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Competition in Smart Cities

Outline

* Review: Non-atomic routing games

* Cyclic routing games

* Markov decision process (MDP)
routing game

Example: ride-sharing game, street
parking
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Competition in Smart Cities

Outline

* Review: Non-atomic routing games

* Cyclic routing games

* Markov decision process (MDP)
routing game

« Example: ride-sharing game, street
parking

Literature

Continuous Population Stochastic Games
-- infinitesimal agents solve an MDP
* Anonymous sequential games

[Jovanovic & Rosenthal, 88], [Bergin, et al.
91,95], [Wiecek, et al. 09,11,15]

* Mean-field games

[Lasry & Lions, 06,07],[Caines, 2015],
[Gomes, et al. 10],[Gueant, 11]
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Classic Routing Game

G =(WN,¢)
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Classic Routing Game
R : routes
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Classic Routing Game

R :

routes

zER'f':
azER'ﬁ:

Mass on routes

Mass on edges

r =Rz

routes

_O = O
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Classic Routing Game

R
z € RLF . Mass on routes
1 r € R : Masson edges le(ze)

r =Rz )
¢(z) € RI®: Route latencies J

l(x) € RI€l . Edge latencies
((z) = RYI(x)

routes
1 1 0]
1 0 0
R=1(0 1 o &
0 0 1| °
0 1 1
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Classic Routing Game

G = (N7 £) R : routes z € ]R'f' : Mass on routes
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Classic Routing Game

G =(N,¢&) R : routes zER'f':

1 xER'ﬁ:

Li(xr) la(x2)

Equilibrium
Condition
Latency

Mass P Wardrop
Equilibrium

Route —l -‘. H [Wardrop, 52]
r o rs [Sandholm, 01]

((x) e RIRI
I(z) € RIEI:

Mass on routes
Mass on edges
r =Rz

Route latencies

Edge latencies

le(ze)

((z) = RYI(x)

&~
|
OO O = =

routes

_O = O

A

edges
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Classic Routing Game

G=(N,€E) R : routes zER'f' :
xER'ﬁ :

Equilibrium
Condition
Latency

Mass P Wardrop
Equilibrium

Route —l -‘. H [Wardrop, 52]
r o rs [Sandholm, 01]

((x) e RIRI
I(z) € RIEI:

Mass on routes

Mass on edges  le (2e)

r =Rz )
Route latencies J

Edge latencies

((z) = RYI(x)

Potential e
F = le d
Function (z) Z /0 () du

e

[Beckmann, et al. 56]
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Classic Routing Game

Equilibrium
Condition
Latency

Mass P Wardrop
Equilibrium

Route —l -‘. H [Wardrop, 52]
r o rs [Sandholm, 01]

zER'f':
xER'ﬁ:

((x) e RIRI
I(z) € RIEI:

Mass on routes

Mass on edges  le (2e)

r =Rz )
Route latencies J

Edge latencies

((z) = RYI(x)

Potential F(x):Z/O )

Function

[Beckmann, et al. 56]

V.F=1(z) w» V,F=4{z)
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Classic Routing Game

routes

G=(N, &) R:

Equilibrium
Condition
Latency

Mass . &

Route —l -‘. H
1 r2 T3

Wardrop
Equilibrium

[Wardrop, 52]
[Sandholm, 01]

zER'f':
xER'ﬁ:

((x) e RIRI
I(z) € RIEI:

Mass on routes

Mass on edges

r =Rz )
Route latencies J

Edge latencies

((z) = RYI(x)

Potential
Function

Fz) = Z /0 () du

[Beckmann, et al. 56]

V.F=1(z) w» V,F=4{z)

Social
Cost

J(x) = Z Tele(xe)

D. Calderone - ITSC, Yokohama - Oct 17, 2017



Classic Routing Game

Latency

Mass . &

Route

IR -

4 Path Formulation h
min F(x) — F(Rz)
z

st. 112=m, 2>0

- /

Potential e
F = le d
[Function () ; /0 () u}

[Beckmann, et al. 56]

Equilibrium

Conditon V,F =1[(z) w V_,F =/{(x)

Ward Social .
Equzillzb:?upm [ Cost J(:C) o Z wele(ibe)}
(&

[Wardrop, 52]
[Sandholm, 01]
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Classic Routing Game

4 Path Formulation h
min F (:U) = RZ)
z

P
e [em g

Potential e
F = le d
[Function () ; /0 () u}

[Beckmann, et al. 56]

