
AA 549: Estimation and Kalman Filtering
Kalman Filters

• Discrete-Time Kalman Filter

Model: xk+1 = Φkxk + Γkuk + Υkwk, wk ∼ N (0, Rk)

ỹk = Hkxk + vk, vk ∼ N (0, Rk)

Initialize: x̂(t0) = x̂0, P0 = E
[
(x̂0 − x0)(x̂0 − x0)T

]
Gain: Kk = P−k H

T
k

[
HkP

−
k H

T
k +Rk]−1

Update: x̂+k = x̂−k +Kk[ỹk −Hkx̂
−
k ]

P+
k =

[
I −KkHk

]
P−k

Propagation: x̂−k+1 = Φkx̂
+
k + Γkuk

P−k+1 = ΦkP
+
k ΦT

k + ΥkQkΥT
k

Alternative Forms:

P+
k =

[
I −KkHk

]
P−k
[
I −KkHk

]T
+KkRkK

T
k

P+
k = P−k − P

−
k H

T
k

[
HkP

−
k H

T
k +Rk

]−1
HkP

−
k

P+
k =

[
(P−k )−1 +HT

k R
−1
k Hk

]−1
Kk = P+

k H
T
k R
−1
k ,

[
I −KkHk

]
= P+

k (P−1k )−1, x̂+k = P+
k

[
(P−k )−1x̂−k +HT

k R
−1
k ỹk

]
Combined Form

x̂k+1 = Φkx̂k + Γkuk + ΦkKk

[
ỹk −Hkx̂k

]
Kk = PkH

T
k

[
HkPkH

T
k +Rk

]−1
Discrete Riccati Eqn. Pk+1 = ΦkPkΦT

k − ΦkPkH
T
k

[
HkPkH

T
k +Rk

]−1
HkPkΦT

k + ΥkQkΥT
k

Other forms Pk+1 = ΦkPkΦT
k − ΦkKk

[
HkPkH

T
k +Rk

]
KT

k ΦT
k + ΥkQkΥT

k

= ΦkPkΦT
k − ΦkKkHkPkΦT

k + ΥkQkΥT
k

Infinite Horizon

K∞ = P∞H
T
[
HP∞H

T +R
]−1

DT Alg. Riccati Eqn. (DARE) P∞ = ΦP∞Φ− ΦP∞H
T
[
HP∞H

T +R
]−1

HP∞ΦT + ΥQΥT

DARE other forms P∞ = ΦP∞Φ− ΦK∞
[
HP∞H

T +R
]
KT
∞ΦT + ΥQΥT

= ΦP∞Φ− ΦK∞HP∞ΦT + ΥQΥT
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• Continuous-Time Kalman Filter

Model: ẋ(t) = F (t)x(t) +B(t)u(t) +G(t)w(t), w(t) ∼ N
(
0, Q(t)

)
ỹ(t) = H(t)x(t) + v(t), v(t) ∼ N

(
0, R(t)

)
E[w(t)w(τ)T ] = Q(t)δ(t− τ)

E[v(t)v(τ)T ] = R(t)δ(t− τ)

E[v(t)w(τ)T ] = 0

Initialize: x̂(t0) = x̂0, P0 = E
[
(x̂(0)− x(0))(x̂(0)− x(0))T

]
Gain: K(t) = P (t)HT (t)R−1(t)

Covariance: Ṗ (t) = F (t)P (t) + P (t)F T (t)− P (t)HT (t)R−1(t)H(t)P (t) +G(t)Q(t)GT (t)

Estimate: ˙̂x = F (t)x̂(t) +B(t)u(t) +K(t)
[
ỹ(t)−H(t)x̂(t)

]
Alternative Forms:

Ṗ (t) = F (t)P (t) + P (t)F (t)T +K(t)R(t)K(t)T +G(t)Q(t)G(t)T

Infinite Horizon

K∞ = P∞H
TR−1

CT Alg. Riccati Eqn. (CARE) 0 = FP∞ + P∞F
T − P∞HTR−1HP∞ +GQGT

0 = FP∞ + P∞F
T +K∞RK

T
∞ +GQGT

• Continuous/Discrete Kalman Filter

Model: ẋ(t) = F (t)x(t) +B(t)u(t) +G(t)w(t), w(t) ∼ N
(
0, Q(t)

)
ỹk = Hkxk + vk, vk ∼ N

(
0, Rk

)
Initialize: x̂(t0) = x̂0, P0 = E

[
(x̂(0)− x(0))(x̂(0)− x(0))T

]
Gain: Kk = P−k H

T
k

[
HkP

−
k H

T
k +Rk

]−1
Update: x̂+k = x̂−k +Kk

[
ỹk −Hkx̂

−
k

]
P+
k =

[
I −KkHk

]
P−k

Propagation: ˙̂x(t) = F (t)x̂(t) +B(t)u(t)

