
Winter 2022 - Dan Calderone

Controllability & Observability
Linear System Theory
Major sources:



DLTI System - Reachability
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

Discrete Time Matrices

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Solutions
<latexit sha1_base64="zT1T0k5Deocx3Efk+UinyE87yJc="></latexit>

x[k] = Ak
�x0 +

k�1X

k0=0

Ak�1�k0

� B�u[k
0]

<latexit sha1_base64="7N4eeC1HN+mmly91n9k74uVMiSc="></latexit>

= Ak
�x0 +

h
Ak�1

� B� · · · A�B� B�

i <latexit sha1_base64="dgMmDqFuuShipRyFRZ3rqsW+/Bw=">AAACKXicbZDLSsNAFIYn9VbjLerSzWAR3FiSIuqy6MZlBVuFJJTJ5KQOnUzCzKRYQl/Hja/iRkFRt76I01rF2w8DH/85hznnj3LOlHbdF6syMzs3v1BdtJeWV1bXnPWNjsoKSaFNM57Jy4go4ExAWzPN4TKXQNKIw0XUPxnXLwYgFcvEuR7mEKakJ1jCKNHG6jrNIIIeE2WUEi3Z9cgufDfEQWAHgzjTakyF399rhJ/khXYAIv4a6Do1t+5OhP+CN4UamqrVdR6COKNFCkJTTpTyPTfXYUmkZpTDyA4KBTmhfdID36AgKaiwnFw6wjvGiXGSSfOExhP3+0RJUqWGaWQ6zX5X6ndtbP5X8wudHIUlE3mhQdCPj5KCY53hcWw4ZhKo5kMDhEpmdsX0ikhCtQnXNiF4v0/+C51G3Tuoe2f7tebxNI4q2kLbaBd56BA10SlqoTai6AbdoUf0ZN1a99az9frRWrGmM5voh6y3d4kVpZM=</latexit>2
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...
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Reachability/Controllability

<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> (

<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

reachable space = range of   
<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

…where can you drive the system to?

DT Controllability Grammian (FH):

Reaching a particular state:

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="zsj3RKgEePjYMyksn1IgPl3rg1s=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvNtF262YTdibaE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapBcAkN5CigHSugoS+g5Y9upn7rEZTmkbzHSQxeSAeS9zmjaKSHcS/tIowxDUBnWa9ccarODPYycXNSITnqvfJXN4hYEoJEJqjWHdeJ0UupQs4EZKVuoiGmbEQH0DFU0hC0l86uzuwTowR2P1KmJNoz9fdESkOtJ6FvOkOKQ73oTcX/vE6C/Ssv5TJOECSbL+onwsbInkZgB1wBQzExhDLFza02G1JFGZqgSiYEd/HlZdI8q7oXVffuvFK7zuMokiNyTE6JSy5JjdySOmkQRhR5Jq/kzXqyXqx362PeWrDymUPyB9bnD4jokzA=</latexit>xdes

…solve
<latexit sha1_base64="a6V1iiwOhbjX/5E/fYeRYsl7CIY=">AAACDXicbVDJSgNBEO1xjXGLevTSGAUvhhkR9SLEBfQYwSyQxKGnU0ma9Cx010jCkB/w4q948aCIV+/e/Bs7y0ETHxQ83quiqp4XSaHRtr+tmdm5+YXF1FJ6eWV1bT2zsVnSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3M58MsPoLQIgzvsRVD3WSsQTcEZGsnN7HbdpIbQxaQBut+nB/TcrV2BRHbfoV3Xpmf0uuhmsnbOHoJOE2dMsmSMgpv5qjVCHvsQIJdM66pjR1hPmELBJfTTtVhDxHiHtaBqaMB80PVk+E2f7hmlQZuhMhUgHaq/JxLma93zPdPpM2zrSW8g/udVY2ye1hMRRDFCwEeLmrGkGNJBNLQhFHCUPUMYV8LcSnmbKcbRBJg2ITiTL0+T0mHOOc45t0fZ/MU4jhTZJjtknzjkhOTJDSmQIuHkkTyTV/JmPVkv1rv1MWqdscYzW+QPrM8foIGamQ==</latexit>

xdes �Ak
�x0 = GU for 

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="n06xD3d7ERkANXBukWNZ6ZlCo2M="></latexit>

U⇤ = GT (GGT )�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="Xwpsp5Z+XNewRFhB4KKw+6+c1j4=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBi1iGSE3SNYwO5lNhszOrjOzQljyEjYWighWPom9jfg2Ti6FJv4w8PH/5zDnHD/mTGnH+bYyS8srq2vZdXtjc2t7J7e7V1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ga5417KhWLRFUPY+qFuCdYwAjWxmo2UBGVy7fVTi7vFJyJ0CK4M8hffNjF+O3LrnRyn+1uRJKQCk04VqrlOrH2Uiw1I5yO7HaiaIzJAPdoy6DAIVVeOpl3hI6M00VBJM0TGk3c3x0pDpUahr6pDLHuq/lsbP6XtRIdnHspE3GiqSDTj4KEIx2h8fKoyyQlmg8NYCKZmRWRPpaYaHMi2xzBnV95EeonBfe04N64+dIlTJWFAziEY3DhDEpwDRWoAQEOD/AEz9ad9Wi9WK/T0ow169mHP7LefwDBrZIi</latexit>

W = GGT

<latexit sha1_base64="NNzqstygpXwWlTMLWqYa55rKFl0="></latexit>

U⇤ = GTW�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="5KnRfqmEHSjbkh8V+eqy8nnKay8="></latexit>

W =
k�1X

k0=0

Ak0

�B�B
T
�A

k0

�

T

<latexit sha1_base64="RRbOPYRIjCHK7Py89s3vLcCMHC4="></latexit>h
Ak�1

� B� · · · A�B� B�

i
<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="yh6TRnbyZbX4ZmzRt+yEoI6qQZA="></latexit>2
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BT
�A

k�1
�

T

...
BT

�A
T
�

BT
�
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if G is fat, then W is invertible, if and only if G has full row rank 

Minimum norm solution:

<latexit sha1_base64="zLAy79UuAq3DdtCUQ+zMou8+Dgo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0UM9VugXtGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0e3Ubz1RpZkUdTOOqR/hgWAhI9hYqXmNqtWHeq9YcsvuDGiZeBkpQYZar/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDKT5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnpW9i7J3f16q3GRx5OEIjuEUPLiECtxBDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPYGyOWQ==</latexit>

= GGT



DLTI System - Reachability
Reachability/Controllability

reachable space = range of   
<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

…where can you drive the system to?

by Cayley-Hamilton 
<latexit sha1_base64="S5OIcS2+d5ZMeN0mmeeWoHN4l9U="></latexit>

R
✓h

An�1
� B� · · · A�B� B�

i◆

…since 
<latexit sha1_base64="8Q87EFi2QMR6kNedk7p7tbjk+Cw="></latexit>

Ak0

� = �n�1A
n�1
� + · · ·+ �1A

1
� + �0I

for 
<latexit sha1_base64="u8AmkpKBmYiOztZ6Rnt/l2jgtEc=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyiF8uuiHqSohePFeyHtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeN5305haXllda24XtrY3NrecXf3GjpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw9uJ33yiSrNYPphRQgOB+5JFjGBjpcfhMbpG8tRHXbfsVbwp0CLxc1KGHLWu+9XpxSQVVBrCsdZt30tMkGFlGOF0XOqkmiaYDHGfti2VWFAdZNODx+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTXQUZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtRyYbgz7+8SBpnFf+i4t+fl6s3eRxFOIBDOAEfLqEKd1CDOhAQ8Ayv8OYo58V5dz5mrQUnn9mHP3A+fwBkiY7W</latexit>

k0 > n� 1

Reaching a particular state:

