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Quadratic Optimization & KKT System

min %mTQSE -+ ¢ x Primal Variables: T € R"
£r
S.t. Ar = b Dual Variables: v e R™
Lagrangian: L(x,v)= %LETQQL’ +c'z+v' (Ax — b)
KKT Conditions: KKT System:

1. Stationarity: xTQ +c¢' +0'A=0

Q c Ran

A c Ran

2. Feasibility: Ar — b =0
Solution:
o 7 —1
r| |1 A —C
v A 0 b

fat (m < n),

full row rank (rank = m)

0 AT
A 0
KKT Matrix

R=Q >0
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becR™



KKT Solutions

min %mTQQZ -+ ¢ x Primal Variables: & € R"
£r
S.t. Ar = b Dual Variables: v e R™
Lagrangian: L(x,v)= %ZETQ$ +c'z+v' (Ax — b)
KKT Conditions: KKT System:

1. Stationarity:

2. Feasibility:

Solution:

L
U

' Q+c +v'A=0
Ar — b =0

Q_l o Q—lAT (AQ_lAT)_lAQ_l Q_lAT (AQ_lAT
-(AQ™iAT)

(AQ—lAT)_lAQ—l

...using block matrix inversion (or just directly verify).
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fat (m < n),

full row rank (rank = m)
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KKT Solutions

min %ZCTQQZ -+ ¢ x Primal Variables: & € R"
£r
S.t. Ar = b Dual Variables: v e R™
Lagrangian: L(x,v)= %:UTQ:L‘ +c'z+v' (Ax — b)
KKT Conditions: KKT System:

1. Stationarity:

2. Feasibility:

Solution:

L
U

' Q+c +v'A=0
Ar — b =0

...projection matrix

1 — AT (AQTAT) "AQ™!

(AQ_lAT)_ AQ_l

...using block matrix inversion (or just directly verify).

Q c Ran

A e Rmxn?

fat (m < n),

full row rank (rank = m)

0 AT

A 0
KKT Matrix
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becR™



KKT Solutions

N7 n
min %xTQQZ + ¢ x Primal Variables: = € R” Q) € R™=™ @=C >0 ceR
XL
m
st.  Ar =2b Dual Variables: veR™ A e R™*™ beR
fat (m < n),
Lagrangian: L(x,v)= %xTQaj telpao! (Ax — b) full row rank (rank =m)
KKT Conditions: KKT System: _ AT_ o L
XL —C
1. Stationarity: xTQ + c' -+ v A=0 i () — b
U
2. Feasibility: Ar—b =0 _ 4 L _ _ _
KKT Matrix
Solution:

r = Q TAT(AQTTAT) T (AQ e+ b) — Qe

v —(AQ™'AT) T (AQ ¢+ b)



KKT Matrix Properties

n nxn — N n
min %mTQQZ +c'x Primal Variables: < € R Q € R"” @=C >0 ceR
gt Ar — b Dual Variables: v e R™ A e R™*" beR
fat (m < n),
Lagrangian: L(x,v)= %xTQaz‘ telpao! (Ax — b) full row rank (rank =m)
KKT Conditions: KKT System: AT_ L ) _
X —C
1. Stationarity: xTQ + c' + v A=0 Q —
A 0 ||v b
2. Feasibility: Ar—b =0 _ 4 L _ _ _
KKT Matrix
Matrix Properties:
~ - SpeC(M) — P+ || P— Cardinality
V/ Q A
— A O Positive: p+:{)\1,...,)\n} > ( p+|:n
- - Negative: [ {)\n+1, ce e >\n—|—m} < 0 P—| = MM

M indefinite



ConditiOned KKT Matrix: 0pti0n 1* *many conditionings are possible

Coordinate Transforms

min %x’TPTQPQ;’ 4+l P’ Primal: x = Px’ € R" QeR™"™ Q= Q' -0 ceR
st.  WTAPZ =W Tb Dual: v =Wv' €R™| AE€R™" fat (m<n) beR™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
1. Stationarity:  z''P'QP +c' ' P+v'W'AP =0 _ PTQP PTATW_ _.CIZ‘/_ . _—PTC_
2. Feasibility: WT APz — W ' h =0 W'AP 0 v’ W 'e
Conditioning:

VR P'Qrp rP'A'W| [PT 0 |l[Q AT|P
W'AP 0 0 W'||[A 0 |0




Conditioned KKT Matrix: 0pti0n 1* *many conditionings are possible

Coordinate Transforms

min  1a"TPTQP +c' P’ pimal: w = P’ €R* | QeR™™ Q=Q'»~0 ¢k
ot W T APy — W b Dual: v=Wv eR™| AeR™*" fat (m<n), be R™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
1. Stationarity:  z''P'QP +c' ' P+v'W'AP =0 _ PTQP PTATW_ _.CISI_ . _—PTC_
2. Feasibility: W'TAPx — W 'b =0 _WTAP 0 U/ N WTb

