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DLTI System - Reachability

LTI Discrete Update Eqn Apn e R e R"

Reachability/Controllability

...Where can you drive the system to?

vk + 1] = Axz[k] + Baulk] 2[0] = ¢ reachable space = range of ¢
_ _ _ Reaching a particular state: Zges
Discrete Time Matrices
...Solve Tdes — ARz =GU  for U
Ap = e?Bt Ba = fOAt eA A=) B dr A0

assuming u[k] constant over At Minimum norm solution:

Solutions U* = GT(GGT)_ ($des — ANUO)

k—1
/ = GTW ! (24es — A
tlk] = Akwo + Y ALTTF Baulk (aes = An0)

k' =0 DT Controllability Grammian (FH): W = GGY
= Aheo+ [ AXBa - AaBa Ba| [ ulO — Z A¥ BoBT AT
: A
R/_/ B - - S
Uk' — 2 - BAAR
G _’U,k L 1-- :{AA BA AABA BA} BT:AT
U — GGT -

if G is fat, then W is invertible, if and only if G has full row rank



DLTI System - Reachability

LTI Discrete Update Eqn Apn e R e R"

Reachability/Controllability

...Where can you drive the system to?

vk + 1] = Aaz[k] + Baulk] z[0] = xo reachable space = range of ¢

_ _ _ Reaching a particular state: Zges
Discrete Time Matrices
...solve Taes — A xg = GU  for U
Ap = A% Ba = fOAt eAA=T) B dr e A

assuming u[k] constant over At Minimum norm solution:

Solutions U” = GT(GGT)_l (fdes - AkAﬂ?’O)
i = GIw-1 (:L'des — A’Zwo)

k] = Akzo + Y AKX Baulk]
=0 ] _ by Cayley-Hamilton
= AkALBO -+ { AkA_lBA ..« AABA BA} U[O]
; R(G) = R([ AN 'Ba -+ AaBa BAD
e ulk — 2
ulk — 1] ..since AR =B 1 AKX+ -+ BiAj + Bol
U for k' >n—1

k
AkA — (eAAt) _ pAkAt _ At t — LAt



CLTI System - Reachability

LTI Continuous ODE A=R"" 1 c R"
= Axr +Bu  x(to) = xo
Solution:
2
:L‘(t) — eA(t—tO)g;O 4+ eA(t_T)Bu(T) dt

to

eAt=t0) gy + G(ulto, t])

Operator ...recall

- infinite-dimensional input [0, t|

- N dimensional output

G(-) = / | ATTB() dr

to

Reachability/Controllability

...Where can you drive the system to?

reachable space = range of G(-) = [; eAt="B(:) dr

Reaching a particular state: x4, attimet
Taes — €210 20 = G(u)

...solve for u

Minimum norm solution:

...works with infinite-dimensional operators too!

AA.CC())

k—1
/ y T
W= ARBABAAX
k'=0

inDT U* =G "W (Zqes

in CT  CT Controllability Grammian (FH):

1 — ftt GA(t_T)BBT€AT(t_T) dr € RN XM
0

Solution:



DLTI System - Observability

LTI Discrete Update Eqn Apn e R e R"

Observability

...can you estimate the initial state from measurements

x(k + 1] = Aaz[k] + Baulk] z[0] = 0 unobservable subspace = null space of H
ylk| = Cx|k| + Dulk] Least Squares Solution
Discrete Time Matrices ro=(H"H)"'H'Y
Ap = At Ba = [ eAGED B g = X 'H'Y

assuming u[k] constant over At DT Observability Grammian (FH):

- k
Solutions )T :
o1 X =) AR CTCAR
ylk] = Cxlk] + Dulk] = CARxo + Y  CAX ' Baulk'] + Dulk] k' —0
k’'=0
_ _ _ T T o
Observations over time: no controls, with noise vy, ~ N(0, o) - [CT ARCT AL O AR CT] C A
C A2
S _ o |
Y _O_ — O 0 _I_ Yo | no.rma.
i CAn o distribution —gThg k.
JIH C Ak o if H is tall, then X is invertible

S - - If and only if H has full col rank

Y H



DLTI System - Observability

LTI Discrete Update Eqn Apn e R e R"

Observability

...can you estimate the initial state from measurements

vk + 1] = Aaz[k] + Baulk] 2[0] = 2 unobservable subspace = null space of H
ylk| = Czx|k] + Dulk| Least Squares Solution
Discrete Time Matrices ro=(H H)"'H" (Y - GU)

—1 ¢y I’
AA — eAAt BA _ fOAt eA(At_T)B A — X "H (Y — GU)

assuming u|k| constant over At

DT Observability Grammian (FH):

. k
Solutions )T :
o1 X =) AR CTCAR
ylk] = Cxlk] + Dulk] = CARxo + Y  CAX ' Baulk'] + Dulk] k=0
k’'=0
. . . _ T T O
Observations over time: Wwith controls, with noise v ~ A(0, o) = {CT ALCT A3 Ct ... A% CT} CAn
] ) o o C AL
ylOl| =1 ¢ Jxo +[ P 0 0 07[u[0]| + [wo ;
- N 2 T -
yll CAn Ci]jBA CgA 109 8 ull U1 = H"H CAR
y[2 C A% ; ; | |ul2 v2
; : CAX'Bpn CAX?Br CAS3BA --- DJ| ;
y[.k] CAZ wlk] s if H is tall, then X is invertible

If and only if H has full col rank
v 7 G 7 | A u



DT Controllability - Cayley Hamilton

Discrete Time Ap € R e R”

Range of G = Range of M

where G=|AXBa -+ AXBA AKX 'BA -+ AABa Ba | M = [Az_lBA .+ AADBA BA]

Proof:

...by Cayley Hamilton A% = ﬁ(n_l)kAZ_l + -+ B1kAA + Bopl

" AKBy - ARBa AL 'Ba --- AaBa Ba| —= {Az_lBA ... AABa BA} Bineiwl - Bl I -+ 0
Every column of G is a linear combination of columns of M Bigl -+ Bl 0 -+ 1
I 5%] 5()”] 0 --- 0

The columns of G include the columns of M.

