyxSqCLo6QJsjoQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURUZdVNy4r2Ac0IUymN+3QySTMTIQSCv6KGxeKuPU73Pk3TtMi2nrgwplz7mXuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6WSTFJo0oQnshMSBZwJaGqmOXRSCSQOObTD4c3Ebz+AVCwR93qUgh+TvmARo0QbKbAPvBZIjb2QyPxqHLi4eAd21ak5BfAPcedJFc3QCOxPr5fQLAahKSdKdV0n1X5OpGaUw7jiZQpSQoekD11DBYlB+Xmx/hgfG6WHo0SaEhoX6u+JnMRKjeLQdMZED9S8NxH/87qZji79nIk00yDo9KMo41gneJIF7jEJVPORIYRKZnbFdEAkodokVjEhLJy8SFqnNfe85t6dVevXszjK6BAdoRPkogtUR7eogZqIohw9oRf0aj1az9ab9T5tLVmzmX30B9bHN1iJlRg=</latexit>

kĀ1k

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

We can also visualize the nullspace in a similar manner to be the direction(s) on the unit sphere
that are do not show up in the image. Of course, these are orthogonal to the rows.

<latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k Ā2

<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="Tm8LCIAvt0wPMM7fOKm+Ui4FKL8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbERHMLevEkEcwCyRB6OpWkSc9Cd00wDPkTLx4U8eqfePNv7CwHTXxQ8Hivqrvq+bEUGh3n28qsrW9sbmW3czu7e/sH9uFRXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh7dRvjEBpEYWPOI7BC1g/FD3BGRqpY9tthCdM7xMpdcw4TDp23imUiuVyqUidgjMDdZdJnixQ7dhf7W7EkwBC5JJp3XKdGL2UKRRcwiTXTjSYl4esDy1DQxaA9tLZ5hN6ZpQu7UXKVIh0pv6eSFmg9TjwTWfAcKCXvan4n9dKsHftpSKME4SQzz/qJZJiRKcx0K5QwFGODWFcCbMr5QOmGEcTVs6EsHLyKqlfFNxSwX24zFduFnFkyQk5JefEJVekQu5IldQIJyPyTF7Jm5VaL9a79TFvzViLmWPyB9bnD39HlDo=</latexit>

Nullspace
<latexit sha1_base64="4f9AwDI9FbpwFQnXZRwz0CVgHPA=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4GmbERHOLevGYgFkgGUJPpyZp07PQ3SOEkC/w4kERr36SN//GznLQxAcFj/eqqKrnJ4Ir7TjfVmZtfWNzK7ud29nd2z/IHx41VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94N/WbTygVj6MHPUrQC2k/4gFnVBupdtPNFxy7VCyXS0Xi2M4MxF0mBVig2s1/dXoxS0OMNBNUqbbrJNobU6k5EzjJdVKFCWVD2se2oRENUXnj2aETcmaUHgliaSrSZKb+nhjTUKlR6JvOkOqBWvam4n9eO9XBtTfmUZJqjNh8UZAKomMy/Zr0uESmxcgQyiQ3txI2oJIybbLJmRBWXl4ljQvbLdlu7bJQuV3EkYUTOIVzcOEKKnAPVagDA4RneIU369F6sd6tj3lrxlrMHMMfWJ8/0ZCM9A==</latexit>

A
<latexit sha1_base64="my2clHksXtG1wjTTCQy6nyTZicM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSNU3bisYB/QhDCZTtqhkwczN0IJ+Qw3/oobF4q47c6/cZqWotUDA+eecy937vETwRVY1pdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB24rcfmVQ8jh5glDA3JP2IB5wS0JJnnqSeja+wA4EkNLPzzGkxCdjxicyuc+0VdT6vPbNq1awCeE7sRVJFMzQ8c+z0YpqGLAIqiFJd20rAzYgETgXLK06qWELokPRZV9OIhEy5WXFYjo+00sNBLPWLABfqz4mMhEqNQl93hgQGatGbiP953RSCSzfjUZICi+h0UZAKDDGepIR7XDIKYqQJoZLrv2I6IDoi0FlWdAh/Tv5LWqc1+7xm359V6zezOMroAB2iY2SjC1RHd6iBmoiiJ/SC3tC78Wy8Gh/G57S1ZMxm9tEvGONvlp+fhQ==</latexit>

u1 = 1
kĀ1k Ā1

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="rVsU6s4vWZyY1zh3s8YXkLYoWPk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRF1GXVjcsK9gFNCJPppB06mYSZG6GEgr/ixoUibv0Od/6N07SIth64cOace5l7T5gKrsFxvqyl5ZXVtfXSRnlza3tn197bb+kkU5Q1aSIS1QmJZoJL1gQOgnVSxUgcCtYOhzcTv/3AlOaJvIdRyvyY9CWPOCVgpMA+9FpMAfZCovKrcVDDxTuwK07VKYB/iDtPKmiGRmB/er2EZjGTQAXRuus6Kfg5UcCpYOOyl2mWEjokfdY1VJKYaT8v1h/jE6P0cJQoUxJwof6eyEms9SgOTWdMYKDnvYn4n9fNILr0cy7TDJik04+iTGBI8CQL3OOKURAjQwhV3OyK6YAoQsEkVjYhLJy8SFq1qntede/OKvXrWRwldISO0Sly0QWqo1vUQE1EUY6e0At6tR6tZ+vNep+2LlmzmQP0B9bHN1oTlRk=</latexit>

kĀ2k

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KzpgSN1XlsXIFvguIOJD73bjcSY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexG0eQW9OIxonlAsoTZyWwyZHZ2mYcQlnyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkHCmtOt+OrmV1bX1jfxmYWt7Z3evuH/QUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYX8/89gOVisXiXk8S6kd4KFjICNZWujP9Sr9YcsvuHGiJ1GrVqnuGvEwpQYZGv/jRG8TERFRowrFSXc9NtJ9iqRnhdFroGUUTTMZ4SLuWChxR5afzU6foxCoDFMbSltBori5PpDhSahIFtjPCeqR+ezPxL69rdFj1UyYSo6kgi0Wh4UjHaPY3GjBJieYTSzCRzN6KyAhLTLRNp2BD+P4U/U9albJ3UfZuz0v1qyyOPBzBMZyCB5dQhxtoQBMIDOERnuHF4c6T8+q8LVpzTjZzCD/gvH8BPvaNyQ==</latexit>u2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="Ci3sgZgwMgJhb8qEx0MRMH+V5Mg=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hV0VTW5BLx4jmgckS5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkAiujet+OkvLK6tr67mN/ObW9s5uYW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqDSPJb3ZpSgH9G+5CFn1FjpLu163ULRLbkzkAVSqZTL7hnxMqUIGWrdwkenF7M0QmmYoFq3PTcx/pgqw5nASb6TakwoG9I+ti2VNELtj2enTsixVXokjJUtachMXZwY00jrURTYzoiagf7tTcW/vHZqwrI/5jJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh08jaE70/J/6RxWvIuSt7tebF6lcWRg0M4ghPw4BKqcAM1qAODPjzCM7w4wnlyXp23eeuSk80cwA847189co3I</latexit>u1

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="XUrzQhPfjw4avyxSqCLo6QJsjoQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURUZdVNy4r2Ac0IUymN+3QySTMTIQSCv6KGxeKuPU73Pk3TtMi2nrgwplz7mXuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6WSTFJo0oQnshMSBZwJaGqmOXRSCSQOObTD4c3Ebz+AVCwR93qUgh+TvmARo0QbKbAPvBZIjb2QyPxqHLi4eAd21ak5BfAPcedJFc3QCOxPr5fQLAahKSdKdV0n1X5OpGaUw7jiZQpSQoekD11DBYlB+Xmx/hgfG6WHo0SaEhoX6u+JnMRKjeLQdMZED9S8NxH/87qZji79nIk00yDo9KMo41gneJIF7jEJVPORIYRKZnbFdEAkodokVjEhLJy8SFqnNfe85t6dVevXszjK6BAdoRPkogtUR7eogZqIohw9oRf0aj1az9ab9T5tLVmzmX30B9bHN1iJlRg=</latexit>

kĀ1k

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

This visualization idea could also be relaxed to visualize how close u lines up to each column.
If the output ĀT

i u is far in the positive direction along axis
Another quite fruitful modification of this idea is to consider the subspaces orthogonal to each

row. The subspace orthogonal to the ith row of A is the pre-image of the set with 0 along the ith
axis (in the co-domain). This pre-image is illustrated here relative to the unit sphere in the domain
as well as the subspace containing it.
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<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KzpgSN1XlsXIFvguIOJD73bjcSY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexG0eQW9OIxonlAsoTZyWwyZHZ2mYcQlnyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkHCmtOt+OrmV1bX1jfxmYWt7Z3evuH/QUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYX8/89gOVisXiXk8S6kd4KFjICNZWujP9Sr9YcsvuHGiJ1GrVqnuGvEwpQYZGv/jRG8TERFRowrFSXc9NtJ9iqRnhdFroGUUTTMZ4SLuWChxR5afzU6foxCoDFMbSltBori5PpDhSahIFtjPCeqR+ezPxL69rdFj1UyYSo6kgi0Wh4UjHaPY3GjBJieYTSzCRzN6KyAhLTLRNp2BD+P4U/U9albJ3UfZuz0v1qyyOPBzBMZyCB5dQhxtoQBMIDOERnuHF4c6T8+q8LVpzTjZzCD/gvH8BPvaNyQ==</latexit>u2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A <latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k Ā2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="Tm8LCIAvt0wPMM7fOKm+Ui4FKL8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbERHMLevEkEcwCyRB6OpWkSc9Cd00wDPkTLx4U8eqfePNv7CwHTXxQ8Hivqrvq+bEUGh3n28qsrW9sbmW3czu7e/sH9uFRXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh7dRvjEBpEYWPOI7BC1g/FD3BGRqpY9tthCdM7xMpdcw4TDp23imUiuVyqUidgjMDdZdJnixQ7dhf7W7EkwBC5JJp3XKdGL2UKRRcwiTXTjSYl4esDy1DQxaA9tLZ5hN6ZpQu7UXKVIh0pv6eSFmg9TjwTWfAcKCXvan4n9dKsHftpSKME4SQzz/qJZJiRKcx0K5QwFGODWFcCbMr5QOmGEcTVs6EsHLyKqlfFNxSwX24zFduFnFkyQk5JefEJVekQu5IldQIJyPyTF7Jm5VaL9a79TFvzViLmWPyB9bnD39HlDo=</latexit>

Nullspace
<latexit sha1_base64="4f9AwDI9FbpwFQnXZRwz0CVgHPA=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4GmbERHOLevGYgFkgGUJPpyZp07PQ3SOEkC/w4kERr36SN//GznLQxAcFj/eqqKrnJ4Ir7TjfVmZtfWNzK7ud29nd2z/IHx41VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94N/WbTygVj6MHPUrQC2k/4gFnVBupdtPNFxy7VCyXS0Xi2M4MxF0mBVig2s1/dXoxS0OMNBNUqbbrJNobU6k5EzjJdVKFCWVD2se2oRENUXnj2aETcmaUHgliaSrSZKb+nhjTUKlR6JvOkOqBWvam4n9eO9XBtTfmUZJqjNh8UZAKomMy/Zr0uESmxcgQyiQ3txI2oJIybbLJmRBWXl4ljQvbLdlu7bJQuV3EkYUTOIVzcOEKKnAPVagDA4RneIU369F6sd6tj3lrxlrMHMMfWJ8/0ZCM9A==</latexit>