Minimum norm solution:

<latexit sha1_base64="zsj3RKgEePjYMyksn1IgPl3rg1s=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvNtF262YTdibaE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapBcAkN5CigHSugoS+g5Y9upn7rEZTmkbzHSQxeSAeS9zmjaKSHcS/tIowxDUBnWa9ccarODPYycXNSITnqvfJXN4hYEoJEJqjWHdeJ0UupQs4EZKVuoiGmbEQH0DFU0hC0l86uzuwTowR2P1KmJNoz9fdESkOtJ6FvOkOKQ73oTcX/vE6C/Ssv5TJOECSbL+onwsbInkZgB1wBQzExhDLFza02G1JFGZqgSiYEd/HlZdI8q7oXVffuvFK7zuMokiNyTE6JSy5JjdySOmkQRhR5Jq/kzXqyXqx362PeWrDymUPyB9bnD4jokzA=</latexit>xdes

…solve
<latexit sha1_base64="a6V1iiwOhbjX/5E/fYeRYsl7CIY=">AAACDXicbVDJSgNBEO1xjXGLevTSGAUvhhkR9SLEBfQYwSyQxKGnU0ma9Cx010jCkB/w4q948aCIV+/e/Bs7y0ETHxQ83quiqp4XSaHRtr+tmdm5+YXF1FJ6eWV1bT2zsVnSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3M58MsPoLQIgzvsRVD3WSsQTcEZGsnN7HbdpIbQxaQBut+nB/TcrV2BRHbfoV3Xpmf0uuhmsnbOHoJOE2dMsmSMgpv5qjVCHvsQIJdM66pjR1hPmELBJfTTtVhDxHiHtaBqaMB80PVk+E2f7hmlQZuhMhUgHaq/JxLma93zPdPpM2zrSW8g/udVY2ye1hMRRDFCwEeLmrGkGNJBNLQhFHCUPUMYV8LcSnmbKcbRBJg2ITiTL0+T0mHOOc45t0fZ/MU4jhTZJjtknzjkhOTJDSmQIuHkkTyTV/JmPVkv1rv1MWqdscYzW+QPrM8foIGamQ==</latexit>

xdes �Ak
�x0 = GU for 

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="n06xD3d7ERkANXBukWNZ6ZlCo2M="></latexit>

U⇤ = GT (GGT )�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="NNzqstygpXwWlTMLWqYa55rKFl0="></latexit>

U⇤ = GTW�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="8AFdAXRNG/rqNy9SNZGHPiLSQi8=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8Ei1E1JRNSNUHShyyr2AU0ok+mkHTp5MDMRSqgbf8WNC0Xc+hfu/BsnbRbaemCGwzn3cu89XsyZVJb1bRQWFpeWV4qrpbX1jc0tc3unKaNEENogEY9E28OSchbShmKK03YsKA48Tlve8CrzWw9USBaF92oUUzfA/ZD5jGClpa655wRYDQjm6d3Y8Vi/cp39R+iia5atqjUBmid2TsqQo941v5xeRJKAhopwLGXHtmLlplgoRjgdl5xE0hiTIe7TjqYhDqh008kFY3SolR7yI6FfqNBE/d2R4kDKUeDpymxfOetl4n9eJ1H+uZuyME4UDcl0kJ9wpCKUxYF6TFCi+EgTTATTuyIywAITpUMr6RDs2ZPnSfO4ap9W7duTcu0yj6MI+3AAFbDhDGpwA3VoAIFHeIZXeDOejBfj3fiYlhaMvGcX/sD4/AFls5Yy</latexit>

R
�
G
�
=

<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

Discrete Time Matrices

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Solutions
<latexit sha1_base64="zT1T0k5Deocx3Efk+UinyE87yJc="></latexit>

x[k] = Ak
�x0 +

k�1X

k0=0

Ak�1�k0

� B�u[k
0]

<latexit sha1_base64="7N4eeC1HN+mmly91n9k74uVMiSc="></latexit>

= Ak
�x0 +

h
Ak�1

� B� · · · A�B� B�

i <latexit sha1_base64="dgMmDqFuuShipRyFRZ3rqsW+/Bw=">AAACKXicbZDLSsNAFIYn9VbjLerSzWAR3FiSIuqy6MZlBVuFJJTJ5KQOnUzCzKRYQl/Hja/iRkFRt76I01rF2w8DH/85hznnj3LOlHbdF6syMzs3v1BdtJeWV1bXnPWNjsoKSaFNM57Jy4go4ExAWzPN4TKXQNKIw0XUPxnXLwYgFcvEuR7mEKakJ1jCKNHG6jrNIIIeE2WUEi3Z9cgufDfEQWAHgzjTakyF399rhJ/khXYAIv4a6Do1t+5OhP+CN4UamqrVdR6COKNFCkJTTpTyPTfXYUmkZpTDyA4KBTmhfdID36AgKaiwnFw6wjvGiXGSSfOExhP3+0RJUqWGaWQ6zX5X6ndtbP5X8wudHIUlE3mhQdCPj5KCY53hcWw4ZhKo5kMDhEpmdsX0ikhCtQnXNiF4v0/+C51G3Tuoe2f7tebxNI4q2kLbaBd56BA10SlqoTai6AbdoUf0ZN1a99az9frRWrGmM5voh6y3d4kVpZM=</latexit>2

6664

u[0]
...

u[k � 2]
u[k � 1]

3

7775<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> (

<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G
<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U<latexit sha1_base64="xAa6G9lI14V0w0KURQv4pDLDBKU=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRL0Ivg4eFYwK2U2YnfQmw84+mOkVwpJf8eKvePGgSG7izziJUdRY0FBUddPd5adSaLTtN6swNT0zO1ecLy0sLi2vlFfXrnWSKQ51nshE3fpMgxQx1FGghNtUAYt8CTd+eDr0b+5AaZHEV9hLwYtYJxaB4AyN1CofuBICrEIzP3bPQCKj2HeV6HRxuxnSQzo0aPhtfSnYb5Urds0egU4SZ0wqZIyLVnngthOeRRAjl0zrhmOn6OVMoeAS+iU305AyHrIONAyNWQTay0cf9umWUdo0SJSpGOlI/TmRs0jrXuSbzohhV//1huJ/XiPD4MDLRZxmCDH/XBRkkmJCh3HRtlDAUfYMYVwJcyvlXaYYRxNqyYTg/H15klzv1Jy9mnO5Wzk6GcdRJBtkk1SJQ/bJETknF6ROOLknj+SZvFgP1pP1ag0+WwvWeGad/IL1/gEkxaI9</latexit>�
eA�t

