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Dual Programs: SDP (lin objective)

max Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(CJTX) > d; jEJ@(X:XT i()ﬁ]j

L(X, i, pi, U) = Tr(RTX) +Z (AT X) = b) + D (Te(C] X) = d; ) + Te(UT X)
max min Tr(R'X) +Z (Tr (A X) — b) +Z,LLJ( CTX) d-) + Tr(U ' X)

U>=0

X=0 < min Tr(U'X) =
— U =0

Suppose X -0 (X=X') = exists X2 - xT/2%

unique

= TrU'X)=Tr( U XYV2XT/2) =Tr(XT2UTX1/2) >0

7

-~

congruent to U
Ur0 < X2UTxY2 -0

Tr = sum eigs = — Tr(XTPUTXY?%) >0



Dual Programs: SDP (lin objective)

m)?x Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(CJTX) > d; jEJ@(X:XT t()ﬁ]j

£@&A%u%U)—-TdRTX-+§: (AT X) = b) + D (Te(C] X) = d; ) + Te(UT X)
max min Tr(R'X) +Z (TrATX)—b)+Z,LL]( CTX) d')+Tr(UTX)

U>=0

0 - X=X">0

. otherwise

X >0 <= min Tr(UTX) =
— U0

Suppose X #0 (X = X"



Dual Programs: SDP (lin objective)

m)?x Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(CJTX) > d; jEJ@(X:XT t()ﬁ]j

£@&A%u%U)—-TdRTX-+§: (AT X) = b) + D (Te(C] X) = d; ) + Te(UT X)
max min Tr(R'X) +Z (TrATX)—b)+Z,LL]( CTX) d')+Tr(UTX)

U>=0

0 - X =X">0

. otherwise

X=0 < min Tr(U'X) =
— U =0

Suppose X # 0 (X = XT) = exists neg. (real) eval with evec u



Dual Programs: SDP (lin objective)

m)?x Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(CJTX) > d; jEJ@(X:XT t()ﬁ]j

£@&A%u%U)—-TdRTX-+§: (AT X) = b) + D (Te(C] X) = d; ) + Te(UT X)
max min Tr(R'X) +Z (TrATX)—b)+Z,LL]( CTX) d')+Tr(UTX)

U>=0

0 - X =X">0

. otherwise

X=0 < min Tr(U'X) =
— U =0

Suppose X # 0 (X = XT) = exists neg. (real) eval with evec u

take U = suu' =0
SER+



Dual Programs: SDP (lin objective)

m)?x Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(CJTX) > d; jEJ@(X:XT t()ﬁ]j

£@&A%u%U)—-TdRTX-+§: (AT X) = b) + D (Te(C] X) = d; ) + Te(UT X)
max min Tr(R'X) +Z (TrATX)—b)+Z,LL]( CTX) d')+Tr(UTX)

U>=0

0 - X=X">0

. otherwise

X >0 <= min Tr(UTX) =
— U0

Suppose X # 0 (X = XT) = exists neg. (real) eval with evec u

take U=suu' =0 = Tr(U'X)=sTr(u'Xu) <0
S € R_|_



Dual Programs: SDP (lin objective)

m)?x Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(C]TX) > d; jEJ@(X:XT iOﬁ]j

L(X, M, i, U) = Tr(RTX) +Z (Te(A] X) — b;) —I—Z,LLJ(TI‘ (€] X) = d;) + T (U X)

max min Tr(R'X) +Z (Tr (A X) - b) +Z,LLJ (Tr CTX )+ Tr(U ' X)

U>0
T {RT+ NA + CT+UT} )— \;b; — d.
i s T[T+ AT+ S 2t
U>0

— __
——

must be 0 for inner problem to be bounded



Dual Programs: SDP (lin objective)

m)?x Tr(RTX) Primal Program

g.1. [TI“(AZTX) = b, iezﬁj (TI‘(C]TX) > d; jEJ@(X:XT iOﬁ]j

L(X, M, i, U) = Tr(RTX) +Z (Te(A] X) — b;) —I—Z,LLJ(TI’ (€] X) = d;) + T (U X)

max min Tr(R'X) +Z (Tr (A X) - b) +Z,LLJ (Tr CTX )+ Tr(U ' X)

U0
mm max 1Ir {RT + A; AT + C’T + UT} — A b; — d;
min g T [R7 S0 3 S Ak = 3 i,
U=0 - J - i j
must be 0 for inner problem to be bounded
mln Z b, — Z 1id; Dual Program

znu'ja

st BRI+ AT+ 0l +UT =0, ;20 jeg U= 0

J



Dual Programs: SDP (lin objective)

max Tr(RTX) Primal Program

S.t. [TrATX —bzzezfij XT>OKJ

L(X, Xi,pi,U) = Tr(RTX) +Z (Tr (4] X) — b) HTr(W ' (X — M))|+ Tr(UTX)

max Ai Tr(R' X) +Z (Te(A] X) = bi) + [T (WT (X = M)+ (U7 x)
(i

. T AT T T T .
e il (AR DN (5 TS R D R T

N s
—

must be 0 for inner problem to be bounded

0 j
s.t. RT+Z>\2-A7;TUT:(), w>0| U>=0



Dual Programs: General Convex Function

max F (.CC) Primal Program
T

S.t. [Ax:bﬁj [CCL‘ZCZ ﬂa




Dual Programs: General Convex Function

max F (.CC) Primal Program
T

S.t. [Ax:bﬁj [CCL‘ZCZ ﬂ[]