Equilibrium
Conditon V,F =1[(z) w V_,F =/{(x)

Latency
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Classic Routing Game
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Classic Routing Game

4 Path Formulation h
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Classic Routing Game

4 Edge Formulation )
min F
in  Fl(z)
st. Gx=5Sm, x>0

- /

edges
1 0 o 1 ol [17
% —1 1 1 0 Of|laxa|=| 0 M
c 0 0O —1 -1 1 T3 0
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Classic Routing Game

4 Edge Formulation )
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Classic Routing Game

4 Edge Formulation )
min F(gj)
x
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edges
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Classic Routing Game

4 Edge Formulation )
min F(gj)
x
G = Sm, J 220 o
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edges
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Classic Routing Game

4 Edge Formulation N
min  F(x)
i
s.t. {Gx:Sm,/}{xzo/}
_ - 7
edges
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Classic Routing Game

4 Edge Formulation )
min F(gj)
i
G = Sm, J 220 o
N\ ~
Iy
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Sum up over
edges in route 7" ... D le(we) =mo—mat Y e
ecék, ec&
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2
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Ly Ts5

Route —l -‘. H
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Classic Routing Game

4 Edge Formulation N
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Classic Routing Game

4 Edge Formulation )
min F(gj)
i
5 s.t. [Gx:Sm,ﬁ}[a:ZOﬁi

Sum up over
edges in route 7 ... D le(we) =mo—mat Y e
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Classic Routing Game

4 Edge Formulation )
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Classic Routing Game

4 Edge Formulation )
min F(gj)
i
5 s.t. [Gx:Sm,ﬁ}[a:ZOﬁi

Sum up over
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Classic Routing Game

-

Edge Formulation )

min
T

5 S-t-[Gx:Sm,ﬁ}[a:ZOﬁj

Sum up over
edges in route 7 ... D le(we) =mo—mat Y e

Latency

Mass
L4

Route —l -‘. H

)

Level sets

of F(x)
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()
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Cyclic Routing Game

@ @ 4 Edge Formulation )
ls(x)

l2(z)
TN e | e

l3(z) t. [G — g ’/} >
@%@ - S T m, [a:>0ﬁj
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Cyclic Routing Game

@ @ 4 Cyclic Routing Game (Edge Formulation)\
Is(x)

la(z)
5 mﬁ N L maijn F(x)
l3(x) .t [ Gz =0, A[lTx = mﬁ [x >0
= N T 2 %
O==0 ”
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Cyclic Routing Game

4 Cyclic Routing Game (Edge Formulation)\
min F'(x)

T
9 S.t.[ G:U:O,%[lipx:mﬂ[xzoy
L1
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Cyclic Routing Game

4 Cyclic Routing Game (Edge Formulation)\
min F'(x)

T
9 S.t.[ G:U:O,%[lipx:mﬂ[xzoy
L1
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Cyclic Routing Game

4 Cyclic Routing Game (Edge Formulation)\
\ t min F'(x)
l4(z T
N 5 |Gy
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Cyclic Routing Game

@ @ 4 Cyclic Routing Game (Edge Formulation)\
5 (%)

l2(z)

Iﬁ N L maijn F(x)

@ I3(x) @ % s.t.[ Gz =0, %[fpx:m&[xzoy
le(z) 1

j \ |

% of F(x
¥ | \ (z)
v T4
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Cyclic Routing Game

@ @ 4 Cyclic Routing Game (Edge Formulation)\
)ﬁ Til4(m)

l2(z)
Is(a N o Fle)
@ I3(x) @ % s.t.[ Gz =0, %[fpx:m&[xzoy
le(z) X

1 Teq, aggregate
population mass

= /ﬁevel sets
: of F(x)
L3 "‘"\,: X L4
= 0
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Cyclic Routing Game

@ @ 4 Cyclic Routing Game (Edge Formulation)\
)ﬁ Til4(m)

l2(z)
Is(a N = Fle)
@ I3(x) @ % s.t.[ Gz =0, %[fpx:m&[xzoy
le(z) X

1 Teq, aggregate
population mass

First order conditions... le(Ze) = T — T + A+ Le

‘41; &
o Level sets
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Cyclic Routing Game

la()
@N%m

l5($)ﬁ
l3(x)
O==0

First order conditions... le(Ze) = Tj —

Sum up over
edges in cycle C ...