�k
= eAk�t = eAt

<latexit sha1_base64="xjLkyazPBYIuh9tW+rXo3OBZ7Ik=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqBchqAePEcwDkiXMTjrJkNnZdaY3EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/qJso0RxqPJKRbgbMgBQKaihQQjPWwMJAQiMY3k79xgi0EZF6xHEMfsj6SvQEZ2glH+k1HbbvQCKj2CmW3LI7A10mXkZKJEO1U/xqdyOehKCQS2ZMy3Nj9FOmUXAJk0I7MRAzPmR9aFmqWAjGT2dHT+iJVbq0F2lbCulM/T2RstCYcRjYzpDhwCx6U/E/r5Vg78pPhYoTBMXni3qJpBjRaQK0KzRwlGNLGNfC3kr5gGnG0eZUsCF4iy8vk/pZ2bsoew/npcpNFkeeHJFjcko8ckkq5J5USY1w8kSeySt5c0bOi/PufMxbc042c0j+wPn8AWeCkTg=</latexit>

t = k�t
<latexit sha1_base64="rA4H2tK+h2rrnrUohWiFKRVq8Ko=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kWIy8FjBLNAMgk9nZqkSc9Cd48ShvyHFw+KePVfvPk3dpI5aOKDgsd7VVTV82LBlbbtbyu3tLyyupZfL2xsbm3vFHf36ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3vJn4jUeUikfhgx7F6Aa0H3KfM6qN1Lnqtm9RaEo6Q3JJusWSXbanIIvEyUgJMlS7xa92L2JJgKFmgirVcuxYuymVmjOB40I7URhTNqR9bBka0gCVm06vHpMjo/SIH0lToSZT9fdESgOlRoFnOgOqB2rem4j/ea1E+xduysM40Riy2SI/EURHZBIB6XGJTIuRIZRJbm4lbEAlZdoEVTAhOPMvL5L6Sdk5Kzv3p6XKdRZHHg7gEI7BgXOowB1UoQYMJDzDK7xZT9aL9W59zFpzVjazD39gff4AtLuRWA==</latexit>

Ak
� =



CLTI System - Reachability
Reachability/Controllability

reachable space = range of   
…where can you drive the system to?

Reaching a particular state:

Minimum norm solution:

<latexit sha1_base64="zsj3RKgEePjYMyksn1IgPl3rg1s=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvNtF262YTdibaE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapBcAkN5CigHSugoS+g5Y9upn7rEZTmkbzHSQxeSAeS9zmjaKSHcS/tIowxDUBnWa9ccarODPYycXNSITnqvfJXN4hYEoJEJqjWHdeJ0UupQs4EZKVuoiGmbEQH0DFU0hC0l86uzuwTowR2P1KmJNoz9fdESkOtJ6FvOkOKQ73oTcX/vE6C/Ssv5TJOECSbL+onwsbInkZgB1wBQzExhDLFza02G1JFGZqgSiYEd/HlZdI8q7oXVffuvFK7zuMokiNyTE6JSy5JjdySOmkQRhR5Jq/kzXqyXqx362PeWrDymUPyB9bnD4jokzA=</latexit>xdes

…solve for 

<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n <latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="zYw+0Ukf3K4lYF0M2UtoDz8mXUw=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmXKjLUjcuK9gLtkPJpJk2NMkMSUYsQ1/BjQsvuHXtu7jzaTTTdqGtPwQ+/v8ccs4JYs60cd0vZ2l5ZXVtPZcvbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDyyxv3lGlWSRvzCimvsB9yUJGsMmsk2pS6BZLbtmdCC2CN4NSJR+/3H7cf9e6xc9OLyKJoNIQjrVue25s/BQrwwin40In0TTGZIj7tG1RYkG1n05mHaMj6/RQGCn7pEET93dHioXWIxHYSoHNQM9nmflf1k5MeOGnTMaJoZJMPwoTjkyEssVRjylKDB9ZwEQxOysiA6wwMfY82RG8+ZUXoXFa9s7K3rVXqlRhqhwcwCEcgwfnUIErqEEdCAzgAZ7g2RHOo/PqvE1Ll5xZzz78kfP+AyfOkWM=</latexit>

+Bu

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="mRVPV0Ph6GVRyjv3SCIq/PDoWcw=">AAACF3icbZDLSsNAFIYnXmu9VV26GSxCXVgSEXVZ68ZlBXuBpg2T6bQdOpmEmROhhLyFG1/FjQtF3OrOt3HSdqGtPwx8/OcczpzfjwTXYNvf1tLyyuraem4jv7m1vbNb2Ntv6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vRHN1m9+cCU5qG8h3HEOgEZSN7nlICxvEIZu1yCl4Bnp90EUsy6yXUJTl0g8UlajUsTwC7u4Yy8QtEu2xPhRXBmUEQz1bzCl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaEjMmBtg5IETHeSyV0pPjZOD/dDZZ4EPHF/TyQk0Hoc+KYzIDDU87XM/K/WjqF/1Um4jGJgkk4X9WOBIcRZSLjHFaMgxgYIVdz8FdMhUYSCiTJvQnDmT16ExlnZuSg7d+fFSnUWRw4doiNUQg66RBV0i2qojih6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6/MHBaWekA==</latexit>Z t

t0

eA(t�⌧)Bu(⌧) d⌧

LTI Continuous ODE

Solution:

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="eNyVGTqnbLPsTOxC/WfZlj5L7/U=">AAAB/HicbVDLSsNAFJ3UV62vaJduQotQUUriQl0WXeiygn1AEsJkMmmHTh7M3Agh1K9w78aFIm79EHf9G6ePhVYPXDiccy/33uOnnEkwzYlWWlldW98ob1a2tnd29/T9g65MMkFohyQ8EX0fS8pZTDvAgNN+KiiOfE57/uh66vceqJAsie8hT6kb4UHMQkYwKMnTqw4wHtDiZtzIbPDMU3CPPb1uNs0ZjL/EWpB6q+acPE1aedvTv5wgIVlEYyAcS2lbZgpugQUwwum44mSSppiM8IDaisY4otItZsePjSOlBEaYCFUxGDP150SBIynzyFedEYahXPam4n+enUF46RYsTjOgMZkvCjNuQGJMkzACJigBniuCiWDqVoMMscAEVF4VFYK1/PJf0j1rWudN686qt67QHGV0iGqogSx0gVroFrVRBxGUo2f0it60R+1Fe9c+5q0lbTFTRb+gfX4D8bWXSQ==</latexit>

G̃(u[t0, t])

Operator

- infinite-dimensional input 
-     dimensional output

<latexit sha1_base64="spJE+k6wZuXmMpEsPG2DR/eqXEk=">AAAB73icbZDJSgNBEIZrXGPcoh69NAmCoIQZD+px0IvHCGaByRB6Oj1Jk57F7hphCHkJETwo4tXX8Za3sbMcNPGHho//r6KrKkil0GjbY2tldW19Y7OwVdze2d3bLx0cNnSSKcbrLJGJagVUcyliXkeBkrdSxWkUSN4MBreTvPnElRZJ/IB5yv2I9mIRCkbRWK3Mw459jn6nVLGr9lRkGZw5VNxy++xl7Oa1Tum73U1YFvEYmaRae46doj+kCgWTfFRsZ5qnlA1oj3sGYxpx7Q+n847IiXG6JEyUeTGSqfu7Y0gjrfMoMJURxb5ezCbmf5mXYXjtD0WcZshjNvsozCTBhEyWJ12hOEOZG6BMCTMrYX2qKENzoqI5grO48jI0LqrOZdW5dyruDcxUgGMowyk4cAUu3EEN6sBAwjO8wbv1aL1aH9bnrHTFmvccwR9ZXz+drJKs</latexit>

u[t0, t]
<latexit sha1_base64="5dVASqnxJZID/mEAmL6c2xDH7aM=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVdEpFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPOO+QNg==</latexit>n