Ṗ (t) = F (t)P (t) + P (t)F T (t) +G(t)Q(t)G(t)T
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• Continuous-Time Extended Kalman Filter

Model: ẋ(t) = f(x, u, t) +G(t)w(t), w(t) ∼ N (0, Q(t))

ỹ(t) = h(x, t) + v(t), v(t) ∼ N
(
0, R(t)

)
Initialize: x̂(t0) = x̂0, P0 = E

[
(x̂(0)− x(0))(x̂(0)− x(0))T

]
Gain: K(t) = P (t)H(t)TR(t)−1

Covariance: Ṗ (t) = F (t)P (t) + P (t)F (t)T − P (t)H(t)TR(t)−1H(t)P (t) +G(t)Q(t)G(t)T

F (t) =
∂f

∂x

∣∣∣
x̂(t),u(t)

, H(t) =
∂h

∂x

∣∣∣
x̂(t)

Estimate: ˙̂x(t) = f(x̂, u, t) +K(t)
[
ỹ(t)− h(x̂, t)

]
• Continuous-Discrete Extended Kalman Filter

Model: ẋ(t) = f(x, u, t) +G(t)w(t), w(t) ∼ N (0, Q(t))

ỹk = h(xk) + vk, vk ∼ N
(
0, Rk

)
Initialize: x̂(t0) = x̂0, P0 = E

[
(x̂(0)− x(0))(x̂(0)− x(0))T

]
Gain: Kk = P−k H

T
k

[
HkP

−
k H

T
k +Rk

]−1
, Hk =

∂h

∂x

∣∣∣
x̂−
k

Update: x̂+k = x̂−k +Kk

[
ỹk − h(x̂−k )

]
P+
k =

[
I −KkHk

]
Pk

Propagation: ˙̂x(t) = f(x̂, u, t)

Ṗ (t) = F (t)P (t) + P (t)F (t)T +G(t)Q(t)G(t)T , F (t) =
∂f

∂x

∣∣∣
x̂(t),u(t)

3



• Unscented Kalman Filter

Model: xk+1 = f(xk, uk, wk, k), w(t) ∼ N (0, Qk)

ỹk = h(xk, uk, vk, k), vk ∼ N
(
0, Rk

)
Sample: xak =

xkwk

vk

 , x̂ak =

x̂k0
0

 , P a
k =

 P+
k P xw

k P xv
k

(P xw
k )T Qk Pwv

k

(P xv
k )T (Pwv

k )T Rk


P = MMT , M =

√
P a
k , using Cholesky, SVD, etc...

σ
(i)
k = cols of ±γ

√
P a
k

χ
a(0)
k = x̂ak, χ

a(i)
k = x̂ak + σ

(i)
k , i = 1, 2, . . . , 2L, χ

a(i)
k =

χ
x(i)
k

χ
w(i)
k

χ
v(i)
k


Propagate: χ

x(i)
k+1 = f(χ

x(i)
k , χ

w(i)
k , uk, k)

γ
(i)
k = h(χ

x(i)
k , uk, χ

v(i)
k , k))

Reconstruct: x̂−k =
2L∑
i=0

Wmean
i χ

x(i)
k , P−k =

2L∑
i=0

W cov
i

[
χ
x(i)
k − x̂−k

][
χ
x(i)
k − x̂−k

]T
ŷ−k =

2L∑
i=0

Wmean
i γ

(i)
k , P

eyey
k =

2L∑
i=0

W cov
i

[
γ
(i)
k − ŷ

−
k

][
γ
(i)
k − ŷ

−
k

]T
P

exey
k =

2L∑
i=0

W cov
i

[
χ
x(i)
k − x̂−k

][
γ
(i)
k − ŷ

−
k

]T
Gain: Kk = P

exey
k

(
P

eyey
k

)−1
Update: x̂+k = x̂−k +Kke

−
k = x̂−k +Kk

(
ỹk − ŷ−k

)
P+
k = P−k −KkP

eyey
k KT

k

Params/weights: L : length of xak, γ =
√
L+ λ, λ = α2(L+ κ)− L

10−4 ≤ α ≤ 1, β = 2

Wmean
0 =

λ

L+ λ
, W cov

0 =
λ

L+ λ
+
(
1− α2 + β)

Wmean
i = W cov

i =
1

2(L+ λ)
, i = 1, 2, . . . , 2L
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