A

<latexit sha1_base64="Tm8LCIAvt0wPMM7fOKm+Ui4FKL8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbERHMLevEkEcwCyRB6OpWkSc9Cd00wDPkTLx4U8eqfePNv7CwHTXxQ8Hivqrvq+bEUGh3n28qsrW9sbmW3czu7e/sH9uFRXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh7dRvjEBpEYWPOI7BC1g/FD3BGRqpY9tthCdM7xMpdcw4TDp23imUiuVyqUidgjMDdZdJnixQ7dhf7W7EkwBC5JJp3XKdGL2UKRRcwiTXTjSYl4esDy1DQxaA9tLZ5hN6ZpQu7UXKVIh0pv6eSFmg9TjwTWfAcKCXvan4n9dKsHftpSKME4SQzz/qJZJiRKcx0K5QwFGODWFcCbMr5QOmGEcTVs6EsHLyKqlfFNxSwX24zFduFnFkyQk5JefEJVekQu5IldQIJyPyTF7Jm5VaL9a79TFvzViLmWPyB9bnD39HlDo=</latexit>

Nullspace
<latexit sha1_base64="4f9AwDI9FbpwFQnXZRwz0CVgHPA=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4GmbERHOLevGYgFkgGUJPpyZp07PQ3SOEkC/w4kERr36SN//GznLQxAcFj/eqqKrnJ4Ir7TjfVmZtfWNzK7ud29nd2z/IHx41VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94N/WbTygVj6MHPUrQC2k/4gFnVBupdtPNFxy7VCyXS0Xi2M4MxF0mBVig2s1/dXoxS0OMNBNUqbbrJNobU6k5EzjJdVKFCWVD2se2oRENUXnj2aETcmaUHgliaSrSZKb+nhjTUKlR6JvOkOqBWvam4n9eO9XBtTfmUZJqjNh8UZAKomMy/Zr0uESmxcgQyiQ3txI2oJIybbLJmRBWXl4ljQvbLdlu7bJQuV3EkYUTOIVzcOEKKnAPVagDA4RneIU369F6sd6tj3lrxlrMHMMfWJ8/0ZCM9A==</latexit>

A
<latexit sha1_base64="my2clHksXtG1wjTTCQy6nyTZicM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSNU3bisYB/QhDCZTtqhkwczN0IJ+Qw3/oobF4q47c6/cZqWotUDA+eecy937vETwRVY1pdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB24rcfmVQ8jh5glDA3JP2IB5wS0JJnnqSeja+wA4EkNLPzzGkxCdjxicyuc+0VdT6vPbNq1awCeE7sRVJFMzQ8c+z0YpqGLAIqiFJd20rAzYgETgXLK06qWELokPRZV9OIhEy5WXFYjo+00sNBLPWLABfqz4mMhEqNQl93hgQGatGbiP953RSCSzfjUZICi+h0UZAKDDGepIR7XDIKYqQJoZLrv2I6IDoi0FlWdAh/Tv5LWqc1+7xm359V6zezOMroAB2iY2SjC1RHd6iBmoiiJ/SC3tC78Wy8Gh/G57S1ZMxm9tEvGONvlp+fhQ==</latexit>

u1 = 1
kĀ1k Ā1

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="Ci3sgZgwMgJhb8qEx0MRMH+V5Mg=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hV0VTW5BLx4jmgckS5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkAiujet+OkvLK6tr67mN/ObW9s5uYW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqDSPJb3ZpSgH9G+5CFn1FjpLu163ULRLbkzkAVSqZTL7hnxMqUIGWrdwkenF7M0QmmYoFq3PTcx/pgqw5nASb6TakwoG9I+ti2VNELtj2enTsixVXokjJUtachMXZwY00jrURTYzoiagf7tTcW/vHZqwrI/5jJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh08jaE70/J/6RxWvIuSt7tebF6lcWRg0M4ghPw4BKqcAM1qAODPjzCM7w4wnlyXp23eeuSk80cwA847189co3I</latexit>u1

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KzpgSN1XlsXIFvguIOJD73bjcSY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexG0eQW9OIxonlAsoTZyWwyZHZ2mYcQlnyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkHCmtOt+OrmV1bX1jfxmYWt7Z3evuH/QUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYX8/89gOVisXiXk8S6kd4KFjICNZWujP9Sr9YcsvuHGiJ1GrVqnuGvEwpQYZGv/jRG8TERFRowrFSXc9NtJ9iqRnhdFroGUUTTMZ4SLuWChxR5afzU6foxCoDFMbSltBori5PpDhSahIFtjPCeqR+ezPxL69rdFj1UyYSo6kgi0Wh4UjHaPY3GjBJieYTSzCRzN6KyAhLTLRNp2BD+P4U/U9albJ3UfZuz0v1qyyOPBzBMZyCB5dQhxtoQBMIDOERnuHF4c6T8+q8LVpzTjZzCD/gvH8BPvaNyQ==</latexit>u2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A <latexit sha1_base64="RDN6Mtm3m9ttw56Xu5w4cVySdkI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMi6kaounFZwT6gCWUynbRDJw9mboQS8hlu/BU3LhRx251/4zQtRVsPDJx7zr3cuceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D5oqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecO7id96YlLxKHyEUczcgPRD7nNKQEtd8yzpVvE1dsCXhKZ2ljpNJgE7HpHpTaa9vM7mddcsWxUrB54Te5GU0Qz1rjl2ehFNAhYCFUSpjm3F4KZEAqeCZSUnUSwmdEj6rKNpSAKm3DQ/LMMnWulhP5L6hYBz9fdESgKlRoGnOwMCA7XoTcT/vE4C/pWb8jBOgIV0ushPBIYIT1LCPS4ZBTHShFDJ9V8xHRAdEegsSzqEpZOXSbNasS8q9sN5uXY7i6OIjtAxOkU2ukQ1dI/qqIEoekav6B19GC/Gm/FpfE1bC8Zs5hD9gTH+AZtnn4g=</latexit>

u2 = 1
kĀ2k Ā2

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="Tm8LCIAvt0wPMM7fOKm+Ui4FKL8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbERHMLevEkEcwCyRB6OpWkSc9Cd00wDPkTLx4U8eqfePNv7CwHTXxQ8Hivqrvq+bEUGh3n28qsrW9sbmW3czu7e/sH9uFRXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh7dRvjEBpEYWPOI7BC1g/FD3BGRqpY9tthCdM7xMpdcw4TDp23imUiuVyqUidgjMDdZdJnixQ7dhf7W7EkwBC5JJp3XKdGL2UKRRcwiTXTjSYl4esDy1DQxaA9tLZ5hN6ZpQu7UXKVIh0pv6eSFmg9TjwTWfAcKCXvan4n9dKsHftpSKME4SQzz/qJZJiRKcx0K5QwFGODWFcCbMr5QOmGEcTVs6EsHLyKqlfFNxSwX24zFduFnFkyQk5JefEJVekQu5IldQIJyPyTF7Jm5VaL9a79TFvzViLmWPyB9bnD39HlDo=</latexit>

Nullspace
<latexit sha1_base64="4f9AwDI9FbpwFQnXZRwz0CVgHPA=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4GmbERHOLevGYgFkgGUJPpyZp07PQ3SOEkC/w4kERr36SN//GznLQxAcFj/eqqKrnJ4Ir7TjfVmZtfWNzK7ud29nd2z/IHx41VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94N/WbTygVj6MHPUrQC2k/4gFnVBupdtPNFxy7VCyXS0Xi2M4MxF0mBVig2s1/dXoxS0OMNBNUqbbrJNobU6k5EzjJdVKFCWVD2se2oRENUXnj2aETcmaUHgliaSrSZKb+nhjTUKlR6JvOkOqBWvam4n9eO9XBtTfmUZJqjNh8UZAKomMy/Zr0uESmxcgQyiQ3txI2oJIybbLJmRBWXl4ljQvbLdlu7bJQuV3EkYUTOIVzcOEKKnAPVagDA4RneIU369F6sd6tj3lrxlrMHMMfWJ8/0ZCM9A==</latexit>

A

<latexit sha1_base64="Tm8LCIAvt0wPMM7fOKm+Ui4FKL8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbERHMLevEkEcwCyRB6OpWkSc9Cd00wDPkTLx4U8eqfePNv7CwHTXxQ8Hivqrvq+bEUGh3n28qsrW9sbmW3czu7e/sH9uFRXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh7dRvjEBpEYWPOI7BC1g/FD3BGRqpY9tthCdM7xMpdcw4TDp23imUiuVyqUidgjMDdZdJnixQ7dhf7W7EkwBC5JJp3XKdGL2UKRRcwiTXTjSYl4esDy1DQxaA9tLZ5hN6ZpQu7UXKVIh0pv6eSFmg9TjwTWfAcKCXvan4n9dKsHftpSKME4SQzz/qJZJiRKcx0K5QwFGODWFcCbMr5QOmGEcTVs6EsHLyKqlfFNxSwX24zFduFnFkyQk5JefEJVekQu5IldQIJyPyTF7Jm5VaL9a79TFvzViLmWPyB9bnD39HlDo=</latexit>

Nullspace
<latexit sha1_base64="4f9AwDI9FbpwFQnXZRwz0CVgHPA=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4GmbERHOLevGYgFkgGUJPpyZp07PQ3SOEkC/w4kERr36SN//GznLQxAcFj/eqqKrnJ4Ir7TjfVmZtfWNzK7ud29nd2z/IHx41VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX94N/WbTygVj6MHPUrQC2k/4gFnVBupdtPNFxy7VCyXS0Xi2M4MxF0mBVig2s1/dXoxS0OMNBNUqbbrJNobU6k5EzjJdVKFCWVD2se2oRENUXnj2aETcmaUHgliaSrSZKb+nhjTUKlR6JvOkOqBWvam4n9eO9XBtTfmUZJqjNh8UZAKomMy/Zr0uESmxcgQyiQ3txI2oJIybbLJmRBWXl4ljQvbLdlu7bJQuV3EkYUTOIVzcOEKKnAPVagDA4RneIU369F6sd6tj3lrxlrMHMMfWJ8/0ZCM9A==</latexit>

A
<latexit sha1_base64="my2clHksXtG1wjTTCQy6nyTZicM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSNU3bisYB/QhDCZTtqhkwczN0IJ+Qw3/oobF4q47c6/cZqWotUDA+eecy937vETwRVY1pdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB24rcfmVQ8jh5glDA3JP2IB5wS0JJnnqSeja+wA4EkNLPzzGkxCdjxicyuc+0VdT6vPbNq1awCeE7sRVJFMzQ8c+z0YpqGLAIqiFJd20rAzYgETgXLK06qWELokPRZV9OIhEy5WXFYjo+00sNBLPWLABfqz4mMhEqNQl93hgQGatGbiP953RSCSzfjUZICi+h0UZAKDDGepIR7XDIKYqQJoZLrv2I6IDoi0FlWdAh/Tv5LWqc1+7xm359V6zezOMroAB2iY2SjC1RHd6iBmoiiJ/SC3tC78Wy8Gh/G57S1ZMxm9tEvGONvlp+fhQ==</latexit>

u1 = 1
kĀ1k Ā1

<latexit sha1_base64="7q4RdlBuu68GPja9OJVPWhxd188=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf52MvQ==</latexit>