<latexit sha1_base64="fL78QSLSFB5XshEfojBZ5dqzevA="></latexit>

G̃
�
·
�
=

Z t

t0

eA(t�⌧)B(·) d⌧

<latexit sha1_base64="aa4/0vznbXQbB3eu8RjSTndlsI8="></latexit>

G̃
�
·
�
=

R t
t0
eA(t�⌧)B(·) d⌧

<latexit sha1_base64="D41VW67J6LGxDCkRmmIOD0H1EwM="></latexit>

xdes � eA(t�t0)x0 = G̃(u)
<latexit sha1_base64="I3DiEcwp07TnvI7bN3XDtDioVdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1bRTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfQ4uQPQ==</latexit>u

…works with infinite-dimensional operators too!

in DT…recall
<latexit sha1_base64="NNzqstygpXwWlTMLWqYa55rKFl0="></latexit>

U⇤ = GTW�1
�
xdes �Ak

�x0

�

CT Controllability Grammian (FH):

<latexit sha1_base64="5KnRfqmEHSjbkh8V+eqy8nnKay8="></latexit>

W =
k�1X

k0=0

Ak0

�B�B
T
�A

k0

�

T

<latexit sha1_base64="bIMBTwVMwD6qHfp14Lob8vyDxm4="></latexit>

W̃ =
R t
t0
eA(t�⌧)BBT eA

T (t�⌧) d⌧

 in CT

Solution:

at time t

<latexit sha1_base64="A6ywqWw0G7cIIxNmE8kkQKLqLoQ="></latexit>

u⇤(⌧) = BT eA
T (t�⌧)W̃�1

�
xdes � eA(t�t0)x0

�

<latexit sha1_base64="M8gbz2/6xZQseU0A2wUB45aCEwk=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5UwABsVLIwF0YfUhMpxndaq40S2g1RFGVj4FRYGEGLlI9j4FDbcxwAtR7J0fM69uveeIOFMacf5sgpLyyura8X10sbm1vaOvbvXVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvBz7rXsqFYvFrR4l1I9wX7CQEayN1LXLHhPIi7AeBEF2k99l5qdZRBUSedeuOFVnArRI3BmpnH+HE9S79qfXi0kaUaEJx0p1XCfRfoalZoTTvOSliiaYDHGfdgwV2Mzxs8kROTo0Sg+FsTRPaDRRf3dkOFJqFAWmcryumvfG4n9eJ9XhmZ8xkaSaCjIdFKYc6RiNE0E9JinRfGQIJpKZXREZYImJNrmVTAju/MmLpHlcdU+q7rVbqV3AFEUowwEcgQunUIMrqEMDCDzAE7zAq/VoPVtv1vu0tGDNevbhD6yPH3sNm68=</latexit>

2 Rn⇥n



DLTI System - Observability
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

Discrete Time Matrices

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Observations over time:

Observability

 unobservable subspace = null space of 
…can you estimate the initial state from measurements

DT Observability Grammian (FH):

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

if H is tall, then X is invertible

if and only if H has full col rank  

Least Squares Solution<latexit sha1_base64="fXa3j5j/PsD5fnXH9Y84VhvnQZk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3Q4sgFEriQt0IwbpwWcE+IA1lMp20QyeTMDMRYyj+hB/gxoUibv0Pd/0bJ20X2npguIdz7uXeOX7MqFSWNTaWlldW19YLG8XNre2dXXNvvymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf1jL/dY9EZJG/E6lMfFC1Oc0oBgpLXXNw9QdevAS1h7yWoHXia5ds2xVrQngIrFnpOyUOpXnsZPWu+Z3pxfhJCRcYYakdG0rVl6GhKKYkVGxk0gSIzxEfeJqylFIpJdNrh/BY630YBAJ/biCE/X3RIZCKdPQ150hUgM57+Xif56bqODCyyiPE0U4ni4KEgZVBPMoYI8KghVLNUFYUH0rxAMkEFY6sKIOwZ7/8iJpnlbts6p9a5edKzBFARyBEjgBNjgHDrgBddAAGDyCF/AG3o0n49X4MD6nrUvGbOYA/IHx9QM2UJbD</latexit>

y[k] = Cx[k] +Du[k]

Solutions
<latexit sha1_base64="nTXxIAA+MU53eyzAL2mS6W3yDTo="></latexit>

CAk
�x0 +

k�1X

k0=0

CAk�1�k0

� B�u[k
0] +

kX

k0=0

CDu[k]
<latexit sha1_base64="lcedmG4VF4H/w2TNaLwz6ZsUJw0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIglASEXVTKNaFywr2AWkok+mkHTp5MDMRSyj4K25cKOLW73Dn3zhps9DWA8M9nHMv987xYs6ksqxvo7C0vLK6VlwvbWxube+Yu3stGSWC0CaJeCQ6HpaUs5A2FVOcdmJBceBx2vZG9cxvP1AhWRTeq3FM3QAPQuYzgpWWeubB2Bm5qIrqj1k9RTeJrtWeWbYq1hRokdg5KUOORs/86vYjkgQ0VIRjKR3bipWbYqEY4XRS6iaSxpiM8IA6moY4oNJNp+dP0LFW+siPhH6hQlP190SKAynHgac7A6yGct7LxP88J1H+lZuyME4UDclskZ9wpCKUZYH6TFCi+FgTTATTtyIyxAITpRMr6RDs+S8vktZZxb6o2Hfn5dp1HkcRDuEITsCGS6jBLTSgCQRSeIZXeDOejBfj3fiYtRaMfGYf/sD4/AGjMpP+</latexit>

y[k] = Cx[k] +Du[k] =
<latexit sha1_base64="cWPTDHmyr4gzT25QZBeA+2Nstus=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4rGFtIQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcM+6zVKa6HVHDpVDcR4GStzPNaRJJ3oqGN1O/9cS1Eal6wFHGw4T2lYgFo2gl/zYPhmG3WnPr7gxkmXgFqUGBZrf61emlLE+4QiapMYHnZhiOqUbBJJ9UOrnhGWVD2ueBpYom3ITj2bETcmKVHolTbUshmam/J8Y0MWaURLYzoTgwi95U/M8LcoyvwrFQWY5csfmiOJcEUzL9nPSE5gzlyBLKtLC3EjagmjK0+VRsCN7iy8vk8azuXdS9+/Na47qIowxHcAyn4MElNOAOmuADAwHP8ApvjnJenHfnY95acoqZQ/gD5/MHmxqOjg==</latexit>

Du[k]

no controls, with noise
<latexit sha1_base64="uVVsvRk3lAxaDpTz0/DrBwNSKvU=">AAACLnicbZBNS8NAEIY39avGr6pHL4tF8FSSIuqxKILHCrYVmlA2m2m7dLMJu5tiCf1FXvwrehBUxKs/w01bRFsHlnl4Z4adeYOEM6Ud59UqLC2vrK4V1+2Nza3tndLuXlPFqaTQoDGP5V1AFHAmoKGZ5nCXSCBRwKEVDC7zemsIUrFY3OpRAn5EeoJ1GSXaSJ3SlRdAj4ksiIiW7H5sj9qOjz0PG3BzMLk6yd4wjLWaKgPf9kCEP1OdUtmpOJPAi+DOoIxmUe+Unr0wpmkEQlNOlGq7TqL9jEjNKIex7aUKEkIHpAdtg4JEoPxscu4YHxklxN1Ymic0nqi/JzISKTWKAtNp9uur+Vou/ldrp7p77mdMJKkGQacfdVOOdYxz73DIJFDNRwYIlczsimmfSEK1cdg2JrjzJy9Cs1pxTyvuzUm5djGzo4gO0CE6Ri46QzV0jeqogSh6QE/oDb1bj9aL9WF9TlsL1mxmH/0J6+sb3hSnPw==</latexit>2