... range of G = range of M




CT Controllability - Cayley Hamilton

Continuous Time AeR"™™ e R"

Range of G(-) = Range of M

t
where é() :/ eA(t—T)B(.) dr M = [A'”’_lB .- AB B]

to

Proof:

...by Cayley Hamilton ") =3, 1 (1)A" 1+ + Bi(T) A+ Bo(T)]I

~S

t
if x & range(G( : )) Ju(r) s.t. x= / e =T) Bu (1) dr

to

— [ (Bt 44 A+ a1 BuCr)

t

= ( t: Brn—1(7)u(1) dT) A" B+ 4 ( t: B1(T)u(T) d7> AB + ( Bo(T)u(T) d7> B

to

x is a linear combination of the columns of M ... range of G is a subset of range of M



DT Observability - Cayley Hamilton

Discrete Time Ap e R e R" ¢ - C
C'Ap CA
_ 2 M = C A2
Nullspace H = Nullspace of M where H= | CA; :A
: C A7
n—1 LA
CA\
CA'x
Proof: i C A} _
..by Cayley Hamilton  AA = Bkm—1)AX =+ -+ Br1Aa + Brol
c 1 =1 o ... 0 ][ ¢ If x in nullspace of M, then it is in the nullspace of H.
CAA 0 I . 0 CAQA
CAR . . . CAN The identity block in the top of the coefficient matrix
I : ' ' I shows that the columns are linearly independent. Thus it
CAx™ o 0 - ! A has a trivial nullspace. Thus if x is in the null space of H
CAA Brol Bral -+ Bum-1)1 then it has to be in the null space of M.
i C'AkA | )
 Brol Br1l Brn—1d_




DT Controllability Tests

The following statements are equivalent Intuition:

A system is not controllable if there is a left
eigenvector orthogonal to all columns of B

1. (Aa, BAa) is controllable

| Left WiT WiT BA =0
elgenvector
3. Controllability Matrix Test Not controllable
M — [ A""'Ba ... A%Ba AaBa Ba } full row rank The corresponding right eigenvector Vi
(rank n) cannot be reached and is thus called
an uncontrollable mode.
4. PBH Test
[A Y B} has full row rank
A forevery X\ € eig(Aa) because eigenvectors are A-invariant (they don’t
change directions under the action of A)... if an
_ _ o _ eigenvector is not affected by B, then that eigen-

k
/ /T
W= AXBABRARX for k>n—1
k’=0



DT Controllability Tests

The following statements are equivalent 2&3

. . B 1
1. (Aa, BA) is controllable for diagonalizable Aa = VDAV

not 2 implies not 3

2. There is no left eigenvector W,L-T s.t. WiTBA =0

WiTM :{WiTAZ_lBA W,L-TAABA W,L-TBA}
3. Controllability Matrix Test
Y :[A?;A—lwiTBA oo \iaWl Ba WZ.TBA]
M — [Az_lBA ... A%Ba AaBna BA} full row rank
(rank n) — {)\?A—l() S VNG 0}

4. PBH Test

has full row rank
{ Ax—AL B } for every \ € eig(Aa)

5. The Grammian matrix W is invertible

k
/ /T
W= AXBABLARX for k>mn—1
k’=0



CT Controllability Tests

The following statements are equivalent

1. (A,B) is controllable

3. Controllability Matrix Test

N , full row rank
M:[A B ---A2B AB B} rank n)

4. PBH Test

has full row rank

[ A=A B } for every X € eig(A)

5. The Grammian matrix W is invertible

/
W = / 6ATBBT6ATT dT for +>0
0

Intuition:

A system is not controllable if there is a left
eigenvector orthogonal to all columns of B

elgenvector

Not controllable

The corresponding right eigenvector V;
cannot be reached and is thus called
an uncontrollable mode.

because eigenvectors are A-invariant (they don’t
change directions under the action of A)... if an
eigenvector is not affected by B, then that eigen-
mode will just evolve on it’s own forever.



DT Observability Tests

The following statements are equivalent Intuition:

1. (Aa,C)is observable A_ system is not observable if there is a right
eigenvector orthogonal to all rows of C

Right V. CV: =0
eigenvector
3. Observability Matrix Test Not observable
M — _ CZA _ full col rank Since V; is in the null space of C it never
C A% (rank n) shows up in the output y
cag
4. PBH Test
because eigenvectors are A-invariant (they don’t
AN — M has full col rank change directions under the action of A)... if an
C for every A € eig(Aa) eigenvector is not “seen” by C, then that eigen-

mode will never show in the output.
5. The Grammian matrix W is invertible

k
W = ZA’XTCTCA’X for k>n-—-1
k’=0



CT Observability Tests

The following statements are equivalent

1. (A,C) is controllable

3. Observability Matrix Test

C
M = CA
C' A2
cAnt
4. PBH Test
A — N\

C

full col rank
(rank n)

has full col rank
for every A € eig(A)

5. The Grammian matrix W is invertible

'
%% :/ eATTCTCeAT dr for t >0
0

Intuition:

A system is not observable if there is a right
eigenvector orthogonal to all rows of C

Right V. CV: =0
eigenvector

Not observable

Since V; is in the null space of C it never
shows up in the output y

because eigenvectors are A-invariant (they don’t
change directions under the action of A)... if an
eigenvector is not “seen” by C, then that eigen-
mode will never show in the output.