3

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="Ci3sgZgwMgJhb8qEx0MRMH+V5Mg=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hV0VTW5BLx4jmgckS5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpIVomhBQ1HVTXdXkAiujet+OkvLK6tr67mN/ObW9s5uYW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqDSPJb3ZpSgH9G+5CFn1FjpLu163ULRLbkzkAVSqZTL7hnxMqUIGWrdwkenF7M0QmmYoFq3PTcx/pgqw5nASb6TakwoG9I+ti2VNELtj2enTsixVXokjJUtachMXZwY00jrURTYzoiagf7tTcW/vHZqwrI/5jJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh08jaE70/J/6RxWvIuSt7tebF6lcWRg0M4ghPw4BKqcAM1qAODPjzCM7w4wnlyXp23eeuSk80cwA847189co3I</latexit>u1

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2<latexit sha1_base64="8wArRqSJhp0uheZUFD+lyA4BgYY=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquiHos9uKxgv2AdinZbNqGZpMlmRXr0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj+sxvPzBtuJL3MElYEJOh5ANOCVip75Z7wB4hq6tIxYTLad+teFVvDrxK/JxUUI5G3/3qRYqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrRLhgdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeFwXWQcZmkwCRdLBqkAoPCsxRwxDWjICaWEKq5vRXTEdGEgs2qZEPwl19eJa3zqn9Z9e8uKrWbPI4iOkYn6Az56ArV0C1qoCaiKEXP6BW9OU/Oi/PufCxaC04+c4T+wPn8AVjak4o=</latexit>

Codomain
<latexit sha1_base64="rkGzPtICjrUEj86EfyxlC14A3TA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9OH03615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2Tunde927Pao2roo4yHMAhHIMHF9CAG2hCCwik8AQv8OoY59l5c97noyWn2NmHX3A+vgHtnpGd</latexit>

R3<latexit sha1_base64="c7/I//00hnmsWGvJU3gUWNUVEjw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mSRD5rHO9AbDku/w4kERr36MN//GSbIHTSxoKKq66e6KYsEt+P63l1tZXVvfyG8WtrZ3dveK+wd1qxNDWY1qoU0zIpYJrlgNOAjWjA0jMhKsEQ1vpn5jxIzlWj3AOGahJH3Fe5wScFLYBvYE6a2WhKtJp1jyy/4MeJkEGSmhDNVO8avd1TSRTAEVxNpW4McQpsQAp4JNCu3EspjQIemzlqOKSGbDdHb0BJ84pYt72rhSgGfq74mUSGvHMnKdksDALnpT8T+vlUDvKky5ihNgis4X9RKBQeNpArjLDaMgxo4Qari7FdMBMYSCy6ngQggWX14m9bNycFEO7s9Llessjjw6QsfoFAXoElXQHaqiGqLoET2jV/TmjbwX7937mLfmvGzmEP2B9/kDTayScw==</latexit>

Domain

4.5 Affine Spaces (Domain)

The nullspace discussion above extends to visualizing sets of the form

X =
{
x ∈ Rn

∣∣ Ax = b
}

for A ∈ Rm×n, b ∈ Rm, and k < n. These type of sets can be more explicitly characterized using a
basis for the nullspace of A written as the columns of the matrix N ∈ Rn×k using the form

X =
{
x ∈ Rn

∣∣ x = Nz + x0, z ∈ Rk
}

where x0 is a specific solution to the equation Ax = b. Similar to the construction above, we can
find coordinates of b relative to the columns of A′ such that b = A′u in order to determine a specific
solution of the form xT0 =

[
uT 0

]T . Note that other specific solutions could be used by using
different columns of A as basis vectors or by using linear combinations of more than k vectors in
the matrix. We illustrate these possible solutions for A ∈ R2×3. In general for a rank k matrix a
basis for the co-domain requires k columns. Assuming any set of k columns is linearly independent,
we can pair the first k − 1 columns with any of the other n − k + 1 columns to form a basis. It
is not immediately obvious but specific solutions computed from bases of this form are sufficiently
rich to span all specific solutions (see Appendix XXX for further explanation and full proof). For
the 2 × 3 case given above, this reduces to two bases comprised of columns

[
A1 A2

]
and

[
A1 A3

]
.

If we compute specific solutions for b with these bases we get two possible solutions x, x′ ∈ R3 of
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the form

x =
[
x1 x2 0

]T
, x′ =

[
x′1 0 x′3

]T

such that Ax = b and Ax′ = b. These solutions are illustrated in the figure below.

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b
<latexit sha1_base64="gqpFvDkb60uChbgHWU5seMxIzyg=">AAAB6nicbZDLSsNAFIZPvNZ6qwpu3AwWwVVIBC/LUjcuW7QXaEOZTCft0MkkzEzEEvoIblwo4tatb+ETuHPjszhpXGjrDwMf/38Oc87xY86UdpxPa2FxaXlltbBWXN/Y3Nou7ew2VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPLrO8dUulYpG40eOYeiEeCBYwgrWxru96bq9UduxTJxNybCcHdxbKlf36F3urvtd6pY9uPyJJSIUmHCvVcZ1YeymWmhFOJ8VuomiMyQgPaMegwCFVXjoddYKOjNNHQSTNExpN3d8dKQ6VGoe+qQyxHqrZLDP/yzqJDi68lIk40VSQ/KMg4UhHKNsb9ZmkRPOxAUwkM7MiMsQSE22uUzRHmFt5Hpontntmu3W3XKlCrgIcwCEcgwvnUIErqEEDCAzgHh7hyeLWg/VsveSlC9ZPzx78kfX6DfV1kUo=</latexit>x1

<latexit sha1_base64="Nx+uhbUfbKSgPde+VNR7/R+r7fs=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKtlV/FShthYJmgukCxhdjKbDJmdXWZmxRDyCDYWitja+hY+gZ2Nz+Js1kITfxj4+P9zmHOOH3OmtON8WrmFxaXllfxqYW19Y3OruL3TUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/vEzz5i2VikXiRo9i6oW4L1jACNbGur7rnnSLJcc+dVIhx3YycGehVN6rfbG3ynu1W/zo9CKShFRowrFSbdeJtTfGUjPC6aTQSRSNMRniPm0bFDikyhtPR52gQ+P0UBBJ84RGU/d3xxiHSo1C31SGWA/UbJaa/2XtRAcX3piJONFUkOyjIOFIRyjdG/WYpETzkQFMJDOzIjLAEhNtrlMwR5hbeR4ax7Z7Zrs1t1SuQKY87MMBHIEL51CGK6hCHQj04R4e4cni1oP1bL1kpTnrp2cX/sh6/Qb4fZFM</latexit>x3

<latexit sha1_base64="n7a0oG01qzePTAtDIqOUXtu9Ji4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJRm0sI5gLJEuYncwmY2ZnlplZMYS8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3YyC4tLyyvZVXdtfWNzK7e9U9UyVYRWiORS1UOsKWeCVgwznNYTRXEccloLe5ejvHZHlWZS3Jh+QoMYdwSLGMHGWtXze1REYSuX9wreWGge/Cnkzz7cYvL25ZZbuc9mW5I0psIQjrVu+F5iggFWhhFOh24z1TTBpIc7tGFR4JjqYDCedogOrNNGkVT2CYPG7u+OAY617sehrYyx6erZbGT+lzVSE50GAyaS1FBBJh9FKUdGotHqqM0UJYb3LWCimJ0VkS5WmBh7INcewZ9deR6qRwX/uOBf+/nSBUyUhT3Yh0Pw4QRKcAVlqACBW3iAJ3h2pPPovDivk9KMM+3ZhT9y3n8AuVyRkg==</latexit>

Ax = b

<latexit sha1_base64="jh/74wSgzhTm7rgepP7MhpyRP9c="></latexit>2
4

x1

0
x3

3
5

<latexit sha1_base64="Z4fuI28QpQUqrDEIS7uJvi6YRxU=">AAACFnicbVC7TgJBFJ3FF+ILNbGxmUhMbCS7FGpJsLGERB4JS8js7AUmzM5uZmYNZMNX2PgTfoCNhY/YGjsbv8UBDFHwJJN7cs69mXuPF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/cuzXb0AqFoprPYygFZCuYB1GiTZSO3vqetBlIvECoiUbjPCg7WDXNaUwLjZ2Qfgzt53N2Xl7AjwjzjzJFQ8qX+y+9FJuZz9cP6RxAEJTTpRqOnakWwmRmlEOo4wbK4gI7ZMuNA0VJADVSiZnjfCxUXzcCaV5QuOJ+nsiIYFSw8AznWa/npr3xuJ/XjPWnYtWwkQUaxB0+lEn5liHeJwR9pkEqvnQEEIlM7ti2iOSUG2SzJgQFk5eJLVC3jnLOxUnVyyhKdLoEB2hE+Sgc1REV6iMqoiiW/SAntCzdWc9Wq/W27Q1Zf3M7KM/sN6/AfuTolU=</latexit>2
4

x1

x2

0

3
5

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b
<latexit sha1_base64="n7a0oG01qzePTAtDIqOUXtu9Ji4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJRm0sI5gLJEuYncwmY2ZnlplZMYS8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3YyC4tLyyvZVXdtfWNzK7e9U9UyVYRWiORS1UOsKWeCVgwznNYTRXEccloLe5ejvHZHlWZS3Jh+QoMYdwSLGMHGWtXze1REYSuX9wreWGge/Cnkzz7cYvL25ZZbuc9mW5I0psIQjrVu+F5iggFWhhFOh24z1TTBpIc7tGFR4JjqYDCedogOrNNGkVT2CYPG7u+OAY617sehrYyx6erZbGT+lzVSE50GAyaS1FBBJh9FKUdGotHqqM0UJYb3LWCimJ0VkS5WmBh7INcewZ9deR6qRwX/uOBf+/nSBUyUhT3Yh0Pw4QRKcAVlqACBW3iAJ3h2pPPovDivk9KMM+3ZhT9y3n8AuVyRkg==</latexit>

Ax = b

<latexit sha1_base64="jh/74wSgzhTm7rgepP7MhpyRP9c="></latexit>2
4

x1

0
x3

3
5

<latexit sha1_base64="Z4fuI28QpQUqrDEIS7uJvi6YRxU=">AAACFnicbVC7TgJBFJ3FF+ILNbGxmUhMbCS7FGpJsLGERB4JS8js7AUmzM5uZmYNZMNX2PgTfoCNhY/YGjsbv8UBDFHwJJN7cs69mXuPF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/cuzXb0AqFoprPYygFZCuYB1GiTZSO3vqetBlIvECoiUbjPCg7WDXNaUwLjZ2Qfgzt53N2Xl7AjwjzjzJFQ8qX+y+9FJuZz9cP6RxAEJTTpRqOnakWwmRmlEOo4wbK4gI7ZMuNA0VJADVSiZnjfCxUXzcCaV5QuOJ+nsiIYFSw8AznWa/npr3xuJ/XjPWnYtWwkQUaxB0+lEn5liHeJwR9pkEqvnQEEIlM7ti2iOSUG2SzJgQFk5eJLVC3jnLOxUnVyyhKdLoEB2hE+Sgc1REV6iMqoiiW/SAntCzdWc9Wq/W27Q1Zf3M7KM/sN6/AfuTolU=</latexit>2
4