666664

y[0]
y[1]
y[2]
...

y[k]

3

777775

<latexit sha1_base64="Wxmw/EMJsZZssMA9Y5CvRF72/dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+q5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMJI2l</latexit>x0
<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="R7P1U+hePPBb6e8Xy2jElmY/qHE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBn3GM0g==</latexit>

H

<latexit sha1_base64="R7P1U+hePPBb6e8Xy2jElmY/qHE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBn3GM0g==</latexit>

H

<latexit sha1_base64="0eI5K8UKWm4rbhcoq5BwwIlsExY=">AAACKXicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLoxmUF+4CmhMnkth06mYSZSbGE/o4bf8WNgqJu/RGnbRBtPTDcw7n3MPeeIOFMacf5sAorq2vrG8VNe2t7Z3evtH/QVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwetpvjUAqFos7PU6gG5G+YD1GiTaSX6p5AfSZyIKIaMnuJ/bId7DnmeLOS3VavFEYazUXhrYHIvwx+KWyU3FmwMvEzUkZ5aj7pRcvjGkagdCUE6U6rpPobkakZpTDxPZSBQmhQ9KHjqGCRKC62ezSCT4xSoh7sTRPaDxTfzsyEik1jgIzafYbqMXeVPyv10l177KbMZGkGgSdf9RLOdYxnsaGQyaBaj42hFDJzK6YDogkVJtwbROCu3jyMmlWK+55xb09K9eu8jiK6Agdo1PkogtUQzeojhqIogf0hF7Rm/VoPVvv1ud8tGDlnkP0B9bXN1kZpX0=</latexit>2

666664

v0
v1
v2
...
vk

3

777775

<latexit sha1_base64="l9yZhi4EFkgrrt1ORlYy+R3Qlhw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxripe/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fc32MtQ==</latexit>

+

<latexit sha1_base64="vZmPPk0VYMdUN1/ZZHvl94LtLgQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJWkDIjoi6LbnQjFewDOkPJpJk2NMkMSaZQhvkAN/6KGxeKuPUD3Pk3ZtpZaPVA4HDOueTe40eMKm3bX1ZhYXFpeaW4Wlpb39jcKm/vtFQYS0yaOGSh7PhIEUYFaWqqGelEkiDuM9L2R1eZ3x4TqWgo7vUkIh5HA0EDipE2Uq9cGfeS0WEKXUU5dDnSQ4xYcptW7WMjDTiCN0cmZdfsKeBf4uSkAnI0euVPtx/imBOhMUNKdR070l6CpKaYkbTkxopECI/QgHQNFYgT5SXTY1J4YJQ+DEJpntBwqv6cSBBXasJ9k8zWVfNeJv7ndWMdXHgJFVGsicCzj4KYQR3CrBnYp5JgzSaGICyp2RXiIZIIa9NfyZTgzJ/8l7ROas5Zzbk7rdQv8zqKYA/sgypwwDmog2vQAE2AwQN4Ai/g1Xq0nq03630WLVj5zC74BevjGwgzmlI=</latexit>

vk0 ⇠ N (0,�I)

normal 
distribution

<latexit sha1_base64="Hos98dsCmNnDmNy3IWz+7szBY+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/ZA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDuTWM4w==</latexit>

Y

<latexit sha1_base64="gg/9ImsdjtcIXScfDdKeBgEE2wI=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhLqwzIioG6HopssKvUk7HTJp2oZmLiQZsQwFX8WNC0Xc+hzufBvTdhba+kPg4z/ncE5+L+JMKsv6NjJLyyura9n13Mbm1vaOubtXl2EsCK2RkIei6WFJOQtoTTHFaTMSFPsepw1veDupNx6okCwMqmoUUcfH/YD1GMFKW6558Oha6BoVyp1q+aSTnNpjTfeumbeK1lRoEewU8pCq4ppf7W5IYp8GinAsZcu2IuUkWChGOB3n2rGkESZD3KctjQH2qXSS6fljdKydLuqFQr9Aoan7eyLBvpQj39OdPlYDOV+bmP/VWrHqXTkJC6JY0YDMFvVijlSIJlmgLhOUKD7SgIlg+lZEBlhgonRiOR2CPf/lRaifFe2Lon13ni/dpHFk4RCOoAA2XEIJylCBGhBI4Ble4c14Ml6Md+Nj1pox0pl9+CPj8wcOLZOh</latexit>

x0 = (HT
H)�1

H
T
Y

<latexit sha1_base64="8SJhsljkGsF56X3N80nNvfkGky4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRol6EopceK/RL2rRstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPC/iTGnb/rYya+sbm1vZ7dzO7t7+Qf7wqKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3Q/85tjKhULRU1PIuoGeCCYzwjWRnLRLWp1kwtnWunWHnv5gl2050CrxElJAVJUe/mvTj8kcUCFJhwr1XbsSLsJlpoRTqe5TqxohMkID2jbUIEDqtxkfvQUnRmlj/xQmhIazdXfEwkOlJoEnukMsB6qZW8m/ue1Y+3fuAkTUaypIItFfsyRDtEsAdRnkhLNJ4ZgIpm5FZEhlphok1POhOAsv7xKGpdF56roPJQK5bs0jiycwCmcgwPXUIYKVKEOBJ7gGV7hzRpbL9a79bFozVjpzDH8gfX5A9wBkN4=</latexit>

= X
�1

H
T
Y

<latexit sha1_base64="TD1b4o6L+tc3xBQ+KsWBr0ufqOo="></latexit>2

666664

C
CA�

CA2
�

...
CAk

�

3

777775

<latexit sha1_base64="rl7n1Mbikfp+MD2ToU8wjlCcjk0=">AAACHHicbZC7TsMwFIYdrqXcAowsFhWCqUoAAUulQhkYi9Sb1KSR4zqtFeci20GqojwIC6/CwgBCLAxIvA1um4G2HNnSr+8/R/b53ZhRIQ3jR1taXlldWy9sFDe3tnd29b39logSjkkTRyziHRcJwmhImpJKRjoxJyhwGWm7fm3stx8JFzQKG3IUEztAg5B6FCOpkKOfd2DFEkngpP5Jxch6PkxvHOuOMIl6CmVZr1FTZ4Y5eskoG5OCi8LMRQnkVXf0L6sf4SQgocQMCdE1jVjaKeKSYkayopUIEiPsowHpKhmigAg7nSyXwWNF+tCLuLqhhBP6dyJFgRCjwFWdAZJDMe+N4X9eN5HetZ3SME4kCfH0IS9hUEZwnBTsU06wZCMlEOZU/RXiIeIIS5VnUYVgzq+8KFpnZfOybD5clKq3eRwFcAiOwCkwwRWogntQB02AwRN4AW/gXXvWXrUP7XPauqTlMwdgprTvXyfUoNI=</latexit>