1 1
Conditioning: AQ) 2 = U[E O] v (SVD) — Take | P=Q 2V W =U

VR P'Qrp rP'A'W| [PT 0 |l[Q AT|P
W'AP 0 0 W'||[A 0 |0




Conditioned KKT Matrix: 0pti0n 1* *many conditionings are possible

Coordinate Transforms

min  1a"TPTQP +c' P’ pimal: &= Pr’ €R" | QeR™" Q=QT =0 &R
ot W T APy — W b Dual: v=Wv eR™| AeR™*" fat (m<n), be R™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
1. Stationarity: 2’ ' P'QP +c'P+v'W'AP =0 _ PTQP PTATW_ _.CISI_ L _—PTC_
2. Feasibility: W'TAPx — W 'b =0 _WTAP 0 ] _U/_ N WTb

1 1
Conditioning: AQ) 2 = U[E O] v (SVD) — Take | P=Q 2V W =U

Permute...
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Conditioned KKT Matrix: 0pti0n 1* *many conditionings are possible

Coordinate Transforms

QERan Q:QT>O CERn

min %LE/TPTQPQB/ +c! P! Primal: x = Px’ € R™
st.  WTAPZ =WTh Dual: v =Wv €R™| AER™" fat (m<n) be R™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
A rarity- T pT T T T AD — Dl TATWI " - pT T
1. Stationarity: x P QP+c P+v W AP =0 P QP P W L | P C
2. Feasibility: W' AP —W'b=0 WTAP 0 v’ WTb
1
Conditioning: AQ_ [E O] V(v = Take | P = Q 2V W=U
- - Subblocks:
PTQP PTATW] [I s o] S o
M= lwtap o |=1[5 00 [t o] tbmas
i O O I_ o; 0] Njrn=s5Ey/1+0]




Conditioned KKT Matrix: 0pti0n 1* *many conditionings are possible

Coordinate Transforms

QERan Q:QT>O CERn

mxjn %LE/TPTQPQB/ +c! P! Primal: x = Px’ € R"
st.  WTAPZ =WTh Dual: v =Wv €R™| AER™" fat (m<n) be R™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
1. Stationarity: aj’TPTQP +e' P+o""WIAP =0 i PTQP PTATW_ _.CISI_ o _—PTC_
2. Feasibility: W'"APY —W'b=0 WTAP 0 v’ WTb
1
Conditioning: AQ_ [E O] V(v = Take | P = Q 2V W=U
] _ Subblocks: s(s—1)—02=0 Njj+1=12=E4/7+07
" pT T AT I ¥ 0 / | !
/\ﬁz —> PTQP PoATW = |2 0 0 1 o X(n—m) Xm Xm
W AP 0 0 0 I o; 0 : : l

) - - ] ] - 1 1 2 1 1 2
Spec—{lvi \/Z 03’?5_\/1 Uj}




ConditiOned KKT Matrix: 0pti0n 2* *many conditionings are possible

Coordinate Transforms

QERan Q:QT>O CERn

m:gn %x’TPTQPQ;’ +c! Py Primal: « = Pz’ € R"

st.  WTAPZ =W Tb Dual: v =Wv' €R™| AER™" fat (m<n) be R™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
1. Stationarity: 2’ ' P'QP +c'P+v'W'AP =0 _ PTQP PTATW_ _.CISI_ L _—PTC_
2. Feasibility: WT APz — W ' h =0 W'AP 0 v’ W 'e

1
Conditioning:  AQ ™2 UX0]V' (WD) = Take | P=Q 2V W=UX"!

Subblocks:  s(s—1)—1=0 Ajj1=2- \/i+1

'PTQP PTATW_ I I 0 ] )
I 1 1 (n—m ><m
M = _WTAP 0 _ — X (O) ? -1 O- X | )
_ - SpeC:{ ; §—|—\/——|- % ,/__|_ }
N —— —

_|_ S



ConditiOned KKT Matrix: 0pti0n 2* *many conditionings are possible

Coordinate Transforms

QERan Q:QT>O CERn

mcgn %LE/TPTQPQE/ +c! Py Primal: 2 = Px’ € R"
<t W' APy = W 'b Dual: v =Wqv € R™ A€ R™*™  fat (m <n), beR™
Lagrangian:  L(2',v') = 22’ P'QP1' + ¢' Px' +v"' W' (APz' —b)
KKT Conditions: KKT System:
1. Stationarity: x’TPTQP +e' P+o""WIAP =0 i PTQP PTATW_ _.CISI_ o _—PTC_
2. Feasibility: WT APz —WTh =0 W'AP 0 v’ Wb
1
Conditioning: AQ_ [E O] VT (SVD) —> Take | P = Q_§V W = UZ_l
i . roT O_ Subblocks: 3(3 — 1) — 1 =0 )\j,j_|_1 = LQ\/E
P'Qp P'A' TEh
/\4 — TQ W = | 0 0 1 1 x(n—m) Xm XM
_W AP 0 0 0 [ _1 ()_ | | |