x1

x2

0

3
5

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="Z4fuI28QpQUqrDEIS7uJvi6YRxU=">AAACFnicbVC7TgJBFJ3FF+ILNbGxmUhMbCS7FGpJsLGERB4JS8js7AUmzM5uZmYNZMNX2PgTfoCNhY/YGjsbv8UBDFHwJJN7cs69mXuPF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/cuzXb0AqFoprPYygFZCuYB1GiTZSO3vqetBlIvECoiUbjPCg7WDXNaUwLjZ2Qfgzt53N2Xl7AjwjzjzJFQ8qX+y+9FJuZz9cP6RxAEJTTpRqOnakWwmRmlEOo4wbK4gI7ZMuNA0VJADVSiZnjfCxUXzcCaV5QuOJ+nsiIYFSw8AznWa/npr3xuJ/XjPWnYtWwkQUaxB0+lEn5liHeJwR9pkEqvnQEEIlM7ti2iOSUG2SzJgQFk5eJLVC3jnLOxUnVyyhKdLoEB2hE+Sgc1REV6iMqoiiW/SAntCzdWc9Wq/W27Q1Zf3M7KM/sN6/AfuTolU=</latexit>2
4

x1

x2

0

3
5

<latexit sha1_base64="jh/74wSgzhTm7rgepP7MhpyRP9c="></latexit>2
4

x1

0
x3

3
5<latexit sha1_base64="dkcus+Jkj2tWNTlEZiwP6mYHC6g=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuAqJ4GUjFt24rGgv0IYymU7aoZNJmJkIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnhClnSnvet1VYWFxaXimu2mvrG5tbzvZOTSWZJLRKEp7IRogV5UzQqmaa00YqKY5DTuth/2qU1++pVCwRd3qQ0iDGXcEiRrA21q3nHredkud6Y6F58KdQuviwz9O3L7vSdj5bnYRkMRWacKxU0/dSHeRYakY4HdqtTNEUkz7u0qZBgWOqgnw86hAdGKeDokSaJzQau787chwrNYhDUxlj3VOz2cj8L2tmOjoLcibSTFNBJh9FGUc6QaO9UYdJSjQfGMBEMjMrIj0sMdHmOrY5gj+78jzUjlz/xPVv/FL5EiYqwh7swyH4cApluIYKVIFAFx7gCZ4tbj1aL9brpLRgTXt24Y+s9x+7W5Bv</latexit>

0.5
<latexit sha1_base64="nnBgUz9yAm1vW4Qop561NsYbZpo=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmBC/LohuXFewF26Fk0kwbmmSGJCOWoa/gxoUX3Lr2Xdz5NJppu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymssX1tY3NreK2zt1HSWK0BqJeKSaAdaUM0lrhhlOm7GiWAScNoLBZZY37qjSLJI3ZhhTX+CeZCEj2GTWkVs+6RRLbtkdC82DN4VSJR+/3H7cf1c7xc92NyKJoNIQjrVueW5s/BQrwwino0I70TTGZIB7tGVRYkG1n45nHaED63RRGCn7pEFj93dHioXWQxHYSoFNX89mmflf1kpMeO6nTMaJoZJMPgoTjkyEssVRlylKDB9awEQxOysifawwMfY8BXsEb3bleagfl73TsnftlSoXMFEO9mAfDsGDM6jAFVShBgT68ABP8OwI59F5dd4mpQvOtGcX/sh5/wHhnJE1</latexit>

+0.5

<latexit sha1_base64="bSaCOfQECzgcu5boyi1CRj0f1KM="></latexit>

=

2
4

x0
1

x0
2

x0
3

3
5

<latexit sha1_base64="XL8UhZUqsv4FG9YWMEN+SaUNDPQ=">AAAB63icbZC7SgNBFIbPeo3xFk1pMySINoZdCxVsgjaWEcwFkiXMTmaTITOzy8ysGJa8go2FIra+joWdD2LvbJJCE38Y+Pj/c5hzThBzpo3rfjlLyyura+u5jfzm1vbObmFvv6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzO8uY9VZpF8s6MYuoL3JcsZASbzHroekfdQtmtuBOhRfBmUK6WLk/kR/G71i18dnoRSQSVhnCsddtzY+OnWBlGOB3nO4mmMSZD3KdtixILqv10MusYHVqnh8JI2ScNmri/O1IstB6JwFYKbAZ6PsvM/7J2YsILP2UyTgyVZPpRmHBkIpQtjnpMUWL4yAImitlZERlghYmx58nbI3jzKy9C47TinVW8W69cvYKpcnAAJTgGD86hCjdQgzoQGMAjPMOLI5wn59V5m5YuObOeIvyR8/4DhwaQ4g==</latexit>

x0
1 <latexit sha1_base64="X5PbslgwQwMVpEfArZVr+p2sT/k=">AAAB63icbZC7TgJBFIbP4g3xhlLaTCBGG8kuhZrYEG0sMZFLAhsyOwwwYWZ2MzNrJBtewcZCY2x9HQs7H8TeWaBQ8E8m+fL/52TOOUHEmTau++VkVlbX1jeym7mt7Z3dvfz+QUOHsSK0TkIeqlaANeVM0rphhtNWpCgWAafNYHSd5s17qjQL5Z0ZR9QXeCBZnxFsUuuhWznu5ktu2Z0KLYM3h1K1eHkqPwrftW7+s9MLSSyoNIRjrdueGxk/wcowwukk14k1jTAZ4QFtW5RYUO0n01kn6Mg6PdQPlX3SoKn7uyPBQuuxCGylwGaoF7PU/C9rx6Z/4SdMRrGhksw+6sccmRCli6MeU5QYPraAiWJ2VkSGWGFi7Hly9gje4srL0KiUvbOyd+uVqlcwUxYOoQgn4ME5VOEGalAHAkN4hGd4cYTz5Lw6b7PSjDPvKcAfOe8/iIuQ4w==</latexit>

x0
2

<latexit sha1_base64="ISCfQoX7Vardw96hWqD+nTgsV0I=">AAAB63icbZDLSgMxFIbP1Futt2qXbkKL6MYyo6CCm6IblxXsBdqhZNJMG5pkhiQjltJXcONCEbe+jgt3Poh7M20X2vpD4OP/zyHnnCDmTBvX/XIyS8srq2vZ9dzG5tb2Tn53r66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLhO88Y9VZpF8s4MY+oL3JMsZASb1HronB528iW37E6EFsGbQalSvDyWH4Xvaif/2e5GJBFUGsKx1i3PjY0/wsowwuk41040jTEZ4B5tWZRYUO2PJrOO0YF1uiiMlH3SoIn7u2OEhdZDEdhKgU1fz2ep+V/WSkx44Y+YjBNDJZl+FCYcmQili6MuU5QYPrSAiWJ2VkT6WGFi7Hly9gje/MqLUD8pe2dl79YrVa5gqizsQxGOwINzqMANVKEGBPrwCM/w4gjnyXl13qalGWfWU4A/ct5/AIoQkOQ=</latexit>

x0
3

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

The line between these two points can be defined as the set of points
{
αx+ α′x′

∣∣ α+ α′ = 1
}

Algebraically, we can see easily that these points are also solutions to the affine equation given
above. Explicitly,

A(αx+ α′x′) = αAx+ α′Ax′ = αb+ α′b = b

We illustrate this here

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b
<latexit sha1_base64="gqpFvDkb60uChbgHWU5seMxIzyg=">AAAB6nicbZDLSsNAFIZPvNZ6qwpu3AwWwVVIBC/LUjcuW7QXaEOZTCft0MkkzEzEEvoIblwo4tatb+ETuHPjszhpXGjrDwMf/38Oc87xY86UdpxPa2FxaXlltbBWXN/Y3Nou7ew2VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPLrO8dUulYpG40eOYeiEeCBYwgrWxru96bq9UduxTJxNybCcHdxbKlf36F3urvtd6pY9uPyJJSIUmHCvVcZ1YeymWmhFOJ8VuomiMyQgPaMegwCFVXjoddYKOjNNHQSTNExpN3d8dKQ6VGoe+qQyxHqrZLDP/yzqJDi68lIk40VSQ/KMg4UhHKNsb9ZmkRPOxAUwkM7MiMsQSE22uUzRHmFt5Hpontntmu3W3XKlCrgIcwCEcgwvnUIErqEEDCAzgHh7hyeLWg/VsveSlC9ZPzx78kfX6DfV1kUo=</latexit>x1

<latexit sha1_base64="Nx+uhbUfbKSgPde+VNR7/R+r7fs=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKtlV/FShthYJmgukCxhdjKbDJmdXWZmxRDyCDYWitja+hY+gZ2Nz+Js1kITfxj4+P9zmHOOH3OmtON8WrmFxaXllfxqYW19Y3OruL3TUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/vEzz5i2VikXiRo9i6oW4L1jACNbGur7rnnSLJcc+dVIhx3YycGehVN6rfbG3ynu1W/zo9CKShFRowrFSbdeJtTfGUjPC6aTQSRSNMRniPm0bFDikyhtPR52gQ+P0UBBJ84RGU/d3xxiHSo1C31SGWA/UbJaa/2XtRAcX3piJONFUkOyjIOFIRyjdG/WYpETzkQFMJDOzIjLAEhNtrlMwR5hbeR4ax7Z7Zrs1t1SuQKY87MMBHIEL51CGK6hCHQj04R4e4cni1oP1bL1kpTnrp2cX/sh6/Qb4fZFM</latexit>x3

<latexit sha1_base64="n7a0oG01qzePTAtDIqOUXtu9Ji4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJRm0sI5gLJEuYncwmY2ZnlplZMYS8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3YyC4tLyyvZVXdtfWNzK7e9U9UyVYRWiORS1UOsKWeCVgwznNYTRXEccloLe5ejvHZHlWZS3Jh+QoMYdwSLGMHGWtXze1REYSuX9wreWGge/Cnkzz7cYvL25ZZbuc9mW5I0psIQjrVu+F5iggFWhhFOh24z1TTBpIc7tGFR4JjqYDCedogOrNNGkVT2CYPG7u+OAY617sehrYyx6erZbGT+lzVSE50GAyaS1FBBJh9FKUdGotHqqM0UJYb3LWCimJ0VkS5WmBh7INcewZ9deR6qRwX/uOBf+/nSBUyUhT3Yh0Pw4QRKcAVlqACBW3iAJ3h2pPPovDivk9KMM+3ZhT9y3n8AuVyRkg==</latexit>

Ax = b

<latexit sha1_base64="jh/74wSgzhTm7rgepP7MhpyRP9c="></latexit>2
4

x1

0
x3

3
5

<latexit sha1_base64="Z4fuI28QpQUqrDEIS7uJvi6YRxU=">AAACFnicbVC7TgJBFJ3FF+ILNbGxmUhMbCS7FGpJsLGERB4JS8js7AUmzM5uZmYNZMNX2PgTfoCNhY/YGjsbv8UBDFHwJJN7cs69mXuPF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/cuzXb0AqFoprPYygFZCuYB1GiTZSO3vqetBlIvECoiUbjPCg7WDXNaUwLjZ2Qfgzt53N2Xl7AjwjzjzJFQ8qX+y+9FJuZz9cP6RxAEJTTpRqOnakWwmRmlEOo4wbK4gI7ZMuNA0VJADVSiZnjfCxUXzcCaV5QuOJ+nsiIYFSw8AznWa/npr3xuJ/XjPWnYtWwkQUaxB0+lEn5liHeJwR9pkEqvnQEEIlM7ti2iOSUG2SzJgQFk5eJLVC3jnLOxUnVyyhKdLoEB2hE+Sgc1REV6iMqoiiW/SAntCzdWc9Wq/W27Q1Zf3M7KM/sN6/AfuTolU=</latexit>2
4

x1

x2

0

3
5

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b
<latexit sha1_base64="n7a0oG01qzePTAtDIqOUXtu9Ji4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJRm0sI5gLJEuYncwmY2ZnlplZMYS8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3YyC4tLyyvZVXdtfWNzK7e9U9UyVYRWiORS1UOsKWeCVgwznNYTRXEccloLe5ejvHZHlWZS3Jh+QoMYdwSLGMHGWtXze1REYSuX9wreWGge/Cnkzz7cYvL25ZZbuc9mW5I0psIQjrVu+F5iggFWhhFOh24z1TTBpIc7tGFR4JjqYDCedogOrNNGkVT2CYPG7u+OAY617sehrYyx6erZbGT+lzVSE50GAyaS1FBBJh9FKUdGotHqqM0UJYb3LWCimJ0VkS5WmBh7INcewZ9deR6qRwX/uOBf+/nSBUyUhT3Yh0Pw4QRKcAVlqACBW3iAJ3h2pPPovDivk9KMM+3ZhT9y3n8AuVyRkg==</latexit>