X =
kX

k0=0

Ak0

�

T
CTCAk0

�

<latexit sha1_base64="TD1b4o6L+tc3xBQ+KsWBr0ufqOo="></latexit>2

666664

C
CA�

CA2
�

...
CAk

�

3

777775

<latexit sha1_base64="/axn+pBifGsFFaSDVnCTvip83/Y="></latexit>h
CT AT

�C
T A2

�
T
CT · · · Ak

�
T
CT

i

<latexit sha1_base64="g+LU9JJaYnp6Kr85IoTJ69gfzFY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EopceK/QL2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1LpBtYdGrV8suWV3DrRKvIyUIEO9X/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LspepezdX5aqt1kceTiBUzgHD66gCjWoQxMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwBY5uOWw==</latexit>

= H
T
H



DLTI System - Observability
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

Discrete Time Matrices

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Observations over time:

Observability

 unobservable subspace = null space of 
…can you estimate the initial state from measurements

DT Observability Grammian (FH):

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

if H is tall, then X is invertible

if and only if H has full col rank  

Least Squares Solution<latexit sha1_base64="fXa3j5j/PsD5fnXH9Y84VhvnQZk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3Q4sgFEriQt0IwbpwWcE+IA1lMp20QyeTMDMRYyj+hB/gxoUibv0Pd/0bJ20X2npguIdz7uXeOX7MqFSWNTaWlldW19YLG8XNre2dXXNvvymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf1jL/dY9EZJG/E6lMfFC1Oc0oBgpLXXNw9QdevAS1h7yWoHXia5ds2xVrQngIrFnpOyUOpXnsZPWu+Z3pxfhJCRcYYakdG0rVl6GhKKYkVGxk0gSIzxEfeJqylFIpJdNrh/BY630YBAJ/biCE/X3RIZCKdPQ150hUgM57+Xif56bqODCyyiPE0U4ni4KEgZVBPMoYI8KghVLNUFYUH0rxAMkEFY6sKIOwZ7/8iJpnlbts6p9a5edKzBFARyBEjgBNjgHDrgBddAAGDyCF/AG3o0n49X4MD6nrUvGbOYA/IHx9QM2UJbD</latexit>

y[k] = Cx[k] +Du[k]

Solutions
<latexit sha1_base64="nTXxIAA+MU53eyzAL2mS6W3yDTo="></latexit>

CAk
�x0 +

k�1X

k0=0

CAk�1�k0

� B�u[k
0] +

kX

k0=0

CDu[k]
<latexit sha1_base64="lcedmG4VF4H/w2TNaLwz6ZsUJw0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIglASEXVTKNaFywr2AWkok+mkHTp5MDMRSyj4K25cKOLW73Dn3zhps9DWA8M9nHMv987xYs6ksqxvo7C0vLK6VlwvbWxube+Yu3stGSWC0CaJeCQ6HpaUs5A2FVOcdmJBceBx2vZG9cxvP1AhWRTeq3FM3QAPQuYzgpWWeubB2Bm5qIrqj1k9RTeJrtWeWbYq1hRokdg5KUOORs/86vYjkgQ0VIRjKR3bipWbYqEY4XRS6iaSxpiM8IA6moY4oNJNp+dP0LFW+siPhH6hQlP190SKAynHgac7A6yGct7LxP88J1H+lZuyME4UDclskZ9wpCKUZYH6TFCi+FgTTATTtyIyxAITpRMr6RDs+S8vktZZxb6o2Hfn5dp1HkcRDuEITsCGS6jBLTSgCQRSeIZXeDOejBfj3fiYtRaMfGYf/sD4/AGjMpP+</latexit>

y[k] = Cx[k] +Du[k] =
<latexit sha1_base64="cWPTDHmyr4gzT25QZBeA+2Nstus=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4rGFtIQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcM+6zVKa6HVHDpVDcR4GStzPNaRJJ3oqGN1O/9cS1Eal6wFHGw4T2lYgFo2gl/zYPhmG3WnPr7gxkmXgFqUGBZrf61emlLE+4QiapMYHnZhiOqUbBJJ9UOrnhGWVD2ueBpYom3ITj2bETcmKVHolTbUshmam/J8Y0MWaURLYzoTgwi95U/M8LcoyvwrFQWY5csfmiOJcEUzL9nPSE5gzlyBLKtLC3EjagmjK0+VRsCN7iy8vk8azuXdS9+/Na47qIowxHcAyn4MElNOAOmuADAwHP8ApvjnJenHfnY95acoqZQ/gD5/MHmxqOjg==</latexit>

Du[k]

with controls, with noise
<latexit sha1_base64="uVVsvRk3lAxaDpTz0/DrBwNSKvU=">AAACLnicbZBNS8NAEIY39avGr6pHL4tF8FSSIuqxKILHCrYVmlA2m2m7dLMJu5tiCf1FXvwrehBUxKs/w01bRFsHlnl4Z4adeYOEM6Ud59UqLC2vrK4V1+2Nza3tndLuXlPFqaTQoDGP5V1AFHAmoKGZ5nCXSCBRwKEVDC7zemsIUrFY3OpRAn5EeoJ1GSXaSJ3SlRdAj4ksiIiW7H5sj9qOjz0PG3BzMLk6yd4wjLWaKgPf9kCEP1OdUtmpOJPAi+DOoIxmUe+Unr0wpmkEQlNOlGq7TqL9jEjNKIex7aUKEkIHpAdtg4JEoPxscu4YHxklxN1Ymic0nqi/JzISKTWKAtNp9uur+Vou/ldrp7p77mdMJKkGQacfdVOOdYxz73DIJFDNRwYIlczsimmfSEK1cdg2JrjzJy9Cs1pxTyvuzUm5djGzo4gO0CE6Ri46QzV0jeqogSh6QE/oDb1bj9aL9WF9TlsL1mxmH/0J6+sb3hSnPw==</latexit>2

666664

y[0]
y[1]
y[2]
...

y[k]

3

777775

<latexit sha1_base64="Wxmw/EMJsZZssMA9Y5CvRF72/dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+q5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMJI2l</latexit>x0
<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="R7P1U+hePPBb6e8Xy2jElmY/qHE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBn3GM0g==</latexit>

H

<latexit sha1_base64="R7P1U+hePPBb6e8Xy2jElmY/qHE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBn3GM0g==</latexit>

H

<latexit sha1_base64="0eI5K8UKWm4rbhcoq5BwwIlsExY=">AAACKXicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLoxmUF+4CmhMnkth06mYSZSbGE/o4bf8WNgqJu/RGnbRBtPTDcw7n3MPeeIOFMacf5sAorq2vrG8VNe2t7Z3evtH/QVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwetpvjUAqFos7PU6gG5G+YD1GiTaSX6p5AfSZyIKIaMnuJ/bId7DnmeLOS3VavFEYazUXhrYHIvwx+KWyU3FmwMvEzUkZ5aj7pRcvjGkagdCUE6U6rpPobkakZpTDxPZSBQmhQ9KHjqGCRKC62ezSCT4xSoh7sTRPaDxTfzsyEik1jgIzafYbqMXeVPyv10l177KbMZGkGgSdf9RLOdYxnsaGQyaBaj42hFDJzK6YDogkVJtwbROCu3jyMmlWK+55xb09K9eu8jiK6Agdo1PkogtUQzeojhqIogf0hF7Rm/VoPVvv1ud8tGDlnkP0B9bXN1kZpX0=</latexit>2

666664

v0
v1
v2
...
vk

3

777775

<latexit sha1_base64="l9yZhi4EFkgrrt1ORlYy+R3Qlhw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxripe/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fc32MtQ==</latexit>