Lz, \p)= F(x) + X' (Az —b)+ p" (Cz — d)




Dual Programs: General Convex Function

max F (.CC) Primal Program

I

S.t. [Ax:bﬁj [CCL‘ZCZ ﬂ[]

Lz, \p)= F(x) + X' (Az —b)+ p" (Cz — d)

" T . T o
max min F(x) + AT (42 —b) + p" (Cz — d)



Dual Programs: General Convex Function

max F (.CC) Primal Program

I

S.t. [Ax:bﬁj [CCL‘ZCZ ﬂ[]

Lz, \p)= F(x) + X' (Az —b)+ p" (Cz — d)

: T . T -
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA uTC} r -ANb—u'd
A,p>0



Dual Programs: General Convex Function

max F (.CC) Primal Program

I

S.t. [Ax:bﬁj [CCL‘ZCZ ﬂ[]

Lz, \p)= F(x) + X' (Az —b)+ p" (Cz — d)

: T . T -
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA uTC} r -ANb—u'd
A,p>0

Define £7 = — [ATA + MTC}



Dual Programs: General Convex Function

max F (.CC) Primal Program

I

S.t. [Ax:bﬁj [CCL‘ZCZ ﬂ[]

Lz, \p)= F(x) + X' (Az —b)+ p" (Cz — d)

: T . T -
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA uTC} r -ANb—u'd
A,p>0

—_— ——

Define ¢' = —[ATI‘H‘MTC} F*(&) = sup F(x)— f—raj



Dual Programs: General Convex Function

max F (ZE) Primal Program
T

S.t. (szbﬂ) [Cade ﬁtj

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

: T . T o
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA MTC} r -ANb—u'd
A,p>0
—_—

Legendre

peine 7= ~[ari'c] [FO= s Fw)- ga| T
xr

Conjugate)



Dual Programs: General Convex Function

max F (ZE) Primal Program
T

S.t. (szbﬂ) [Cade @j

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

: T . T o
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA MTC} r -ANb—u'd

A,p>0
Legendre
Defi T —\NA+u'C F*(€) — I T Transform
efine ¢ { + 1 } (&) Slip (:13) E'x Fenchel
Conjugate)

min  F* (&) —A'b—pu'd
§, A, 1
Dual Program

St ¢T=—\a+uTc|, p>0



Dual Programs: General Convex Function

max F(ZE) Primal Program

I

S.t. (szbﬂ) [Cade @j

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

max min  F(z) + A" (Az —b) 4+ pu' (Cz — d)

r  Apu=0
min max F(x) + {)\TA MTC} r -ANb—u'd
A,p>0
Legendre
T _\T T * — T Transform
Define ¢ = [)\ A+p C’} F* (&) Sl;p F(x) ' x Fenche
Conjugate)

Example: F(:C) = %:CTQ:C + TTZE



Dual Programs: General Convex Function

max F(ZE) Primal Program

I

S.t. (szbﬂ) [Cade @j

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

max min  F(z) + A" (Az —b) 4+ pu' (Cz — d)

r  Apu=0
min max F(x) + {)\TA MTC} r -ANb—u'd
A,p>0
Legendre
T —_\TA+u"C ¥(£) — _ T Transform
Define ¢ { + 1 } F*(¢) sgp F(x)— &'z Fenchel
Conjugate)

Example: F(:C) = %:CTQ:C + TTZE

d TN
—> %(F—f x)—()



Dual Programs: General Convex Function

max F(ZE) Primal Program

I

S.t. (szbﬂ) [Cade @j

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

max min  F(z) + A" (Az —b) 4+ pu' (Cz — d)

r  Apu=0
min max F(x) + {)\TA MTC} r -ANb—u'd
A,p>0
Legendre
T _\T T * — T Transform
Define ¢ = [)\ A+p C’} F* (&) Sl;p F(x) ' x Fenche
Conjugate)

Example: F(:C) = %:CTQ:C + TTZE

= (-0 =0 = r=Q ' (-7



Dual Programs: General Convex Function

max F (ZE) Primal Program

I

S.t. (szbﬂ) [Cade @j

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

: T . T o
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA MTC} r -ANb—u'd

A,p>0
Legendre
Defi T —\NA+u'C F*(€) — I T Transform
efine ¢ { + 1 } (&) Slip (:13) E'x Fenchel
Conjugate)

Example: F(:C) = %:CTQ:C + TTZE

d

= SF-¢a)=0 = 2=Q7 (-1 = FE=-36-1"Q (-7



Dual Programs: General Convex Function

max F (CE) Primal Program

I

S.t. (szbm [Ca:Zd ﬂcj

Lz, \p)= F(x) + X' (Az—b)+ p' (Cz — d)