Ax = b

<latexit sha1_base64="jh/74wSgzhTm7rgepP7MhpyRP9c="></latexit>2
4

x1

0
x3

3
5

<latexit sha1_base64="Z4fuI28QpQUqrDEIS7uJvi6YRxU=">AAACFnicbVC7TgJBFJ3FF+ILNbGxmUhMbCS7FGpJsLGERB4JS8js7AUmzM5uZmYNZMNX2PgTfoCNhY/YGjsbv8UBDFHwJJN7cs69mXuPF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/cuzXb0AqFoprPYygFZCuYB1GiTZSO3vqetBlIvECoiUbjPCg7WDXNaUwLjZ2Qfgzt53N2Xl7AjwjzjzJFQ8qX+y+9FJuZz9cP6RxAEJTTpRqOnakWwmRmlEOo4wbK4gI7ZMuNA0VJADVSiZnjfCxUXzcCaV5QuOJ+nsiIYFSw8AznWa/npr3xuJ/XjPWnYtWwkQUaxB0+lEn5liHeJwR9pkEqvnQEEIlM7ti2iOSUG2SzJgQFk5eJLVC3jnLOxUnVyyhKdLoEB2hE+Sgc1REV6iMqoiiW/SAntCzdWc9Wq/W27Q1Zf3M7KM/sN6/AfuTolU=</latexit>2
4

x1

x2

0

3
5

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="Z4fuI28QpQUqrDEIS7uJvi6YRxU=">AAACFnicbVC7TgJBFJ3FF+ILNbGxmUhMbCS7FGpJsLGERB4JS8js7AUmzM5uZmYNZMNX2PgTfoCNhY/YGjsbv8UBDFHwJJN7cs69mXuPF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/cuzXb0AqFoprPYygFZCuYB1GiTZSO3vqetBlIvECoiUbjPCg7WDXNaUwLjZ2Qfgzt53N2Xl7AjwjzjzJFQ8qX+y+9FJuZz9cP6RxAEJTTpRqOnakWwmRmlEOo4wbK4gI7ZMuNA0VJADVSiZnjfCxUXzcCaV5QuOJ+nsiIYFSw8AznWa/npr3xuJ/XjPWnYtWwkQUaxB0+lEn5liHeJwR9pkEqvnQEEIlM7ti2iOSUG2SzJgQFk5eJLVC3jnLOxUnVyyhKdLoEB2hE+Sgc1REV6iMqoiiW/SAntCzdWc9Wq/W27Q1Zf3M7KM/sN6/AfuTolU=</latexit>2
4

x1

x2

0

3
5

<latexit sha1_base64="jh/74wSgzhTm7rgepP7MhpyRP9c="></latexit>2
4

x1

0
x3

3
5<latexit sha1_base64="dkcus+Jkj2tWNTlEZiwP6mYHC6g=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuAqJ4GUjFt24rGgv0IYymU7aoZNJmJkIJfQR3LhQxKW+i3s34ts4vSy09YeBj/8/hznnhClnSnvet1VYWFxaXimu2mvrG5tbzvZOTSWZJLRKEp7IRogV5UzQqmaa00YqKY5DTuth/2qU1++pVCwRd3qQ0iDGXcEiRrA21q3nHredkud6Y6F58KdQuviwz9O3L7vSdj5bnYRkMRWacKxU0/dSHeRYakY4HdqtTNEUkz7u0qZBgWOqgnw86hAdGKeDokSaJzQau787chwrNYhDUxlj3VOz2cj8L2tmOjoLcibSTFNBJh9FGUc6QaO9UYdJSjQfGMBEMjMrIj0sMdHmOrY5gj+78jzUjlz/xPVv/FL5EiYqwh7swyH4cApluIYKVIFAFx7gCZ4tbj1aL9brpLRgTXt24Y+s9x+7W5Bv</latexit>

0.5
<latexit sha1_base64="nnBgUz9yAm1vW4Qop561NsYbZpo=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmBC/LohuXFewF26Fk0kwbmmSGJCOWoa/gxoUX3Lr2Xdz5NJppu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymssX1tY3NreK2zt1HSWK0BqJeKSaAdaUM0lrhhlOm7GiWAScNoLBZZY37qjSLJI3ZhhTX+CeZCEj2GTWkVs+6RRLbtkdC82DN4VSJR+/3H7cf1c7xc92NyKJoNIQjrVueW5s/BQrwwino0I70TTGZIB7tGVRYkG1n45nHaED63RRGCn7pEFj93dHioXWQxHYSoFNX89mmflf1kpMeO6nTMaJoZJMPgoTjkyEssVRlylKDB9awEQxOysifawwMfY8BXsEb3bleagfl73TsnftlSoXMFEO9mAfDsGDM6jAFVShBgT68ABP8OwI59F5dd4mpQvOtGcX/sh5/wHhnJE1</latexit>

+0.5

<latexit sha1_base64="bSaCOfQECzgcu5boyi1CRj0f1KM="></latexit>

=

2
4

x0
1

x0
2

x0
3

3
5

<latexit sha1_base64="XL8UhZUqsv4FG9YWMEN+SaUNDPQ=">AAAB63icbZC7SgNBFIbPeo3xFk1pMySINoZdCxVsgjaWEcwFkiXMTmaTITOzy8ysGJa8go2FIra+joWdD2LvbJJCE38Y+Pj/c5hzThBzpo3rfjlLyyura+u5jfzm1vbObmFvv6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzO8uY9VZpF8s6MYuoL3JcsZASbzHroekfdQtmtuBOhRfBmUK6WLk/kR/G71i18dnoRSQSVhnCsddtzY+OnWBlGOB3nO4mmMSZD3KdtixILqv10MusYHVqnh8JI2ScNmri/O1IstB6JwFYKbAZ6PsvM/7J2YsILP2UyTgyVZPpRmHBkIpQtjnpMUWL4yAImitlZERlghYmx58nbI3jzKy9C47TinVW8W69cvYKpcnAAJTgGD86hCjdQgzoQGMAjPMOLI5wn59V5m5YuObOeIvyR8/4DhwaQ4g==</latexit>

x0
1 <latexit sha1_base64="X5PbslgwQwMVpEfArZVr+p2sT/k=">AAAB63icbZC7TgJBFIbP4g3xhlLaTCBGG8kuhZrYEG0sMZFLAhsyOwwwYWZ2MzNrJBtewcZCY2x9HQs7H8TeWaBQ8E8m+fL/52TOOUHEmTau++VkVlbX1jeym7mt7Z3dvfz+QUOHsSK0TkIeqlaANeVM0rphhtNWpCgWAafNYHSd5s17qjQL5Z0ZR9QXeCBZnxFsUuuhWznu5ktu2Z0KLYM3h1K1eHkqPwrftW7+s9MLSSyoNIRjrdueGxk/wcowwukk14k1jTAZ4QFtW5RYUO0n01kn6Mg6PdQPlX3SoKn7uyPBQuuxCGylwGaoF7PU/C9rx6Z/4SdMRrGhksw+6sccmRCli6MeU5QYPraAiWJ2VkSGWGFi7Hly9gje4srL0KiUvbOyd+uVqlcwUxYOoQgn4ME5VOEGalAHAkN4hGd4cYTz5Lw6b7PSjDPvKcAfOe8/iIuQ4w==</latexit>

x0
2

<latexit sha1_base64="ISCfQoX7Vardw96hWqD+nTgsV0I=">AAAB63icbZDLSgMxFIbP1Futt2qXbkKL6MYyo6CCm6IblxXsBdqhZNJMG5pkhiQjltJXcONCEbe+jgt3Poh7M20X2vpD4OP/zyHnnCDmTBvX/XIyS8srq2vZ9dzG5tb2Tn53r66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLhO88Y9VZpF8s4MY+oL3JMsZASb1HronB528iW37E6EFsGbQalSvDyWH4Xvaif/2e5GJBFUGsKx1i3PjY0/wsowwuk41040jTEZ4B5tWZRYUO2PJrOO0YF1uiiMlH3SoIn7u2OEhdZDEdhKgU1fz2ep+V/WSkx44Y+YjBNDJZl+FCYcmQili6MuU5QYPrSAiWJ2VkT6WGFi7Hly9gje/MqLUD8pe2dl79YrVa5gqizsQxGOwINzqMANVKEGBPrwCM/w4gjnyXl13qalGWfWU4A/ct5/AIoQkOQ=</latexit>

x0
3

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

32



Further more we can see that the difference between these two points (or any scalar multiple of
this difference) is in the nullspace of A. Again explicitly

A(x− x′) = Ax−Ax′ = b− b = 0

Comparing this picture with the nullspaces images above illustrate this fact.
Thus the picture that we have is that these two solutions define a 1D subspace (a line) all of

whose points satisfy the affine equation Ax = b. We also have that vectors along the line are in the
nullspace of A. We now move to the case where A ∈ R2×4. Here, we can form three separate bases
from the columns of

[
A1 A2

]
,
[
A1 A3

]
, and

[
A1 A4

]
. The coordinates of b relative to these bases

are illustrated in the following figure as well as the three specific solutions

x =
[
x1 x2 0 0

]T
, x′ =

[
x′
1 0 x′

3 0
]T

, x′′ =
[
x′′
1 0 0 x′′

4

]T
,

<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="n7a0oG01qzePTAtDIqOUXtu9Ji4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJRm0sI5gLJEuYncwmY2ZnlplZMYS8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3YyC4tLyyvZVXdtfWNzK7e9U9UyVYRWiORS1UOsKWeCVgwznNYTRXEccloLe5ejvHZHlWZS3Jh+QoMYdwSLGMHGWtXze1REYSuX9wreWGge/Cnkzz7cYvL25ZZbuc9mW5I0psIQjrVu+F5iggFWhhFOh24z1TTBpIc7tGFR4JjqYDCedogOrNNGkVT2CYPG7u+OAY617sehrYyx6erZbGT+lzVSE50GAyaS1FBBJh9FKUdGotHqqM0UJYb3LWCimJ0VkS5WmBh7INcewZ9deR6qRwX/uOBf+/nSBUyUhT3Yh0Pw4QRKcAVlqACBW3iAJ3h2pPPovDivk9KMM+3ZhT9y3n8AuVyRkg==</latexit>

