
Infinite-Horizon Average-Cost Markov Decision
Process Routing Games

Dan Calderone
Electrical Engineering and

Computer Science

University of California, Berkeley

Berkeley, CA 94720

S. Shankar Sastry
Electrical Engineering and

Computer Science

University of California, Berkeley

Berkeley, CA 94720

Abstract—We explore an extension of nonatomic routing games
that we call Markov decision process routing games where each
agent chooses a transition policy between nodes in a network
rather than a path from an origin node to a destination node,
i.e. each agent in the population solves a Markov decision process
rather than a shortest path problem. This type of game was first
introduced in [1] in the finite-horizon total-cost case. Here we
present the infinite-horizon average-cost case. We present the
appropriate definition of a Wardrop equilibrium as well as a
potential function program for finding the equilibrium. This
work can be thought of as a routing-game-based formulation
of continuous population stochastic games (mean-field games or
anonymous sequential games). We apply our model to ridesharing
drivers competing for fares in an urban area.

I. INTRODUCTION

Classic routing games [2]–[5] are perhaps the best studied

examples of continuous population potential games [6]. The

strategy choices for agents in the population of a nonatomic

routing game are the various routes from their origin to

their destination and each agent’s goal is to find the shortest

route. At the Wardrop or Nash equilibrium of the game, the

population is divided up among the routes so the overall

population distribution is consistent with the shortest path

problem that each individual member is solving, i.e. no mass

is allocated to a route with non-minimal latency.

It is well known that the shortest path problem can be

formulated as a linear program. There are also similar lin-

ear programming formulations for solving Markov decision

processes (MDPs) [7], [8]. This suggests that there may be

a version of a continuous population potential game on a

network where each agent solves an MDP as opposed to a

shortest path problem. In this paper, we define such a game

that we call a Markov decision process routing game. We

define the appropriate Wardrop-type equilibrium concept and

show how it can be found by minimizing a potential function

in the infinite-horizon average-cost case.

MDP routing games are a specific case of continuous popu-

lation stochastic games, games where each infinitesimal agent

in a population solves a Markov decision process with rewards

determined by the actions of the other agents. These games

were first introduced as anonymous sequential games by
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Rosenthal and Jovanovic [9]. Results have focused mostly on

existence and uniqueness of equilibria [10]–[12] and specific

applications [13], [14]. Recently, stochastic population games

have been studied in the mean-field game community starting

with Lasry and Lions in 2006 [15]–[17]. Our formulation

bears closest resemblance to mean-field games on graphs [18]–

[20]. The standard mean-field model consists of a pair of

coupled partial differential equations (PDEs): one backward

time PDE that defines the value function or ”cost-to-go” for the

population of agents and one forward time PDE that defines

the mass evolution of the population. As in our case, when the

costs agents’ consider can be written as the gradient of some

functional, the mean-field game is called a potential game and

both PDEs can be solved by solving a single optimal control

problem. A significant difference between our formulation

and mean-field games on graphs is that in our formulation

the potential function derivative condition is defined with

respect to the mass of the population taking a specific action

as opposed to the mass of the population at a given node

(compare this paper with the potential game formulations in

[18], [19]).

To illustrate an application of this game, we consider the

problem faced by drivers who provide ridesharing services

such as Uber or Lyft drivers. In order to employ more than

just heuristics in their fare optimization process, drivers must

consider the jobs they take over the entire time horizon,

taking into account both the fare that they will receive on an

individual trip as well as how the destination of that trip will

position them to take advantage of the next job. Another source

of complexity is that drivers are competing with each other for

jobs. If an individual area becomes crowded with drivers, they

will have to wait longer in order to get the job they want. This

competition naturally gives rise to a game where drivers seek

to optimize their profits over some period of time by choosing

a transition strategy throughout the network and their rewards

depend on their own transition strategy as well as the transition

strategies of the other drivers in the population. We return to

this example in Section IV.

The body of the paper is organized as follows. In Section II,

we briefly detail the classical routing game and its relationship

with the linear programming formulation of the shortest path

problem. We then review a linear programming formulation of
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classical MDPs in the infinite-horizon average-cost case and

draw connections with the shortest path program. In Section

III, we detail the MDP routing game in the infinite-horizon

average-cost case and make further connections with classical

routing games. In Section IV, we apply our formulation to the

ridesharing game. In Section V, we conclude and comment on

future work.