+

<latexit sha1_base64="Hos98dsCmNnDmNy3IWz+7szBY+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/ZA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDuTWM4w==</latexit>

Y

<latexit sha1_base64="gg/9ImsdjtcIXScfDdKeBgEE2wI=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhLqwzIioG6HopssKvUk7HTJp2oZmLiQZsQwFX8WNC0Xc+hzufBvTdhba+kPg4z/ncE5+L+JMKsv6NjJLyyura9n13Mbm1vaOubtXl2EsCK2RkIei6WFJOQtoTTHFaTMSFPsepw1veDupNx6okCwMqmoUUcfH/YD1GMFKW6558Oha6BoVyp1q+aSTnNpjTfeumbeK1lRoEewU8pCq4ppf7W5IYp8GinAsZcu2IuUkWChGOB3n2rGkESZD3KctjQH2qXSS6fljdKydLuqFQr9Aoan7eyLBvpQj39OdPlYDOV+bmP/VWrHqXTkJC6JY0YDMFvVijlSIJlmgLhOUKD7SgIlg+lZEBlhgonRiOR2CPf/lRaifFe2Lon13ni/dpHFk4RCOoAA2XEIJylCBGhBI4Ble4c14Ml6Md+Nj1pox0pl9+CPj8wcOLZOh</latexit>

x0 = (HT
H)�1

H
T
Y

<latexit sha1_base64="8SJhsljkGsF56X3N80nNvfkGky4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRol6EopceK/RL2rRstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPC/iTGnb/rYya+sbm1vZ7dzO7t7+Qf7wqKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3Q/85tjKhULRU1PIuoGeCCYzwjWRnLRLWp1kwtnWunWHnv5gl2050CrxElJAVJUe/mvTj8kcUCFJhwr1XbsSLsJlpoRTqe5TqxohMkID2jbUIEDqtxkfvQUnRmlj/xQmhIazdXfEwkOlJoEnukMsB6qZW8m/ue1Y+3fuAkTUaypIItFfsyRDtEsAdRnkhLNJ4ZgIpm5FZEhlphok1POhOAsv7xKGpdF56roPJQK5bs0jiycwCmcgwPXUIYKVKEOBJ7gGV7hzRpbL9a79bFozVjpzDH8gfX5A9wBkN4=</latexit>

= X
�1

H
T
Y

<latexit sha1_base64="TD1b4o6L+tc3xBQ+KsWBr0ufqOo="></latexit>2

666664

C
CA�

CA2
�

...
CAk

�

3

777775

<latexit sha1_base64="rl7n1Mbikfp+MD2ToU8wjlCcjk0=">AAACHHicbZC7TsMwFIYdrqXcAowsFhWCqUoAAUulQhkYi9Sb1KSR4zqtFeci20GqojwIC6/CwgBCLAxIvA1um4G2HNnSr+8/R/b53ZhRIQ3jR1taXlldWy9sFDe3tnd29b39logSjkkTRyziHRcJwmhImpJKRjoxJyhwGWm7fm3stx8JFzQKG3IUEztAg5B6FCOpkKOfd2DFEkngpP5Jxch6PkxvHOuOMIl6CmVZr1FTZ4Y5eskoG5OCi8LMRQnkVXf0L6sf4SQgocQMCdE1jVjaKeKSYkayopUIEiPsowHpKhmigAg7nSyXwWNF+tCLuLqhhBP6dyJFgRCjwFWdAZJDMe+N4X9eN5HetZ3SME4kCfH0IS9hUEZwnBTsU06wZCMlEOZU/RXiIeIIS5VnUYVgzq+8KFpnZfOybD5clKq3eRwFcAiOwCkwwRWogntQB02AwRN4AW/gXXvWXrUP7XPauqTlMwdgprTvXyfUoNI=</latexit>

X =
kX

k0=0

Ak0

�

T
CTCAk0

�

<latexit sha1_base64="TD1b4o6L+tc3xBQ+KsWBr0ufqOo="></latexit>2

666664

C
CA�

CA2
�

...
CAk

�

3

777775

<latexit sha1_base64="/axn+pBifGsFFaSDVnCTvip83/Y="></latexit>h
CT AT

�C
T A2

�
T
CT · · · Ak

�
T
CT

i

<latexit sha1_base64="g+LU9JJaYnp6Kr85IoTJ69gfzFY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EopceK/QL2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1LpBtYdGrV8suWV3DrRKvIyUIEO9X/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LspepezdX5aqt1kceTiBUzgHD66gCjWoQxMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwBY5uOWw==</latexit>

= H
T
H

<latexit sha1_base64="vZmPPk0VYMdUN1/ZZHvl94LtLgQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSJWkDIjoi6LbnQjFewDOkPJpJk2NMkMSaZQhvkAN/6KGxeKuPUD3Pk3ZtpZaPVA4HDOueTe40eMKm3bX1ZhYXFpeaW4Wlpb39jcKm/vtFQYS0yaOGSh7PhIEUYFaWqqGelEkiDuM9L2R1eZ3x4TqWgo7vUkIh5HA0EDipE2Uq9cGfeS0WEKXUU5dDnSQ4xYcptW7WMjDTiCN0cmZdfsKeBf4uSkAnI0euVPtx/imBOhMUNKdR070l6CpKaYkbTkxopECI/QgHQNFYgT5SXTY1J4YJQ+DEJpntBwqv6cSBBXasJ9k8zWVfNeJv7ndWMdXHgJFVGsicCzj4KYQR3CrBnYp5JgzSaGICyp2RXiIZIIa9NfyZTgzJ/8l7ROas5Zzbk7rdQv8zqKYA/sgypwwDmog2vQAE2AwQN4Ai/g1Xq0nq03630WLVj5zC74BevjGwgzmlI=</latexit>

vk0 ⇠ N (0,�I)
<latexit sha1_base64="zHryS1Tr/By4l0hfsBD3jJDsUkI=">AAACLXicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRZ14bKCfUATymRy2w6dTMLMpFhCf8iNvyKCi4q49TectkG09cBwD+few9x7goQzpR1nYq2srq1vbBa27O2d3b394sFhQ8WppFCnMY9lKyAKOBNQ10xzaCUSSBRwaAaDm2m/OQSpWCwe9CgBPyI9wbqMEm2kTvHWC6DHRBZEREv2OLbTtuNjzzPVzWtlVr1hGGs1Vwa+7YEIf0ydYskpOzPgZeLmpIRy1DrFVy+MaRqB0JQTpdquk2g/I1IzymFse6mChNAB6UHbUEEiUH42u3aMT40S4m4szRMaz9TfjoxESo2iwEya/fpqsTcV/+u1U9298jMmklSDoPOPuinHOsbT6HDIJFDNR4YQKpnZFdM+kYRqE7BtQnAXT14mjUrZvSi79+el6nUeRwEdoxN0hlx0iaroDtVQHVH0hF7QBL1bz9ab9WF9zkdXrNxzhP7A+voGX1CnBQ==</latexit>2

666664

u[0]
u[1]
u[2]
...

u[k]

3

777775

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U
<latexit sha1_base64="p9o4kP2voDGdCoDmlbaCp4Jj34M=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiC11WsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVS9+/NK7TqvowhHcAyn4MEl1OAO6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPtLyQ8Q==</latexit>

G

<latexit sha1_base64="l9yZhi4EFkgrrt1ORlYy+R3Qlhw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxripe/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fc32MtQ==</latexit>