Ax = b

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="xxBpR2RBecwusrs79KUl5d4kVBM="></latexit>2
664

x1

0
x3

0

3
775

<latexit sha1_base64="KX195Xly/pvXsaar8CEbim+WYco=">AAACHHicbVDLSgMxFM34rOOrKrhxEyyCqzKjoC5L3bhswT6gU4ZMetuGZjJDkpGWoR/ixj/wG9x0oYgbF4Ibv8W0laKtB5Iczj2X3HuCmDOlHefTWlpeWV1bz2zYm1vbO7vZvf2qihJJoUIjHsl6QBRwJqCimeZQjyWQMOBQC3rX43rtDqRikbjVgxiaIekI1maUaCP52XMvgA4TaRASLVl/aPd9F3se7vtn48eZXrYHojXz+Nmck3cmwDPizpNc4bD8xR6Lo5KfffdaEU1CEJpyolTDdWLdTInUjHIY2l6iICa0RzrQMFSQEFQznSw3xCdGaeF2JM0RGk/U3x0pCZUahIFxmvm6ar42Fv+rNRLdvmqmTMSJBkGnH7UTjnWEx0nhFpNANR8YQqhkZlZMu0QSqk2etglhYeVFUj3Luxd5t+zmCkU0RQYdoWN0ilx0iQroBpVQBVF0j57QM3qxHqyR9Wq9Ta1L1k/PAfoD6+Mb25qjrQ==</latexit>2
664

x1

x2

0
0

3
775

<latexit sha1_base64="gRC1jfKXAgMzivrhj1h2gfozV+U="></latexit>2
664

x1

0
0
x4

3
775

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4
<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b
<latexit sha1_base64="gqpFvDkb60uChbgHWU5seMxIzyg=">AAAB6nicbZDLSsNAFIZPvNZ6qwpu3AwWwVVIBC/LUjcuW7QXaEOZTCft0MkkzEzEEvoIblwo4tatb+ETuHPjszhpXGjrDwMf/38Oc87xY86UdpxPa2FxaXlltbBWXN/Y3Nou7ew2VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPLrO8dUulYpG40eOYeiEeCBYwgrWxru96bq9UduxTJxNybCcHdxbKlf36F3urvtd6pY9uPyJJSIUmHCvVcZ1YeymWmhFOJ8VuomiMyQgPaMegwCFVXjoddYKOjNNHQSTNExpN3d8dKQ6VGoe+qQyxHqrZLDP/yzqJDi68lIk40VSQ/KMg4UhHKNsb9ZmkRPOxAUwkM7MiMsQSE22uUzRHmFt5Hpontntmu3W3XKlCrgIcwCEcgwvnUIErqEEDCAzgHh7hyeLWg/VsveSlC9ZPzx78kfX6DfV1kUo=</latexit>x1

<latexit sha1_base64="Nx+uhbUfbKSgPde+VNR7/R+r7fs=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKtlV/FShthYJmgukCxhdjKbDJmdXWZmxRDyCDYWitja+hY+gZ2Nz+Js1kITfxj4+P9zmHOOH3OmtON8WrmFxaXllfxqYW19Y3OruL3TUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/vEzz5i2VikXiRo9i6oW4L1jACNbGur7rnnSLJcc+dVIhx3YycGehVN6rfbG3ynu1W/zo9CKShFRowrFSbdeJtTfGUjPC6aTQSRSNMRniPm0bFDikyhtPR52gQ+P0UBBJ84RGU/d3xxiHSo1C31SGWA/UbJaa/2XtRAcX3piJONFUkOyjIOFIRyjdG/WYpETzkQFMJDOzIjLAEhNtrlMwR5hbeR4ax7Z7Zrs1t1SuQKY87MMBHIEL51CGK6hCHQj04R4e4cni1oP1bL1kpTnrp2cX/sh6/Qb4fZFM</latexit>x3
<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4
<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4

Nullspace column geometry example for A ∈ R2×4

Again as in the case above, any combination of these solutions with coefficients summing to one
is also a solution. The set

{
αx+ α′x′ + α′′x′′

∣∣ α+ α′ + α′′ = 1
}

is the 2D affine space shown in the figure. Again any point in this set is also a solution to Ax = b.

A
(
αx+ α′x′ + α′′x′′

)
= αAx+ α′Ax′ + α′′Ax′′

= (α+ α′ + α′′)b = b

Pairwise differences between the solutions (x − x′, x − x′′, etc.) can also be used to construct
elements in the nullspace and a basis for the direction spanned in the affine space.

Several proofs for the general case are given in the appendix.
In general, the affine space given can be characterized by a specific solution x0 plus any element

in the nullspace. The solution x0 can be chosen to be any of the elements given above. Often it is
chosen to be the minimum norm solution, This is computed as

x0 = AT (AAT )−1b

This solution in general will use a linear combination of all the columns to construct b (all elements
of x will be non-zero). Whereas our previous specific solutions were chosen by selecting a basis and
then inverting that basis to find the specific solution from b, the minimum norm solution is chosen
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based on optimization principles to find the point on the affine space closest to the origin (as defined
by the 2-norm), ie.

x0 = argmin
x

∥x∥22 s.t. Ax = b

We illustrate this solution for A ∈ R2×4. Note the proximity to the origin of the point x0 in
the domain. And also the relative size of the hypercube representation of the coordinates in the
co-domain picture.

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="BVa2hWpVfPkLepAhNDer3+1ksdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1aBTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfJr+QKg==</latexit>

b

<latexit sha1_base64="B5VssqtayuQoKGywBYW5cIdlAOA=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2LdQyxMYyQXOBJITZydlkyOzsMjMrhiWPYGOhiK2tb+ET2Nn4LE4SEU38YeDj/89hzjl+LLg2rvvhLCwuLa+sZtay6xubW9u5nd2ajhLFsMoiEamGTzUKLrFquBHYiBXS0BdY9wcX47x+g0rzSF6bYYztkPYkDzijxlpXtx2vk8u7BXci8gPeLOSL+5VP/lp6K3dy761uxJIQpWGCat303Ni0U6oMZwJH2VaiMaZsQHvYtChpiLqdTkYdkSPrdEkQKfukIRP3d0dKQ62HoW8rQ2r6ejYbm/9lzcQE5+2UyzgxKNn0oyARxERkvDfpcoXMiKEFyhS3sxLWp4oyY6+TtUeYW3keaicF77TgVbx8sQRTZeAADuEYPDiDIlxCGarAoAd38ACPjnDunSfneVq64Hz37MEfOS9f7f+RRQ==</latexit>x1

<latexit sha1_base64="1JFy1fBa64bFwngrzoWBPd0N93o=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBfqstSNyxbtBdqhZNJMG5pJhiQjlqGP4MaFIm7d+hY+gTs3PotpK6KtPwQ+/v8ccs4JYs60cd0PJ7O0vLK6ll3PbWxube/kd/caWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwYpI3b6jSTIprM4qpH+G+YCEj2Fjr6rZb6uYLbtGdCv2ANw+F8kHtk71W3qrd/HunJ0kSUWEIx1q3PTc2foqVYYTTca6TaBpjMsR92rYocES1n05HHaNj6/RQKJV9wqCp+7sjxZHWoyiwlRE2Az2fTcz/snZiwnM/ZSJODBVk9lGYcGQkmuyNekxRYvjIAiaK2VkRGWCFibHXydkjLKy8CI1S0TstejWvUK7ATFk4hCM4AQ/OoAyXUIU6EOjDHTzAo8Ode+fJeZ6VZpzvnn34I+flC++DkUY=</latexit>x2

<latexit sha1_base64="poayB9XXx4PK3aNyFosU/HWsnfE=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIi6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCdU5EQ</latexit>

A4
<latexit sha1_base64="bg28E/p3KMnFoijRjih/yVxC7TE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMhs7PLzKwYlnyCFw+KePWLvPk3Th6IJhY0FFXddHcFieDauO6Xk1taXlldy68XNja3tneKu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyux37jAZXmsbw3wwT9iPYkDzmjxkp3j53TTrHklt0JyA/x5kkJZqh2ip/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRvCwsuLpH5S9s7L3u1ZqXI1iyMPB3AIx+DBBVTgBqpQAwY9eIIXeHWE8+y8Oe/T1pwzm9mHP3A+vgESHo2p</latexit>x3

<latexit sha1_base64="3htLv+2p5BYFi1ySS/BqVDFzSuY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmgckS5idzCZDZmeXmV4xLPkELx4U8eoXefNvnDwQTSxoKKq66e4KEikMuu6Xk1tZXVvfyG8WtrZ3dveK+wcNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HweuI3H7g2Ilb3OEq4H9G+EqFgFK1099itdIslt+xOQX6It0hKMEetW/zs9GKWRlwhk9SYtucm6GdUo2CSjwud1PCEsiHt87alikbc+Nn01DE5sUqPhLG2pZBM1d8TGY2MGUWB7YwoDsyiNxH/89ophpd+JlSSIldstihMJcGYTP4mPaE5QzmyhDIt7K2EDaimDG06BRvC0svLpHFW9s7L3m2lVL2ax5GHIziGU/DgAqpwAzWoA4M+PMELvDrSeXbenPdZa86ZzxzCHzgf3xOijao=</latexit>x4

<latexit sha1_base64="n7a0oG01qzePTAtDIqOUXtu9Ji4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJRm0sI5gLJEuYncwmY2ZnlplZMYS8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3YyC4tLyyvZVXdtfWNzK7e9U9UyVYRWiORS1UOsKWeCVgwznNYTRXEccloLe5ejvHZHlWZS3Jh+QoMYdwSLGMHGWtXze1REYSuX9wreWGge/Cnkzz7cYvL25ZZbuc9mW5I0psIQjrVu+F5iggFWhhFOh24z1TTBpIc7tGFR4JjqYDCedogOrNNGkVT2CYPG7u+OAY617sehrYyx6erZbGT+lzVSE50GAyaS1FBBJh9FKUdGotHqqM0UJYb3LWCimJ0VkS5WmBh7INcewZ9deR6qRwX/uOBf+/nSBUyUhT3Yh0Pw4QRKcAVlqACBW3iAJ3h2pPPovDivk9KMM+3ZhT9y3n8AuVyRkg==</latexit>

Ax = b

<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

<latexit sha1_base64="xxBpR2RBecwusrs79KUl5d4kVBM="></latexit>2
664

x1

0
x3

0

3
775

<latexit sha1_base64="KX195Xly/pvXsaar8CEbim+WYco=">AAACHHicbVDLSgMxFM34rOOrKrhxEyyCqzKjoC5L3bhswT6gU4ZMetuGZjJDkpGWoR/ixj/wG9x0oYgbF4Ibv8W0laKtB5Iczj2X3HuCmDOlHefTWlpeWV1bz2zYm1vbO7vZvf2qihJJoUIjHsl6QBRwJqCimeZQjyWQMOBQC3rX43rtDqRikbjVgxiaIekI1maUaCP52XMvgA4TaRASLVl/aPd9F3se7vtn48eZXrYHojXz+Nmck3cmwDPizpNc4bD8xR6Lo5KfffdaEU1CEJpyolTDdWLdTInUjHIY2l6iICa0RzrQMFSQEFQznSw3xCdGaeF2JM0RGk/U3x0pCZUahIFxmvm6ar42Fv+rNRLdvmqmTMSJBkGnH7UTjnWEx0nhFpNANR8YQqhkZlZMu0QSqk2etglhYeVFUj3Luxd5t+zmCkU0RQYdoWN0ilx0iQroBpVQBVF0j57QM3qxHqyR9Wq9Ta1L1k/PAfoD6+Mb25qjrQ==</latexit>2
664

x1

x2

0
0

3
775

<latexit sha1_base64="gRC1jfKXAgMzivrhj1h2gfozV+U="></latexit>2
664

x1

0
0
x4

3
775

The above constructions for affine spaces suggests several alternative method for visualizing
nullspaces via column geometry. If we pick any point b and envision different sets of coordinates
for b via the columns of A (say x and x′ such that Ax = b and Ax′ = b), then the difference
between these two points is a vector in the nullspace of A. The dimension of the nullspace is the
number of truly independent ways to construct coordinates for b. Note also that this construction
is independent of b and thus the choice of b does not matter. For an alternative more dynamic
visualization, we could think of pulling each column of A back to an axis in the domain. As we
pull, we start to see subspace of points that all expand out of the point b,ie. that would all map to
the point b though A. These directions form the nullspace of A. If there is only one vector in the
domain that maps to b then the nullspace is trivial (dimension 0).