II. INSPIRATION: ROUTING GAMES, SHORTEST PATH LP,

AND MARKOV DECISION PROCESS LP

A. Routing games and shortest path LP

To motivate our formulation, we offer a brief, informal

presentation of classical nonatomic routing games and the

corresponding linear programming formulation of the shortest

path problem that each individual agent in the population

solves. For a thorough discussion of routing games we refer

the reader to [5]. We then present a linear programming

formulation of classical MDPs that serves as the motivation

for the MDP routing game we present in the next section.
Let G = (N , E) be a directed graph with nodes and edges.

Let G ∈ {−1, 0, 1}|N |×|E| be an incidence matrix for the
graph

[
G
]
ne

=

⎧⎪⎨
⎪⎩

1 ; if edge e starts at node n

−1 ; if edge e ends at node n

0 ; otherwise

(1)

and let s ∈ {−1, 0, 1}|N | be a source-sink vector that indicates
the population’s origin and destination nodes.

sn =

⎧⎪⎨
⎪⎩

1 ; if n is the origin

−1 ; if n is the destination

0 ; otherwise

(2)

We also define two other incidence matrices, Io, Ii ∈
{0, 1}|N |×|E|, that indicate where each edge originates and

terminates.

[Io]ne =

{
1 ; if e starts

at n

0 ; otherwise
, [Ii]ne =

{
1 ; if e ends

at n

0 ; otherwise
(3)

Note that G = Io − Ii.
Let m ∈ R+ be the total population mass and let x ∈

R
|E|
+ be the vector of masses on each edge. Each edge has

an associated latency function, le(xe), (generally positive and

increasing) that describes the effect of congestion on travel

time on that particular edge. The Wardrop equilibrium of the

routing game is a distribution of mass across the routes of

the network such that each utilized route has equal, minimal

latency, i.e. no member of the population can improve their

travel time by switching routes. One can find this Wardrop

equilibrium by solving the following optimization problem.

min
x

F (x) (4a)

s.t. Gx = sm, x ≥ 0 (4b)

where F (x) is the potential function

F (x) =
∑
e

∫ xe

0

le(u) du (5)

The equivalence between the minimum of Problem (4) and

the Wardrop equilibrium is based on the first order optimality

conditions and in particular that the gradient of the potential

function F (x) is equal to the vector of latencies l(x) : x �→
R

|E|. Intuitively, at equilibrium each infinitesimal agent seeks

to find a route from the origin to the destination with minimal

latency as defined by l(x). This shortest path problem can be

written as a linear program in the following way

min
ξ

l(x)T ξ (6a)

s.t. Gξ = s, ξ ≥ 0 (6b)

Note that here x is fixed and the optimization variable ξ ∈
[0, 1]|E| is a decision vector that represents the probability of

taking each edge in the graph. This program has the same first

order optimality conditions for ξ as Problem (4) has for x.

Thus we can interpret the Wardrop equilibrium as the overall

mass distribution whose support is consistent with individual

agent solving the shortest path problem in Problem (6).

B. Markov Decision Process LP

We now present a linear programming formulation of an

infinite-horizon average-cost Markov decision process. This

program bears clear resemblance to Program (6) which moti-

vates the formulation of the MDP routing game.

We assume the same graph structure G = (N , E) and define

Nj to be the nodes that can be reached by an edge from node j
for all j ∈ N . Let Aj be a set of actions associated with each

node j and let P a
j = (P a

ij)i∈Nj
∈ Δ|Nj | be a set of transition

probabilities from node j to each node i ∈ Nj associated with

each action a. Here, Δ|Nj | is the simplex of dimension |Nj |.
We will sometimes refer to the set of all actions as A = ∪jAj

with the understanding that each action a ∈ A is only available

from a specific node.

Define a set of losses (traditionally rewards), Ra
j , associated

with taking each action a ∈ Aj ; a set of losses, Qij , associated

with transitioning from j to i; and a set of losses Sj associated

with ending up in node j. Depending on context, we will

sometimes index the action losses simply by the action a ∈
A with the understanding that a is only available from node

j, and we will sometimes index the transition losses by the

specific edge of the graph e ∈ E with the understanding that

edge e runs from j to i.

