
 

PROBABILITY Review AppendixChapter
Random Variables

Random Variable fadzo
Regular Variable

Discrete Continuous
DiscreteCase ContinuousCase fµy ffX

ten ten IMn.xlM.h.isgam
I f xI 1 ffxdx 1

t
i

d 1 Ffx.xddx.dk I

E
Blowing up points If fixxxidxidadxse

to densitycloud

1



How do we define randomvariables continuous

density function f x XIx
cumulativedensity FH N
function X

d f X e f fait DxNote
Malfhearmy

µ gud shin FFalculushfindnitationruledefine Fox first L y
FI Hx Tx fCx

Exp
ake

Expogbgefjag.be
E flglxD Ig9xfIxdx

Moments XE1B

k 1.7 me1ft ctExdx
moment off Exe 7Efx
about o

M I fix d
mean of
expected

2nd moment off a value ofX

about µ o puff DX
varianceof fix

to or standard deviahlar

I



and so on w higher
order terms e Is

ask.it Eos
Gaussian dis 1
the mean q

variance µ
define f x a

Mio are enough
todehhe

fad completely

I m L www.o.TW
x

i OE fNormal Toof X oft E

212 n x f X t Rt fixshapesunctionglx
Foyxpgedggd

E f glxHffffghdflxnxddx.dk

Moments
Istafoffenot F X µ If x flxnxydx.dk

A vector
autoprod vector

2nd moment d n

about µ Efx 1117 8 11 mix AFFIXxddx.dk
N

f anadem



not as important for us3rd moment
3 tensor Mijk Elxzmilxmilx.mn ffffFMilxMilxHuffy
N Dimensions XEIR f X Rt

mean
Efx µ 1 Ifxfki Xu DX dxn vector

tweeter

FCEMENT _E fgr fffx MXxmfftxr ixnldxr.dkAmatrix covariance matrix fix sideview
Gaussian Normal Distribution I

xnN ME ER

Xi
k EEMEIEI top view

FIX HIDE a xore
M

shapeof

1 II f these

f x e offptses

oft is govern
SfWdx l shape by E

Note

f xn Xn joint distribution



MagidDishilation coHapsh onto a lowerday
in

fxfxj foflx.nl fi
fxztxd ffffx.kzdX

qXz
X 2 XERZ

marginalize
integrate

Discrete case collapsethedistribuhles

along Xz
looking down fromtop

518 318 1

D D k Xz

zttr.EDU 4 f
fttg yO O D 18AM X XEN

X Y8 Y8 collapsethedistribuhter

I 4 Itt L along Xz

written in themargins

conditional Distribution 8 along a dimension

Stx.ltz c lffx c
18 4 1 defined

f Xix saythatX4 2 are indent fix xz c

or independently distributed µcInif
ffx.ph ffxifdxz

q
2



IndependentVariables x Xu individual

f txg.tn fIx fzCx fnCxu distributions

this g joidintswduhhZFg.int dist of
f Xi Xz fx z independentvariables

Nomatter what a

Xz is the conditional
prob of doesn't

change x

Gaffin l x

sets 2 dependent vacs
f Xuxa te
5 x1 2 4 FIX c Xi

t d

T I xI
flaked fly xz o x

Cx fk

fI fHx
f dx gf f



fxfxt fgTIHI.fi dxe filHfffdxddxz fix
I

Covariance Matrices xc.IR

E Ekx MKx Mt

EffYIfn Cx
m xn.my

covariance

og
E icxExe

IEEE cxa
mnkxi mji lxn ou.ie

ycorrelation d
ofxi XJ on variance
oi2 E Xi Mi Xi Mi oij terms

oij EKxi peikxj pejdfij f.jo
correlation
ofxi xj

N N

Oij Eij ff Xi Mi x Mj ffx xn dx doin
a



what happens if X Xn are independent

8ij Eij Xi Mi x µj fi fjxdfixi

fnlxnsdxidxjdxffxi.mil
Cxi dxifgx9 MDfs'Hildxiffidxifffada

II0 0
if x Xj are independent

0j Eij
it all Xi Xu are independent E diagonal

nzdepmdeuti.az
E EE

9,7Pigeigewethaust
of E diagonal ioinztindpenmffarad.este en tcoord transform random