The set of points is then the point x0 plus any element in the nullspace. (Again we can envision
watching the point b expand out to this affine set as we drag the columns of A back to the axes of
Rn as shown in the inset.) We give several illustrations of this construction for different dimensions
shown below. It is worth considering these examples quite carefully as well as visualizing the
dimensions in the nullspace as degrees of freedom in choosing x0. This visualization is conceptually
complicated and worth noting how various aspects change as both b and the columns of A shift
position and andthe position of the columns of A and as

Visual Exercise: Vary the following:

• Position of b

• Position of columns of A

• Number of columns of A (dim n)
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5 Appendix

5.1 Rows - Parallel Axis Representation

The most basic and in some ways natural way to "see" the rows of the a matrix via the columns is
to note that the rows are represented in parallel on each axis in the space with elements given by
the appropriate projection of each vector onto that axis as illustrated here.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3
A4

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="rryq8l3ZYSCzSp5ZfZrXweCogys=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjFfkATyma7bZdusmF3opbQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNo1LNeJ0pqXQrpIZLEfM6CpS8lWhOo1DyZji8nvjNB66NUPE9jhIeRLQfi55gFK3k+8ifMLtTj8Qbd0plt+JOQRaJl5My5Kh1Sl9+V7E04jEySY1pe26CQUY1Cib5uOinhieUDWmfty2NacRNkE1vHpNjq3RJT2lbMZKp+nsio5Exoyi0nRHFgZn3JuJ/XjvF3mWQiThJkcdstqiXSoKKTAIgXaE5QzmyhDIt7K2EDaimDG1MRRuCN//yImmcVrzzind7Vq5e5XEU4BCO4AQ8uIAq3EAN6sAggWd4hTcndV6cd+dj1rrk5DMH8AfO5w/pjpGa</latexit>

Row 1

<latexit sha1_base64="A3mCmx+K3Wzxsj/MtawdfBGyF8s=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx6r2A/oLiWbZtvQbLIks2pZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QMirVlDWpEkp3QmKY4JI1gYNgnUQzEoeCtcPR9dRvPzBtuJL3ME5YEJOB5BGnBKzk+8CeILtTj7g26ZUrbtWdAS8TLycVlKPRK3/5fUXTmEmgghjT9dwEgoxo4FSwSclPDUsIHZEB61oqScxMkM1unuATq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif100hugwyLpMUmKTzRVEqMCg8DQD3uWYUxNgSQjW3t2I6JJpQsDGVbAje4svLpFWreudV7/asUr/K4yiiI3SMTpGHLlAd3aAGaiKKEvSMXtGbkzovzrvzMW8tOPnMIfoD5/MH6xORmw==</latexit>

Row 2

The projection of an input vector onto each row of A can then be seen by using the hybrid
parallel-spatial representation of the inner product.

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="rryq8l3ZYSCzSp5ZfZrXweCogys=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjFfkATyma7bZdusmF3opbQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNo1LNeJ0pqXQrpIZLEfM6CpS8lWhOo1DyZji8nvjNB66NUPE9jhIeRLQfi55gFK3k+8ifMLtTj8Qbd0plt+JOQRaJl5My5Kh1Sl9+V7E04jEySY1pe26CQUY1Cib5uOinhieUDWmfty2NacRNkE1vHpNjq3RJT2lbMZKp+nsio5Exoyi0nRHFgZn3JuJ/XjvF3mWQiThJkcdstqiXSoKKTAIgXaE5QzmyhDIt7K2EDaimDG1MRRuCN//yImmcVrzzind7Vq5e5XEU4BCO4AQ8uIAq3EAN6sAggWd4hTcndV6cd+dj1rrk5DMH8AfO5w/pjpGa</latexit>

Row 1

<latexit sha1_base64="A3mCmx+K3Wzxsj/MtawdfBGyF8s=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqewWUY9FLx6r2A/oLiWbZtvQbLIks2pZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QMirVlDWpEkp3QmKY4JI1gYNgnUQzEoeCtcPR9dRvPzBtuJL3ME5YEJOB5BGnBKzk+8CeILtTj7g26ZUrbtWdAS8TLycVlKPRK3/5fUXTmEmgghjT9dwEgoxo4FSwSclPDUsIHZEB61oqScxMkM1unuATq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif100hugwyLpMUmKTzRVEqMCg8DQD3uWYUxNgSQjW3t2I6JJpQsDGVbAje4svLpFWreudV7/asUr/K4yiiI3SMTpGHLlAd3aAGaiKKEvSMXtGbkzovzrvzMW8tOPnMIfoD5/MH6xORmw==</latexit>

Row 2

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3
A4
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Actually, we can note that the overall column geometry picture is just using the hybrid geometry
inner product picture on both axes (rows) simultaneously. One visualization of the rows can be
created by simply continuing the expansion process from the previous figure and lining up each
coordinate with a new axis as visualized here.

While accurate, this method involves perhaps too much squinting and motion.

5.1.1 Left Multiplication

Left multiplication of A by B (of appropriate dimensions) transforms each individual column by
the same transformation (B). separately as illustrated here when B is a simple rotation matrix.

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="nrcLnnMfVXbjUXfCwh5d0lY8EWI=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVJJS1GPRi8cq9gOaWDbbbbt0swm7E6GEHrz4V7x4UMSrP8Kb/8ZNm4O2Phh4vDfDzLwgFlyD43xbK6tr6xubha3i9s7u3r59cNjSUaIoa9JIRKoTEM0El6wJHATrxIqRMBCsHYyvMr/9wJTmkbyDScz8kAwlH3BKwEg9u+Rxib2QwCgI0tvpfVrFHvCQaVyb9uyyU3FmwMvEzUkZ5Wj07C+vH9EkZBKoIFp3XScGPyUKOBVsWvQSzWJCx2TIuoZKYvb46eyJKT4xSh8PImVKAp6pvydSEmo9CQPTmZ2rF71M/M/rJjC48FMu4wSYpPNFg0RgiHCWCO5zxSiIiSGEKm5uxXREFKFgciuaENzFl5dJq1pxzyruTa1cv8zjKKASOkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PeeuKlc8coT+wPn8A6eSXoA==</latexit>

2 R2⇥4

<latexit sha1_base64="r4xch4SfDcDQIISsVhN0iIKRJ+U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8hXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJFIYdN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvtbzesWSW3ZnID/EWyYlWKDeK352+zFLI66QSWpMx3MT9DOqUTDJJ4VuanhC2YgOeMdSRSNu/Gx26oScWaVPwljbUkhm6u+JjEbGjKPAdkYUh2bZm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadgg1h5eVV0rwoe5Wyd3dZqtYWceThBE7hHDy4gircQh0awGAAT/ACr450np03533emnMWM8fwB87HN7zDjXE=</latexit>

B1

<latexit sha1_base64="C6FgrS+iRu4+s0JWP35G4P9uIQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8hXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd13qVXrHklt0ZyA/xlkkJFqj3ip/dfszSCKVhgmrd8dzE+BlVhjOBk0I31ZhQNqID7FgqaYTaz2anTsiZVfokjJUtachM/T2R0UjrcRTYzoiaoV72puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6BRvCysurpFkpe5dl7+6iVK0t4sjDCZzCOXhwBVW4hTo0gMEAnuAFXh3hPDtvzvu8NecsZo7hD5yPb75HjXI=</latexit>

B2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="KwuldhJvTyLMlNi3ujM+s+3OCGo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg94jThfkRHSoSCUbRSpx+IkT/wBtWaW3dzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz/JzZ+TMKkMSxtqWQpKrvycyGhkzjQLbGVEcm2VvLv7n9VIMb/xMqCRFrthiUZhKgjGZ/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe1d17+Gy1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH9pzj0E=</latexit>⇤
1

<latexit sha1_base64="aMBeBVDL8QVJCw06Fnb78PsUANk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Vi2O1Xa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvqu49XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz+vDY6b</latexit>⇥
<latexit sha1_base64="jotEkdmxmsjhhANRgogLOXouML4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w/4yB/UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm89/JkCtkRkwtoUxxeythY6ooMzahkg3BW315nbRrVa9e9R6uKo3bPI4inME5XIIH19CAe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AHb949C</latexit>⇤
2

<latexit sha1_base64="aMBeBVDL8QVJCw06Fnb78PsUANk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Vi2O1Xa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvqu49XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz+vDY6b</latexit>⇥
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="VBkh2m1eARWmoFtPjdRDm+OhJh4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gV86Pcv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/Nzp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms9/JgCtkRkwsoUxxeythI6ooMzahkg3BW355lbQuqt5V1XuoVeq3eRxFOIFTOAcPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPde49D</latexit>⇤
3

<latexit sha1_base64="aMBeBVDL8QVJCw06Fnb78PsUANk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Vi2O1Xa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvqu49XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz+vDY6b</latexit>⇥
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B
<latexit sha1_base64="wdUd+/RMjL3qK43w+NqYUDfrhNs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w/4yB/UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tzZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm89/JkCtkRkwtoUxxeythY6ooMzahkg3BW315nbSvql696j3UKo3bPI4inME5XIIH19CAe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AHe/49E</latexit>⇤
4

<latexit sha1_base64="aMBeBVDL8QVJCw06Fnb78PsUANk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Vi2O1Xa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvqu49XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz+vDY6b</latexit>⇥
<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="aqWlMyvNezO88y0B306hgScllzE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVq71iyS27M5Af4i2TEixQ6xU/u/2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2hJWXV0nzouxdlb36ZalSXcSRhxM4hXPw4BoqcAc1aAADhCd4gVfnwXl23pz3eWvOWcwcwx84H9+Xx4zN</latexit>

B

<latexit sha1_base64="/pRcZgq1KDR+0rB+rAj+5QpLsrE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AG5z41v</latexit>

A1

<latexit sha1_base64="fMaVzUdySe2Fd/k8pXZD2NuiUpk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPeqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindR8e7Py7WbPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG7U41w</latexit>

A2

<latexit sha1_base64="nzeHdTc6GYXSIa1Z9qZXpeJssHk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlNWMyw==</latexit>

A
<latexit sha1_base64="nrcLnnMfVXbjUXfCwh5d0lY8EWI=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVJJS1GPRi8cq9gOaWDbbbbt0swm7E6GEHrz4V7x4UMSrP8Kb/8ZNm4O2Phh4vDfDzLwgFlyD43xbK6tr6xubha3i9s7u3r59cNjSUaIoa9JIRKoTEM0El6wJHATrxIqRMBCsHYyvMr/9wJTmkbyDScz8kAwlH3BKwEg9u+Rxib2QwCgI0tvpfVrFHvCQaVyb9uyyU3FmwMvEzUkZ5Wj07C+vH9EkZBKoIFp3XScGPyUKOBVsWvQSzWJCx2TIuoZKYvb46eyJKT4xSh8PImVKAp6pvydSEmo9CQPTmZ2rF71M/M/rJjC48FMu4wSYpPNFg0RgiHCWCO5zxSiIiSGEKm5uxXREFKFgciuaENzFl5dJq1pxzyruTa1cv8zjKKASOkanyEXnqI6uUQM1EUWP6Bm9ojfryXqx3q2PeeuKlc8coT+wPn8A6eSXoA==</latexit>