The goal of solving a Markov decision process is to find

the optimal mixed strategy over the actions Aj to choose

whenever the agent is in node j. We consider here the case

where an agent optimizes their average cost over an infinite

time horizon. We will denote a mixed strategy at node j
as ηj = (ηaj )a∈Aj

∈ Δ|Aj | where Δ|Aj | is the simplex of

dimension |Aj |, and we will refer to a collection of mixed

strategies, η = (ηj)j∈N , as a policy. A policy η gives rise to

a transition matrix P (η) ∈ [0, 1]|N |×|N|

[
P (η)

]
ij
=

∑
a∈Aj

P a
ijη

a
j (7)
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and the resulting stationary distribution p(η) : η �→ [0, 1]|N |.
We make the following standard assumption to guarantee that

the stationary distribution exists, is unique, and describes the

long term limit of the Markov chain’s behavior.

Assumption 1: Assume that P (η) is irreducible and aperi-

odic for every pure strategy policy η.

In the average loss infinite horizon case, we want to opti-

mize the following program.

min
η

∑
j

(∑
i

QijPij(η) +
∑
a∈Aj

Ra
j η

a
j + Sj

)
pj(η) (8a)

s.t. ηj ∈ Δ|Nj |, pi(η) =
∑

j
Pij(η)pj(η) ∀i, j (8b)

This problem as formulated is nonlinear and difficult to solve.

However, if we solve for both the policy and the stationary

distribution at the same time by applying a change of variables

ξaj = pj(η)η
a
j (9)

we can transform the problem into a linear program. ξaj is

the probability of being in node j and choosing the action a.

Problem (8) can be written as

min
ξ≥0

∑
j

∑
a∈Aj

(∑
i

QijP
a
ij +Ra

j + Sj

)
ξaj (10a)

s.t.
∑
a∈Ai

ξai =
∑
j

∑
a∈Aj

P a
ijξ

a
j ,

∑
j

∑
a∈Aj

ξaj = 1 (10b)

Given ξ, it is straightforward to solve for η and p(η) as

ηaj =
ξaj∑

a∈Aj
ξaj

, pj(η) =
∑
a∈Aa

ξaj (11)

For more details see [7], [8].

In order to write Problem (10) in matrix form and make

connections with the shortest path problem and routing game,

we can assign some ordering to the edges of the graph and

as well as the action set A. We can then define a transition

matrix PA ∈ [0, 1]|E|×|A| that maps ξ to the probability of

taking edge e at any given transition.

[
PA

]
ea

=

{
P a
ij ; if a is available in node j and

edge e connects j to i

0 ; otherwise
(12)

Note that PA is column stochastic. Using matrix PA, we can

compute the vector of probabilities of taking a specific edge

in the graph at any given time, ξ̄ ∈ [0, 1]|E|, as ξ̄ = PAξ.

We also note that in the fully deterministic case—where an

agent can choose any edge originating from a given node

with probability 1—we have that PA = I|E|×|E| (assuming

the proper ordering on the edges and actions) and ξ̄ = ξ.

Indexing Q by edges and R and ξ by actions in A, we can

write Problem (10) in matrix form as

min
ξ

(
QTPA +RT + ST IoPA

)
ξ (13a)

s.t. GPAξ = 0, 1T ξ = 1, ξ ≥ 0 (13b)

In the fully deterministic case, this becomes

min
ξ

(
QT +RT + ST Io

)
ξ (14a)

s.t. Gξ = 0, 1T ξ = 1, ξ ≥ 0 (14b)

In this form, we can see a clear connection with the shortest

path linear program presented in Section II-A. ξ must live

in the nullspace of the incidence matrix G which means that

ξ must be some positive linear combination of the cycles of

the graph G. We comment on this more in Section III-B. We

also note that this deterministic case breaks Assumption 1. We

mention it here to draw connections with the routing game

and we make further comments about it in the game context

in Remark 3.

This linear program view of MDPs and the connections

with the edge flow formulation of the routing game suggests

that we can define a population potential game where the loss

functions are functions of the mass of the population and each

infinitesimal member of the population is seeking to optimize

an MDP. We consider this game in the next section.