: T . T o
max min F(x) + AT (42 —b) + p" (Cz — d)

min max F(x) + {)\TA ,uTC} r -ANb—u'd

Ap>0 oz
Legendre
T \TAx T . _ T Transform
Define ¢ { T u } 7 (€) Sl;p F(z) § (Fenchel

Conjugate)




Dual Programs: General Convex Function + General Convex Cones

max F (.CC) Primal Program
T

s.t. [Ax:bﬁj [:EEX@




Dual Programs: General Convex Function + General Convex Cones

max F(QE) Primal Program

L generalized convex cone

S.t. (ACE:[) Aj [Z’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk




Dual Programs: General Convex Function + General Convex Cones

max F(QE) Primal Program
L generalized convex cone

S.t. (ACE:[) Aj [ZE’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + X\ (Az—b)+ y'x



Dual Programs: General Convex Function + General Convex Cones

max F(QE) Primal Program

L generalized convex cone

S.t. (ACE:[) Aj [ZE’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + X\ (Az—b)+ y'x

i AT (Az — b T
max min  F(r) +27(4r )+ y'a



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program
L generalized convex cone

S.t. (ACE:[? ﬁ) [376)(@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + X\ (Az—b)+ y'x

max min F(x) + 2" (Az —b) + y'
€T AYyey
what does YV need to be so that

min y' x forces x € X ?
yey



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program
L generalized convex cone

S.t. (ACE:[) Aj [Z’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + X\ (Az—b)+ y'x

i AT (Az — !
max  min F(z) + XAz -b)+ y =

what does YV need to be so that

min y' x forces x € X ?
yey

y:{yHy,x)zO, Va:EX}



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program

L generalized convex cone

S.t. (ACE:[) Aj [Z’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + X\ (Az—b)+ y'x

i AT (Az — b T
max min  F(r) +27(4r )+ y'a

what does YV need to be so that

min y' x forces x € X ?
yey

y:{yHy,x)zO, Va:EX}

0 e X

yeY —0o0 ; otherwise

inf (y,x) :{



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program

L generalized convex cone

S.t. (ACE:[? ﬁ) [376)(@ cone: reX = ared, aeRy

convex: z,yeX = xz4+yeX

Llx, )= F(z) + X (Az—b)+ y'x

' AT (Az — b T
max min F(z) +\(4r-0)+ y'a

what does Y need to be so that Examples:

min y' x forces x € X ?
yey X:{ZL‘|Ax:O} y:{y‘y:ATz}

y:{yHy,x)zO, Va;EX}

0 e X

yey —0o0 ; otherwise

int (y,x) :{



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program

L generalized convex cone

S.t. (ACE:[? ﬁ) [376)(@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + A" (Az—b)+ y'x

max min F(x) + 2" (Az —b) + y'

€T AYyey
what does Y need to be so that Examples:
min y' x forces x € X ?
yey X:{x Ax:()} y:{y‘y:ATz}
y={y|ly2)>0 veex} ¥Y={z|zeR}} | Y={y|yeR}}

0 e X

yeY —0o0 ; otherwise

inf (y, ) :{



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program

L generalized convex cone

S.t. (ACE:[) Aj [Z’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + A" (Az—b)+ y'x

max min F(x) + 2" (Az —b) + y'

€T AYyey
what does Y need to be so that Examples:
min y' x forces x € X ?
yey X:{x Ax:()} y:{y‘y:ATz}
y={y|ly2)>0 veex} ¥Y={z|zeR}} | Y={y|yeR}}

x={X|x=0} | Y={Y|Y =0}
0 rx e X

—0o0 ; otherwise

inf (y, ) :{

yey



Dual Programs: General Convex Function + General Convex Cones

max F(ZE) Primal Program

L generalized convex cone

S.t. (ACE:[) Aj [Z’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

Llz,\p)= F(z) + X\ (Az—b)+ y'x

max min F(x) + 2" (Az —b) + y'

€T AYyey
what does Y need to be so that Examples:
min y' x forces x € X ?
yey X:{x Ax:()} y:{y‘y:ATz}
y={y|ly2)>0 veex} ¥Y={z|zeR}} | Y={y|yeR}}

x={X|x=0} | Y={Y|Y =0}
- 0 re X
sy VT oo dotherwise X ={(@n) | llall <7} | Y={@o) | loll. <5}




Dual Programs: General Convex Function + General Convex Cones

max F(QE) Primal Program
L generalized convex cone

S.t. (ACE:[) Aj [Z’EX@ cone: reX = ared, aeRy

convex: xz,ye X = x4+yedk

L \p)= Fx) + 2 (Az-b)+ y'a

j AT (Az — !
max  min F(z) + XAz -b)+ y =

E les:
Dual Program xampes

, X = Az =0 = =A'
min  F*(¢) —\Tb tolde=0p | v=tyly=47)
€7>‘7y X:{x CIZER?_T_} y:{y‘yER?—T—}

St ¢'=—\TA+y"]

x={X|x=0} | Y={Y|Y =0}
yeJy

X={(zr)||lz|]| <r} | V=19 |yl <s}