Z le(xe) -

ect,.

4 Cyclic Routing Game (Edge Formulation)\

min F'(x)
xr
s.t. [ Gz =0, A[lTa: = mﬁ[x >0
N T A 0y,
x]. Leqs aggregate

population mass

[EelA+ D e

ec&.

‘41; .
P Level sets
| of F(x)
T3\ X "
- 0
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Cyclic Routing Game

O
zmﬁ \ TTW)

I (2)
@ 356(55) @

First order conditions... le(Ze) = Tj —
Sum up over 1 B
edges in cycle C ... & e%; le(we) = A+ I3

4 Cyclic Routing Game (Edge Formulation)\

min F'(x)
xr
s.t. [ Gz =0, A[lTa: = mﬁ[x >0
N T A 0y,
x]. Leqs aggregate

population mass

5 < /fevel sets
‘: of F(x)
X 3 ‘k“x X L4
- 6
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Cyclic Routing Game

@ lo(z) 4 Cyclic Routing Game (Edge Formulation)\
I(z min F(x
z5<:c>1 ) t 14(a) in F(z)
I3(z) s.t. [ Gz =0, A[lTﬂc = mﬁ [x >0
@=;@ \ T A =
le(x) X1 Teq, aggTEgate

population mass

First order conditions... e (l‘e) =Ty — T + A+ He

Sum up over 1 ] _ 1 u
| ; e(we) = At 5m D e —

edges in cycle C ... 1E| = I

- "/ievel sets
of F(x)

Average
Latency
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Cyclic Routing Game

4 Cyclic Routing Game (Edge Formulation)\

l2(z)
<G
z5(a§i> wcil)m) maijn F(z)
X

I3() T >
@ = @ 9 >0 o),

1 Teq, aggregate
population mass
First order conditions... e (l‘e) =Ty — T + A+ He

Sum up over 1 _ 1 u
edges in cycle C ... €] e%; le(ze) = A+ Z e%; Le T -
1 a .CEQ
)\ J—
rency — Level sets
Latency .
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Cyclic Routing Game

First order conditions... e (l‘e) =Ty — T + A+ He

1 1
Te le(me) = A+ He
P> ] 2
1

Sum up over
edges in cycle C ...

ee€.

=7 D He
|€C3| eEgC3 \

Average
Latency

KCyclic Routing Game (Route Formulation)\

min F(x) =

1 F(Cz)

o [1Tz = m& [z >0
= 2 v
cycles
(1/3 1/3 0 |

0 1/3 0
|3 0 1/2| g
C=10 13 0|z

1/3 0 0
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MDP Routing Game

4 Cyclic Routing Game (Edge Formulation)\

@@@
\ Til‘* maijn F(x)

%)017 05 @%@ %3)705% - S-t-[GZL’:O,%[leE:m&[xZOU
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MDP Routing Game

@ l2(z) 4 Cyclic Routing Game (Edge Formulation)\

ﬁ \ Til4 min F(x)
%)01, J %3),05%} S S.t.[ G:U:O,%[lTx:m&[xZOU

All actions: .A = Uje/\f Aj
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MDP Routing Game

@ 4 Cyclic Routing Game (Edge Formulation)\
@<:

\ "

09 017 05 @ %E @ %3)705 GJ - S.t.[ xzo,%[ﬁx:m&[xzoy

All actions: .A = Ujg/\/ A;
Transition matrix: ~ T" € |0, 1]|5|X|A|

T

actions

0
0
0

0.5
0 09 05

0.5 0.1 0.5

0
0
0
0

i e e R R e

i e i e R

= e N e i e i)
coc oo
edges
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MDP Routing Game

@ 4 Cyclic Routing Game (Edge Formulation)\
@<:

\ "

09 017 05 @ %E @ %3)705 GJ - S.t.[ xzo,%[ﬁx:m&[xzoy

All actions: .A = Ujg/\/ A;
Transition matrix: ~ T" € |0, 1]|5|X|A|

T

Mass on actions: Y € ]R"A| Tr = Ty
actions
1 0 0 0 0 O]
O 1 0 O 0 0
T _ O 0 0 O 0 0 gu30
~ 10 0005 0 0| ©

O 0 0 O 09 0.5
_0 0O 1 05 0.1 0.5_
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MDP Routing Game

@ / MDP Routing Game (Edge Formulation) N
@<:

\ min F(Ty)
09 017 05 @ %E @ %3)705 GJ \ Sy.t.[GTy:O% [1Ty:m7&[y20@

All actions: .A = Ujg/\/ A;
Transition matrix: ~ T" € |0, 1]|5|X|A|
Mass on actions: Y & ]R"A| r = Ty

T

actions

0
0
0

0.5
0 09 05

0.5 0.1 0.5

0
0
0
0

coc oo
edges

_ o o o o O

SO OO O
SO O o= O
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MDP Routing Game

A

4 MDP Routing Game (Edge Formulation) )

_\
m;n F(Ty)
A st GTy =04
L7
Y1
All actions: A = Ujen Aj T
Transition matrix: T & [O, 1]|8|X|A| Z"I

Mass on actions: Y € RIAI 2 = Ty Ys ©

actions

0
0
0

0.5
0 09 05

0.5 0.1 0.5

0
0
0
0

o O O O

edges

Y3

_ o o o o O

SO OO O
SO O o= O

Ya

Y2
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MDP Routing Game

4 MDP Routing Game (Edge Formulation) )

min F(Ty)
y

| st (GTy=0d[1"v=m [yzo@

U1
All actions: A = Ujen Aj T

Transition matrix: T € [O, 1]|8|X|A| Z"I EJ
Mass on actions: Y € RIAI 2 = Ty Ys ©
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actions

0
0
0

0.5
0 09 05

05 01 05 Jo

0
0
0
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o O O O

edges

Y3 l Yg
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SO O o= O

D. Calderone - ITSC, Yokohama - Oct 17, 2017



MDP Routing Game

4 MDP Routing Game (Edge Formulation) )

min F(Ty)
All actions: A = Ujen A;j yrl

Transition matrix: ~ T" € |0, 1]|5|X|A|
Mass on actions: Y & ]R"A| r = Ty

actions

0
0
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0.5
0 09 05

0.5 0.1 0.5

0
0
0
0

o O O O
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MDP Routing Game

4 MDP Routing Game (Edge Formulation) )

m;n F(Ty)
L s.t. [GTy = 0% [IT:U:W& [?J > 0@
Y1

All actions: A = Ujen A;
Transition matrix: ~ T" € |0, 1]|5|X|A|
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actions
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0
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0.5
0 09 05
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MDP Routing Game

@ / MDP Routing Game (Edge Formulation) N
@<:

\ Til‘* m;n F(Ty)
%5705 GJ L S.t. [GTy — O% [lTyzm,& [yZO@

017 05 @%@

All actions: A = Ujen A;
Transition matrix: ~ T" € |0, 1]|5|X|A|
Mass on actions: Y & R|A| r = Ty

/—EE

actions
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0
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0.5
0 09 05

0.5 0.1 0.5

o O O O
o O O O

edges

_ o o o o O

SO O o= O

D. Calderone - ITSC, Yokohama - Oct 17, 2017



MDP Routing Game

@ / MDP Routing Game (Edge Formulation) N
@<:

\ Til‘* m;n F(Ty)
%5705 GJ L S.t. [GTy — O% [lTyzm,& [yZO@

017 05 @%@
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MDP Routing Game

®
A l5($)ﬁ

0.17

4 MDP Routing Game (Edge Formulation) )
min F(Ty)

Y

} 9 st.[GTy =0 2 [ﬂ’y:m,&[yzo@

All actions: .A = Uje/\/ Aj

Transition matrix:

Mass on actions:

SO OO O

SO O o= O

_ o o o o O

T ¢ [0, 1]/EIAl
y € R

actions

0
0
0
0.5
0 09 0.5

o O O O

0
0
0
0

0.5 0.1 0.5

r=1Ty Y5

—TTZ (Ty) Y1 Yeq, aggregate
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Y

s/

edges

Ye
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MDP Routing Game

@<:@

T

@%@

017 05

[
o Sbms

4 MDP Routing Game (Edge Formulation) )

min F(Ty)
y

All actions: A = Ujen A;
T € [0, 1]|5|><|A|

Transition matrix:

Mass on actions: Y € ]R"A| Tr = Ty
actions
1 0 0 0 0 O]
O 1 0 O 0 0
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MDP Routing Game
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Parking on urban streets
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Conclusion — Future Work

Extensions
e Braess’s Paradox
* Price of anarchy

Future work
* Discounted infinite horizon case

Thanks!
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