III. MARKOV DECISION PROCESS ROUTING GAMES

A. Equilibrium: Definition and Computation

We now define the Markov decision process (MDP) routing
game in the infinite-horizon average-cost case. We consider the

steady state behavior of a continuous population of anonymous

agents spread out over the various states in the network each

playing an optimal feedback policy. Again, we assume that

Assumption 1 holds for each pure strategy policy. In our

presentation, we assume a single population of agents, but

as in classical routing games, the analysis extends to multiple

populations.

Let xj represent the steady state portion of the population

in node j and xa
j the subpopulation that takes action a ∈ Aj .

xj =
∑
a∈Aj

xa
j (15)

We can compute the steady state portion of the population

transitioning from j to i as

xij =
∑
a∈Aj

P a
ijx

a
j (16)

Assuming the population is in steady state, mass conservation

between nodes gives

xi =
∑
a∈Ai

xa
i =

∑
j

xij =
∑
j

∑
a∈Aj

P a
ijx

a
j (17)

We also assume mass conservation over the entire network

of a total population mass of m and that mass is positive

everywhere. ∑
j

∑
a∈Aj

xa
j = m, xa

j ≥ 0 (18)

We will use x ∈ R
|A| to refer to the vector of all subpopula-

tions xa
j .
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In the game case, the loss functions depend on the popula-

tion distribution, i.e. Ra
j (x), Qij(x), and Sj(x) respectively.

As in the classical routing game, this dependence introduces

competition into the scenario. We model each (infinitesimal)

agent in the population as solving a Markov decision process

to minimize their average expected cost given these loss

functions and the overall mass distribution of the other agents.

Given Assumption 1, the average cost of a given policy, η,

(given the overall mass distribution) can be computed as

�(x, η) =
∑
j

(
∑

i Qij(x)Pij(η)+
∑

a∈Aj
Ra

j (x)η
a
j +Sj(x)

)
pj(η)

=
∑
j

∑
a∈Aj

(
∑

i Qij(x)P
a
ij+Ra

j (x)+Sj(x)

)
ηa
j pj(η) (19)

We now define a Wardrop equilibrium condition for the

MDP routing game.

Definition 1 (Infinite-Horizon Wardrop Equilibrium): The

population distribution x is an infinite-horizon Wardrop equi-
librium for the infinite-horizon MDP routing game if for any

two policies η and η′ such that ηaj > 0 only if xa
j > 0,

�(x, η) ≤ �(x, η′) (20)

In other words, any policy that some portion of the population

employs has minimal cost and thus no population member can

improve their cost by changing their policy at any state.

We now define the notion of a potential game for the MDP

routing game as follows.

Definition 2 (Infinite-horizon potential game): We say the

infinite-horizon MDP routing game is a potential game if there

exists a C1 function F : x �→ R such that

∂F

∂xa
j

(x) = Ra
j (x) +

∑
i

Qij(x)P
a
ij + Sj(x) (21)

for each element xa
j of x.

Intuitively, the derivative of the potential function with respect

to the mass taking a particular action captures the immediate

payoff of that action. We note that if we write F (x) not only

as a function of xa
j but also explicitly as a function of xij and

xj and F (·) satisfies

∂F

∂xa
j

= Ra
j (x),

∂F

∂xij
= Qij(x),

∂F

∂xj
= Sj(x) (22)

then Condition (21) is satisfied by applying the chain rule and

Equations (15) and (16).

Remark 1: In the special case where Ra
j (·) is simply a

function of xa
j , Qij(·) is simply a function of xij , and Sj(·)

is simply a function of xj , we can use the potential

F (x) =
∑
j

∑
a∈Aj

∫ xa
j

0

Ra
j (u) du +

∑
ij

∫ xij

0

Qij(u) du+
∑
j

∫ xj

0

Sj(u) du

Note the similarities with the potential function for the clas-

sical routing game.

Remark 2: This definition of a potential function is a

substantial deviation from mean-field games on graphs where

the potential function differentiation condition is defined with

respect to the mass on the nodes as opposed to the mass taking

a particular action. (See [18], [19] for details.)

We now show that we can find the Wardrop equilibrium by

minimizing the potential function.

Theorem 1: Given a potential function F for the infinite-

horizon MDP routing game, if x satisfies the KKT first order

necessary conditions for minimizing F , then x is a Wardrop

equilibrium.