2 R2⇥4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="b6y+mbPd1iw7gMUtQrf6099JRFs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/VOe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrnVe/urFK7zuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxze8141x</latexit>

A3

<latexit sha1_base64="KF5k0aSRtSqEMa+Ff9y66twqKAs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO6d98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+W41y</latexit>

A4

<latexit sha1_base64="WOX5Q2n73ZpKonKNxQCenhOgawc=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyUpoh5LvXisYj+giWWz3bZLN5uwuxFK6MWLf8WLB0W8+h+8+W/ctEW09cHA470ZZuYFMWdKO86XlVtaXlldy68XNja3tnfs3b2GihJJaJ1EPJKtACvKmaB1zTSnrVhSHAacNoPhZeY376lULBK3ehRTP8R9wXqMYG2kjn1YRR4TyAuxHgRBejO+S8ueZiFVqDzu2EWn5EyAfog7T4owQ61jf3rdiCQhFZpwrFTbdWLtp1hqRjgdF7xE0RiTIe7TtqECmz1+OvlijI6N0kW9SJoSGk3U3xMpDpUahYHpzK5V814m/ue1E9278FMm4kRTQaaLeglHOkJZJKjLJCWajwzBRDJzKyIDLDHRJriCCWHh5UXSKJfcs5J7fVqsVGdx5OEAjuAEXDiHClxBDepA4AGe4AVerUfr2Xqz3qetOWs2sw9/YH18A3Q6l+s=</latexit>

B 2 R2⇥2

<latexit sha1_base64="r4xch4SfDcDQIISsVhN0iIKRJ+U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8hXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJFIYdN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvtbzesWSW3ZnID/EWyYlWKDeK352+zFLI66QSWpMx3MT9DOqUTDJJ4VuanhC2YgOeMdSRSNu/Gx26oScWaVPwljbUkhm6u+JjEbGjKPAdkYUh2bZm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadgg1h5eVV0rwoe5Wyd3dZqtYWceThBE7hHDy4gircQh0awGAAT/ACr450np03533emnMWM8fwB87HN7zDjXE=</latexit>

B1
<latexit sha1_base64="C6FgrS+iRu4+s0JWP35G4P9uIQo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8hXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkgmljQUFR1090VJIJr47pfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivd13qVXrHklt0ZyA/xlkkJFqj3ip/dfszSCKVhgmrd8dzE+BlVhjOBk0I31ZhQNqID7FgqaYTaz2anTsiZVfokjJUtachM/T2R0UjrcRTYzoiaoV72puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6BRvCysurpFkpe5dl7+6iVK0t4sjDCZzCOXhwBVW4hTo0gMEAnuAFXh3hPDtvzvu8NecsZo7hD5yPb75HjXI=</latexit>

B2

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

We use a simple visual example for B (a rotation) to clearly illustrate that the transformation
is applied to each column of A, but of course more complicated transformations of B would work.

Remark 5. For a complicated matrix B, it’s probably easiest to understand how it transforms A
by thinking of how columns of A are represented relative to B, ie. thinking about B being right
multiplied by A. Of course this is fine and whether the product BA is seen as A left multiplied by
B or B right multiplied by A is simply interpretation.

5.2 Pre-Image of Co-Domain Subspaces

While perhaps slightly more complicated, it is also very useful to visualize the pre-image of co-
domain subspaces in the domain. We note that this will be especially useful for eventually discussing
polytopes.
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<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2 <latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="qHxuXn5+7yUlvEDAlwDUobLuj4E=">AAAB83icbVC7TsMwFL3hWcKrwMhiUSExVUkHYEFUsDAWRB9SEyrHdVqrTmLZDlIV9TdYGEDAynewsyD+BqftAC1HsnR0zr26xycQnCntON/WwuLS8spqYc1e39jc2i7u7DZUkkpC6yThiWwFWFHOYlrXTHPaEpLiKOC0GQwuc795T6ViSXyrh4L6Ee7FLGQEayN5XoR1Pwiym9FdpVMsOWVnDDRP3CkpnX/YZ+L1y651ip9eNyFpRGNNOFaq7TpC+xmWmhFOR7aXKiowGeAebRsa44gqPxtnHqFDo3RRmEjzYo3G6u+NDEdKDaPATOYZ1ayXi/957VSHp37GYpFqGpPJoTDlSCcoLwB1maRE86EhmEhmsiLSxxITbWqyTQnu7JfnSaNSdo/L7rVbql7ABAXYhwM4AhdOoApXUIM6EBDwAE/wbKXWo/VivU1GF6zpzh78gfX+A0wAlNo=</latexit>

R2

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

I1

I2

<latexit sha1_base64="li8Bgz4JvS4GB0FFv1rd45xXwkk=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwYxEtY2wsEzQXSJYwO5lNhszOLjOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc87xY8G1cd0vJ7Oyura+kd3MbW3v7O7l9w8aOkoUZXUaiUi1fKKZ4JLVDTeCtWLFSOgL1vSH15O8ec+U5pG8M6OYeSHpSx5wSoy1bq+6uJsvuEV3KrQMeA6F8lHtm79XPqrd/GenF9EkZNJQQbRuYzc2XkqU4VSwca6TaBYTOiR91rYoSci0l05HHaNT6/RQECn7pEFT93dHSkKtR6FvK0NiBnoxm5j/Ze3EBJdeymWcGCbp7KMgEchEaLI36nHFqBEjC4QqbmdFdEAUocZeJ2ePgBdXXobGeRGXiriGC+UKzJSFYziBM8BwAWW4gSrUgUIfHuAJnh3hPDovzuusNOPMew7hj5y3H5jHkQ0=</latexit>

A1

<latexit sha1_base64="AwwvpBqyx77daM9yvKF7q7lKlRI=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwm0ItY2wsEzQXSJYwO5lNhszOLDOzQljyCDYWitja+hY+gZ2Nz+LkUmjiDwMf/38Oc84JYs60cd0vJ7Oyura+kd3MbW3v7O7l9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwepI376nSTIo7M4qpH+G+YCEj2Fjr9qpb6uYLbtGdCi2DN4dC+aj2zd4rH9Vu/rPTkySJqDCEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsUOKLaT6ejjtGpdXoolMo+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMhEnhgoy+yhMODISTfZGPaYoMXxkARPF7KyIDLDCxNjr5OwRvMWVl6FRKnrnRa/mFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgCaS5EO</latexit>

A2

<latexit sha1_base64="zZqa24oPpcq4Vt3ZInmo4hM2grw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KjIK6rHXjskV7gXYomTTThmaSIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLySwtr6yuZddzG5tb2zv53b26lokitEYkl6oZYE05E7RmmOG0GSuKo4DTRjC4HueNe6o0k+LODGPqR7gnWMgINta6veqcdfIFt+hOhBbBm0GhdFD9Zu/lj0on/9nuSpJEVBjCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiwKHFHtp5NRR+jYOl0USmWfMGji/u5IcaT1MApsZYRNX89nY/O/rJWY8NJPmYgTQwWZfhQmHBmJxnujLlOUGD60gIlidlZE+lhhYux1cvYI3vzKi1A/LXrnRa/qFUplmCoLh3AEJ+DBBZTgBipQAwI9eIAneHa48+i8OK/T0owz69mHP3LefgCbz5EP</latexit>

A3

<latexit sha1_base64="17hls/GwmJlNeqraR0HxaeQ1Xnc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a7n9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfF/413</latexit>

I1

<latexit sha1_base64="n6yHQa1iqo6zblyYNcYz8foxD7E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj0oreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNer9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfHg414</latexit>

I2

<latexit sha1_base64="ed7pu6gxmbDO3sqLDWzNzt1Uy+w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9s77ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLf0nzpOqdV727s0rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H9/JB415</latexit>

I3
<latexit sha1_base64="otTiOvcHDHCBIDq074P2ptZopLc=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrsWaiMGtbCMYB6QLGF2MkmGzGOduRsMS77DxkIJtv6GvY34N04ehSYeuHA4517uvSeKOTPg+99OZml5ZXUtu+5ubG5t7+R29ypGJZrQMlFc6VqEDeVM0jIw4LQWa4pFxGk16l2P/WqfasOUvIdBTEOBO5K1GcFgpbAB9BHSGyUwk8NmLu8X/Am8RRLMSP7yw72IR19uqZn7bLQUSQSVQDg2ph74MYQp1sAIp0O3kRgaY9LDHVq3VGJBTZhOjh56R1ZpeW2lbUnwJurviRQLYwYisp0CQ9fMe2PxP6+eQPs8TJmME6CSTBe1E+6B8sYJeC2mKQE+sAQTzeytHulijQnYnFwbQjD/8iKpnBSC00JwF+SLV2iKLDpAh+gYBegMFdEtKqEyIugBPaEX9Or0nWdn5LxNWzPObGYf/YHz/gOtg5Wx</latexit>

Domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3<latexit sha1_base64="EcCWn9vP2byyFXJaPjlojZTvsrs=">AAAB+XicbVDLSsNAFJ34bOsr6tJNsAhuLIkLdVnsxmUF+8A2lMlk0g6dzISZm9IS+iGCGxeKuHHhn7jza3T6WGjrgQuHc+7l3nuChDMNrvtlrayurW9s5vKFre2d3T17/6CuZaoIrRHJpWoGWFPOBK0BA06biaI4DjhtBP3KxG8MqNJMijsYJdSPcVewiBEMRurYdhvoELKKPAtljJkYd+yiW3KncJaJNyfFcj55uH8fflc79mc7lCSNqQDCsdYtz03Az7ACRjgdF9qppgkmfdylLUMFjqn2s+nlY+fEKKETSWVKgDNVf09kONZ6FAemM8bQ04veRPzPa6UQXfkZE0kKVJDZoijlDkhnEoMTMkUJ8JEhmChmbnVIDytMwIRVMCF4iy8vk/p5ybsoebdesXyNZsihI3SMTpGHLlEZ3aAqqiGCBugRPaMXK7OerFfrbda6Ys1nDtEfWB8/5jmXkA==</latexit>

Co-domain
<latexit sha1_base64="h/hTY9KDMh+Y6ADgXrvFUhKYAyQ=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURB3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfDuqF0sOWVnBDRL3AkpnX/YZ8nrl11tFz+9TkzSiApNOFaq5TqJ9jMsNSOcDm0vVTTBpI+7tGWowBFVfjbKPET7RumgMJbmCY1G6u+NDEdKDaLATOYZ1bSXi/95rVSHp37GRJJqKsj4UJhypGOUF4A6TFKi+cAQTCQzWRHpYYmJNjXZpgR3+suzpH5Ydo/L7rVbqlzAGAXYhT04ABdOoAJXUIUaEEjgAZ7g2UqtR+vFehuPzlmTnR34A+v9B02ElNs=</latexit>

R3

37


	Introduction
	Basic Column Geometry
	Co-Domain Sets
	Matrix Multiplication for Column Geometry
	Right Multiplication 

	Range
	Nullspace of AT
	Basic Set Images
	Convex Hulls
	Subspace Representations
	Subspace Images
	Affine Spaces
	Affine Space Images

	Domain Sets
	Basic Pre-Images
	Inverses
	Nullspace of A
	Range of AT
	Input Directions
	Input Directions - Tall Matrices
	Input Directions - Fat Matrices

	Affine Spaces (Domain)

	Appendix
	Rows - Parallel Axis Representation
	Left Multiplication

	Pre-Image of Co-Domain Subspaces