on spacemp week non I A

X fp.BIZ diagandy YaoIes
orthonormal Ein the exponential

tx m5 lx M 1 42
fix µ F'µ



ffpzlzetzfpz PNYE ifpz.PE
ITA

e
Z ATp plz ai

Itt diagonalizing

EI pT p E PEE
dial d

T

ptpnztlfp.PT
E Sym g Eigenvectors
f letteigen of E

diagonalizable vectors

by anorkonared
i

p rotation Eg E
have the
same eigenvectors



Slicing a Gaussian
Distribution 2 2

K xn N O E

At
x Tn

R2
ZnNfo Ez

f e
IG 0551 9 d

e
k ZATEtaz

1 1

EI_ATE'A
Ez l 1111

s ssianin 2 Ez LATE'AD
Contstraints an X

B BiffE PfB

Bix 132etb x fB Biff I

Bix tBzXz 7

Multivariate Gaussian x I Bike
are jointlyguessian BT BT

Any slice of
a jointly Gaussian

distribution is still jointlyGaussian
11hCombs of jointGauss rand

variablesagent

e
texted HEFEIT alia

oass

e
k HooftfBIKINIe



Matrix Derivatives blare
ox
on

f x x Rm 3 nectar

1 VectorizeX stack X into a vector

Tf stack up the Cots of X

vec X e Rm
VecfABC A vecCB wikipedia

r T Kronecker productdirecf
JEX
fLQ xTQx Y q

xto

vseitft veeafxtqxy fx.EE
vecQEx.fCxlAX F IAT

Tahir
ve4H vec AXI fI A vec X

g



2 think about derivative differently
doing derivative elementwise

Recall

f IEtxgwa.IE
I got If

General version

what is C If 4Izx ofor matrices µ q
define derivative

A B Aij Bij to do this

LAB AijBij I B

Many times Aah Ant FI Ifm Bnl

f X Tr X B fB Bnl ATM
Anton

Tr ABC Tr CAB Tr BCA

E fCx Tr AX B Tr BA X

LATEX x At



Useful
element

relationships
Wise I j fATB'T

Tr BAC BET
Tr BAC Tr CBA

BETA

page 68
Tr ABAT A BtB'T or book

f A TrfABAJof G_ L

of TrfoIBAJTTRCABE.AT Trail Trent1 TrloIBTA'T
Tr oA BtB'TAT

tTrkptBIATAJ LALBBJ.LA

2A



BACK TO ESTIMATION Chapter 2

PROBABILITY PERSPECTIVE ON CS

IEEE I v N I
FIND LINEAR ESTIMATOR

E Myth Iliad
a minimum variance

Unbiased

eE x
F

me
ETI x BIAS

EfxY EfMHxtMvtnl f linearlyEfMHxJtEfMVItEfI of

MHEfx1 t.ME POt n EFI

E I _MHealth
Kayne

MH I n

Ke

f



sum of variance ternsf Mj
IzTrEfEDIEMMinn F EE I

9 Xi Xi
2

covariance
Srt MH I xi My of d X

d
Mah J ETrE Ix Ext
M
sit MH I

Axisthy for unbiased
estimator

how does covariance shift when you shift
themeant of adistrrdahlan
4 moment of inertiaaxis unbiased E MIXo on I

ECI xkxn xft EfxITI Efxxtf
Efxxtltefxx.TT

wthrespect Efxx.TT tmT MHEfxx9tEfxxTJ
to distribution

EfdI'T I
of Xd

Efxix'T Efxx'T



Minimize variance
nah J Etr Efxx'T Efxx'T
M
sit Mlett CI MH O

NOW OPTIMIZE

jLaeMqa
ETrfEfxxT E t I MH

d

EE o In o TRACI MHD
2M L
x My M HxtV MHxtMv

EfXIT EfmHxxtHtnt tE MHXVtMt tE MvxtH'M'T

E MvvTyt

t.ECxxtELxvt5MTMEf Iguutyytd

o udwtM
from parameters x



Ek EGNEW v Nfo R

LEM A zTr MRM'T TRACI MHD

2 Izmir MRN'T Tr AMH zarrasad BET2M
Tr ABA'T A BtBt

Izu Rtr AFF
AMHZR

MR PHI O

M NTHTR
I QR term

If 2 True MH
an

II It
T O MH I

Connolineng

ATHIR
H I n'I ftp HJ

M ATR HJ Htr
I



I Mj Atri HJ H r j mjhaikmance

linear
Note was the Same form estimator

as weighted least squares
where W B

l

weight matrix inverse of the covarianceof noise

if you have noise un N fo R

5 H Xt v

optimal way to weight is to

invert covariance R use

pi as a weightily matrix

Next time what if you have

a prior estimate on X

X I.at W w NN foQ