Proof 1: The optimization problem and corresponding La-

grangian are given by

min
x≥0

F (x) (23a)

s.t.
∑
a∈Ai

xa
i =

∑
j

∑
a∈Aj

P a
ijx

a
j ,

∑
j,a∈Aj

xa
j = m (23b)

L(x, π, λ, μ) = F (x)− λ

(∑
j

∑
a∈Aj

xa
j −m

)

−
∑
i

πi

( ∑
a∈Ai

xa
i −

∑
j

∑
a∈Aj

P a
ijx

a
j

)
−

∑
j,a

μa
jx

a
j (24)

with Lagrange multipliers π ∈ R
|N |, λ ∈ R, and μj ∈ R

|Aj |
+ .

Given that F (x) is a potential function, the first order neces-
sary conditions are∑

i

Qij(x)P
a
ij +Ra

j (x) + Sj(x)− πj +
∑
i

πiP
a
ij − λ− μa

j = 0

(25)

μa
j ≥ 0, and μa

jx
a
j = 0. Using (25), we can compute the cost

of any individual’s policy η as follows. (When it is obvious,
we assume the appropriate action set Aj from context.)

�(x, η) =
∑
j

∑
a∈Aj

(∑
i

Qij(x)P
a
ij +Ra

j (x) + Sj(x)

)
ηa
j pj(η)

(26a)

=
∑
j

∑
a∈Aj

(
πj −

∑
i

πiP
a
ij + λ+ μa

j

)
ηa
j pj(η) (26b)

=
∑
j

πjpj(η)−
∑
i

πipi(η) + λ+
∑
j,a

ηa
j μ

a
j pj(η) (26c)

= λ+
∑
j

∑
a∈Aj

ηa
j μ

a
j pj(η) (26d)

It follows that

�(x, η)−
∑
j,a

ηaj μ
a
j pj(η) = �(x, η′)−

∑
j,a

η′j
a
μa
j pj(η

′) (27)

for any two policies η, η′. If ηaj > 0 only if xa
j > 0 for all j,

then by complementary slackness we have that ηaj μ
a
j = 0. It

follows that

�(x, η) ≤ �(x, η′) (28)

since η′ajμ
a
j pj(η

′) ≥ 0 for all j and a ∈ Aj .
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Remark 3: Many interesting cases break the irreducible,

aperiodic assumption (Assumption 1), the deterministic tran-

sition case being the most obvious. We note that the steady

state equilibrium concept may be valid even in these cases. A

reducible Markov chain will have several irreducible subsets of

recurrent states. Problem (10) will assign a certain amount of

mass to each of these irreducible subsets in order to minimize

the expected loss. If the initial probability distribution of the

agent is fixed, there may not be a policy that divides up

the probability mass between the irreducible subsets in this

optimal way. If, however, we think of the agent as choosing

their initial probability distribution as well as a policy, they

would be able to assign the appropriate amount of mass to

each recurrent subset. In the case of a periodic Markov chain

assuming strictly increasing losses, we note that oscillating

solutions cause some members of the population to experience

more congestion than others. If agents have the option of

remaining in a node at any time, it will be advantageous for

them to damp out these oscillations. We could recover the

full aperiodic assumption by adding a small probability of

remaining in the same node to each action; however, from this

argument, assuming that agents have the option of remaining

in any node at any time seems to be enough for the steady

state equilibrium concept to make sense. This argument is

particularly applicable in the deterministic case where we are

really thinking of agents as playing a routing game where they

choose between cycles as opposed to routes.

B. Parallels with traditional routing games

Writing Problem (23) in matrix form (and indexing x to

match the columns of PA) we get

min
x≥0

F (x) (29a)

s.t. GPAx = 0, 1Tx = m (29b)

which parallels Problem (4) in the fully deterministic case

where routes from the origin to destination have been replaced

by cycles of the graph. Indeed, when PA = I|E|×|E|, x is a

positive vector contained in the nullspace of G, it must be a

positive linear combination of indicator vectors for the cycles

in the graph . We could write the optimization problem in this

deterministic case in a way that parallels the path formulation

of the traditional routing game by enumerating the simple

cycles of the graph and solving directly for the mass on each

cycle. Let C be the set of cycles and let Ec be the set of edges

in a cycle c ∈ C. Define an indicator matrix for the cycles,

C ∈ R
|E|×|C|, as

[
C
]
ec

=

{
1

|Ec| ; if e ∈ Ec
0 ; otherwise

(30)

Using this indicator matrix, we can solve directly for the

masses on the cycles z ∈ R
|C|
+ .

min
z≥0

F (Cz) (31a)

s.t. 1T z = m (31b)
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Fig. 1. (a) Illustration of SF neighborhoods with their types.

