AA 549: Estimation and Kalman Filtering
Kalman Filters

¢ Discrete-Time Kalman Filter

Model: Trr1 = Prar + Diug + Liwy, wg ~ N (0, R)

e = Hpxp, + vg, v ~ N(0, Ry)
Initialize:  #(to) = &9, Py = E[(d0 — z0)(Z0 — 70)”
Gain: K, = P, Hi [H,P; Hff + Ry]™

Update: 55; =T, + Kilgr — Hp) ]

Pl =[I-KyH| P,
Propagation: Ty, = @kig + Trpug

Py =P + TpQu Y]

Alternative Forms:

Pt =[I - Kol Py [I - KpHy" + KR
Pt = Py — Py HE[HWPD HY + Ry Hy Py
Pr=[(P) + HI R H,) ™

Ky,=PrHIR,  [I-KiH) =P (P;H™Y,  &f =P [(Py) ‘%, + HLR;, k]
Combined Form

Tp1 = Prdp + Doug + oKy [0k — Hid]
Ky, = B H [H P HT + Ry ™!
Discrete Riccati Eqn.  Pyy) = ®,P,®] — &, P H [HyPoH + Ry,]  H,Py®F + T0Qp YT
Other forms Py = &, P,®] — Op Ky [Hy P HF + Ry K ®F + T4 Qi YT
= &Pl — &K Hy Po®F + Tp QYT

Infinite Horizon

Ko = PuHT[HPHT + R
DT Alg. Riccati Eqn. (DARE) P, = ®P,,® — ®P H' [HP, H" + R| THP ®T + TQYT
DARE other forms Py = ®P @ — K [HP H" + R| KL o" + 1QY"
=P & — PK HP®" +1QYT



¢ Continuous-Time Kalman Filter

Model:  i(t) = F(t)x(t) + B(t)u(t) + G(t)w(t), w(t) ~ N(0,Q(t))
g(t) = H(t)z(t) + v(t), v(t) ~ N (0, R(t))
Elw(tyw(r)"] = Q(t)(t — )
Elu(tyo(r)"] = R(t)8(t — 7)
Elv(t)w(r)T] =0

Initialize: 2 (to) = o, Py = E[(2(0) — z(0))(2(0) — z(0))"]
Gain:  K(t)=Pt)H ' (t)R™(t)
Covariance: P(t)
Estimate: & = F(t)&(t) + B(t)u(t) + K(t)[§(t) — H(t)2(t)]

Alternative Forms:

Infinite Horizon
Ko =P HTR™!
CT Alg. Riccati Eqn. (CARE) 0= FP,, + P, FT — P, H'R'HP,, + GQGT
0= FPy + PoFT + K. RKL + GQGT

¢ Continuous/Discrete Kalman Filter

Model:  i(t) = F(t)x(t) + B(t)u(t) + G(t)w(t), w(t) ~ N(0,Q(t))

U = Hyxp + v, v ~ N (0, Ry,)
Initialize: 2 (to) = @0, Py = E[(2(0) — 2(0))(2(0) — z(0))"]
Gain:  Kj, = P, Hf [Hy P HY + Re] ™

Update: & =& + Ky [k — Hidy, |

Pl =[I- Ky H| P,
Propagation: z(t) = F(t)Z(t) + B(t)u(t

P(t) = F@t)P(t) + Pt)FT(t) + G)Q(t)G(t)T



¢ Continuous-Time Extended Kalman Filter

Model:  i(t) = f(z,u,t) + GHw(t),  w(t) ~N(0,Q(t))

y(t) = ( t)+o(t), o) ~N(0,R(t))

Initialize:  2(to) = Py = E[(2(0) — z(0))(2(0) — z(0))"]

Gain: K(t) = ( VH(6)TR(t)™
Covariance:  P(t) = F(t)P(t) + P(t)F(t)T — P()H()TR(t) "L H(t)P(t) + G)Q(#t)G(t)T
of oh

PO = 32 sy ©) = 2zlaw

Estimate: z(t) = f(&,u,t) + K(t )[3(t) — h(&,t)]

¢ Continuous-Discrete Extended Kalman Filter

Model:  i(t) = f(z,u,t) + GH)w(t),  w(t) ~N(0,Q(t))
Uk = h(zk) + vg, Vg ~ N(O, Rk)
Initialize: 2 (to) = o, Py = E[(2(0) — 2(0))(£(0) — z(0))"]
1 oh

Gain: K, =P, Hl[H.P,H + Ry, Hy= |
€z,

Update: & =2, + Ki[gk — h(@;)]
Propagation: aﬁ(t) f(@,u,t)

P(t)=Ft)Pt)+POF®)T + GH)QH)GH)T, F(t) =



¢ Unscented Kalman Filter

Model:

Sample:

Propagate:

Reconstruct:

Gain:
Update:

Params/weights:

Ty = f(Tr, up, wy, k), w(t) ~ N(0,Qx)
Uk = M@k, ug, vk, k), v ~ N (0, Ry,)

Ty T A prw  pev
= |wg|, =10, P= [P Qp P
Uk 0 (PEYT (BT Ry

P=MM" M= Py, using Cholesky, SVD, etc...
a,(j) = cols of =,/ P

. . , Xk
GO =g, =240, i=12...,20, V= [0
(i)
Xk
i = FOEY D g, k)
W = hOG" uk i k)
2L 2L
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Py y:ZWiCO [Xk:()_xk]hl(c)_yk]
i=0

Ky = P ()

If =& + Kpe, = 2 + Ki (G — )

P =P, — KxP* K[l

L: lengthof z¢, v=+vVL+X\ A=a*(L+k)—L
107*<a<1, B=2
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