IV. SIMULATION: RIDESHARING GAME

In this section, we simulate the game ridesharing drivers

might play in downtown San Francisco seeking to optimize

their fares. We abstract the city as a set of neighborhoods

(nodes) drivers travel between (shown in Figure 1). We assume

that when drivers pick up a rider, that rider is selected at

random, i.e. drivers do not get to select the trip they want.

(We could also model situations where drivers get to select

their riders specifically, in which case the transitions would

be deterministic.) We assume that at each node a given

percentage of riders want to travel to each of the other nodes.

This model would be useful for ridesharing services where

drivers are simply assigned riders or taxi drivers who queue

at transportation hubs.

At each node, the driver can choose from several actions.

The first action, ar is to wait for a random rider and transition

to whatever node that rider wants to go to. The transition

probabilities of this action are determined by the percentages

of riders at that node that want to make specific trips derived

from the following table.

To ea.

From ea.
Resident Downtown

Resident 0.06 0.083

Downtown 0.175 0.167

The driver can also choose to transition without a rider. We

will refer to the action of transitioning to node i without a

rider as ai. In general, this would result in the driver paying

the travel costs without receiving a fare; however, there is a

small possibility that the driver will find a customer along the

way.

In order to model this scenario, we define a graph with two

sets of edges going between each node. The first set model

transitioning with a rider. We will denote these edges Erider.

The second set model transitioning without a rider which we

will denote Enorider. This allows us to differentiate between the

rewards received for taking a rider and for driving without a

rider. Drivers who take ar at each node travel on edges in Erider.

If a driver transitions without a rider, they take the appropriate

edge in Enorider with probability 0.82 and they take each of the

edges in Erider (coming from that node) with probability 0.02.

This is meant to represent the small chance that they might

pick up a rider along the way.

The costs on the actions are

Rar
j = (Cj)waitx

ar
j , Rai

j = 0 (32)
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where the waiting cost coefficient is

(Cj)wait = τ ·
(

Customer
Demand Rate︸ ︷︷ ︸

rides/hr

)−1

(33)

and τ is a time-money tradeoff parameter which we take to

be $27/hr. We take the driver demands as 20 rides per hr from

residential neighborhoods and 50 rides per hr from downtown

neighborhoods.

The transition costs differ depending on whether the drivers

take a rider or not. The transition costs are given by

Qe(x) =

{
−Me + (Ce)trav ; if e ∈ Erider

(Ce)trav ; if e ∈ Enorider

(34)

where Me is the fare for a trip on edge e and (Ce)trav is the

cost of travel on that edge which we take as

Me =
(
Rate

) · (Dist
)

(35)

(Ce)trav = τ
(
Dist

)︸ ︷︷ ︸
mi

(
Vel

)−1︸ ︷︷ ︸
hr/mi

+
(

Fuel
Price

)︸ ︷︷ ︸
$/gal

(
Fuel
Eff

)−1︸ ︷︷ ︸
gal/mi

(
Dist

)︸ ︷︷ ︸
mi

(36)

The values that are not specifically edge dependent are listed

in the table below.

Rate Velocity Fuel Price Fuel Eff

$6 /mi 8 mph $2.5/gal 20 mi/gal

We compute both the equilibrium and the socially optimal

flows. The social optimum is the mass distribution that min-

imizes the overall cost the population experiences. Figure 2

shows the steady state distribution of drivers at the nodes in

both cases including the portion that take riders and the portion

that do not as well as the transitions that drivers make without

riders.

V. CONCLUSION

We have presented a continuous population game analo-

gous to nonatomic routing games where individuals solve an

infinite-horizon average-cost MDP as opposed to a shortest

path problem. Future work includes considering the infinite-

horizon discounted cost case.
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[16] ——, “Jeux à champ moyen. ii–horizon fini et contrôle optimal,”
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