+

<latexit sha1_base64="a+NlLcdTJw/XsMfovbhUqFmuvVg=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IR6sGSiKjHogc9VjBtpQlls920Szcf7G6EEooX/4oXD4p49Vd489+4aXvQ1gcDj/dmmJnnJ5xJZVnfRmFhcWl5pbhaWlvf2Nwyt3caMk4FoQ6JeSxaPpaUs4g6iilOW4mgOPQ5bfqDq9xvPlAhWRzdqWFCvRD3IhYwgpWWOuae67Ne5R4dIzfEqu8H2fXIybWjjlm2qtYYaJ7YU1KGKeod88vtxiQNaaQIx1K2bStRXoaFYoTTUclNJU0wGeAebWsa4ZBKLxu/MEKHWumiIBa6IoXG6u+JDIdSDkNfd+Z3ylkvF//z2qkKLryMRUmqaEQmi4KUIxWjPA/UZYISxYeaYCKYvhWRPhaYKJ1aSYdgz748TxonVfusat+elmuX0ziKsA8HUAEbzqEGN1AHBwg8wjO8wpvxZLwY78bHpLVgTGd24Q+Mzx+JPpZA</latexit>�
Y �GU

�
<latexit sha1_base64="a+NlLcdTJw/XsMfovbhUqFmuvVg=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IR6sGSiKjHogc9VjBtpQlls920Szcf7G6EEooX/4oXD4p49Vd489+4aXvQ1gcDj/dmmJnnJ5xJZVnfRmFhcWl5pbhaWlvf2Nwyt3caMk4FoQ6JeSxaPpaUs4g6iilOW4mgOPQ5bfqDq9xvPlAhWRzdqWFCvRD3IhYwgpWWOuae67Ne5R4dIzfEqu8H2fXIybWjjlm2qtYYaJ7YU1KGKeod88vtxiQNaaQIx1K2bStRXoaFYoTTUclNJU0wGeAebWsa4ZBKLxu/MEKHWumiIBa6IoXG6u+JDIdSDkNfd+Z3ylkvF//z2qkKLryMRUmqaEQmi4KUIxWjPA/UZYISxYeaYCKYvhWRPhaYKJ1aSYdgz748TxonVfusat+elmuX0ziKsA8HUAEbzqEGN1AHBwg8wjO8wpvxZLwY78bHpLVgTGd24Q+Mzx+JPpZA</latexit>�
Y �GU

�

<latexit sha1_base64="tKm0cKO5sd0+USmQPYO9x3BeMEk="></latexit>2

666664

D 0 0 · · · 0
CB� D 0 · · · 0

CA�B� CB� D · · · 0
...

...
...

. . .
...

CAk�1
� B� CAk�2

� B� CAk�3
� B� · · · D

3

777775



DT Controllability - Cayley Hamilton
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnDiscrete Time 
<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="S5OIcS2+d5ZMeN0mmeeWoHN4l9U="></latexit>

R
✓h

An�1
� B� · · · A�B� B�

i◆

<latexit sha1_base64="Kv+CylQU2rG66MP8tU5NVpqM/yU="></latexit>

R
⇣⇥

Ak
�B� · · · An

�B� An�1
� B� · · · A�B� B�

⇤⌘

…by Cayley Hamilton 
<latexit sha1_base64="8VWQ9hpw6hQ7cYLz5ClyTM59MYc="></latexit>

Ak
� = �(n�1)kA

n�1
� + · · ·+ �1kA� + �0kI

<latexit sha1_base64="S5OIcS2+d5ZMeN0mmeeWoHN4l9U="></latexit>

R
✓h

An�1
� B� · · · A�B� B�

i◆

<latexit sha1_base64="Kv+CylQU2rG66MP8tU5NVpqM/yU="></latexit>

R
⇣⇥

Ak
�B� · · · An

�B� An�1
� B� · · · A�B� B�

⇤⌘

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="jk63sle73uJi5ykO2PbCLMh+ZDA="></latexit>2

6664

�(n�1)kI
...

�1kI
�0kI

3

7775

<latexit sha1_base64="eVH2pQCemUE/wOS86h2OXcAXGKM="></latexit>

�(n�1)nI
...

�1nI
�0nI

<latexit sha1_base64="21R+/QKd9hj//WdN45nB4A8APSs=">AAACHXicbVBNS8NAEN3Urxq/oh69LBbBU0mkqMeiF71VsK3QlLLZTNulm03Y3RRL6B/x4l/x4kERD17Ef+OmLaKtA7s83nvDzLwg4Uxp1/2yCkvLK6trxXV7Y3Nre8fZ3WuoOJUU6jTmsbwLiALOBNQ10xzuEgkkCjg0g8FlrjeHIBWLxa0eJdCOSE+wLqNEG6rjVPwAekxkEdGS3Y/ta4x93/aHYaxVjtzJZ/sgwh+P3XFKbtmdFF4E3gyU0KxqHefDD2OaRiA05USplucmup0RqRnlMLb9VEFC6ID0oGWgIBGodja5boyPDBPibizNExpP2N8dGYmUGkWBcZoN+2pey8n/tFaqu+ftjIkk1SDodFA35VjHOI8Kh0wC1XxkAKGSmV0x7RNJqDaB5iF48ycvgsZJ2TstezeVUvViFkcRHaBDdIw8dIaq6ArVUB1R9ICe0At6tR6tZ+vNep9aC9asZx/9KevzG+tcn+o=</latexit>

I
...
0
0

<latexit sha1_base64="SGL49+anthixrLpeergXDzJkCvQ=">AAACHXicbVBNS8NAEN3Urxq/oh69LBbBU0mkqMeiF71VsK3QlLLZTNulm03Y3RRL6B/x4l/x4kERD17Ef+OmLaKtA7s83nvDzLwg4Uxp1/2yCkvLK6trxXV7Y3Nre8fZ3WuoOJUU6jTmsbwLiALOBNQ10xzuEgkkCjg0g8FlrjeHIBWLxa0eJdCOSE+wLqNEG6rjVPwAekxkEdGS3Y9tF2Pft/1hGGuVo+v8c20fRPjjsTtOyS27k8KLwJuBEppVreN8+GFM0wiEppwo1fLcRLczIjWjHMa2nypICB2QHrQMFCQC1c4m143xkWFC3I2leULjCfu7IyORUqMoME6zYV/Nazn5n9ZKdfe8nTGRpBoEnQ7qphzrGOdR4ZBJoJqPDCBUMrMrpn0iCdUm0DwEb/7kRdA4KXunZe+mUqpezOIoogN0iI6Rh85QFV2hGqojih7QE3pBr9aj9Wy9We9Ta8Ga9eyjP2V9fgPpzJ/q</latexit>

0
...
I
0

<latexit sha1_base64="jzUL58Maj9T0dR2Y2AGGVczXHy0=">AAACH3icbVDLSsNAFJ34rPEVdelmsAiuSiJSXRbd6K6CfUBTymRy2w6dTMLMpFhC/8SNv+LGhSLirn/jpC2orRdmOJxzLvfeEyScKe26E2tldW19Y7OwZW/v7O7tOweHdRWnkkKNxjyWzYAo4ExATTPNoZlIIFHAoREMbnK9MQSpWCwe9CiBdkR6gnUZJdpQHafsB9BjIgsioiV7HNsuxr5v+8Mw1ipHbv7d2T6I8Mdkd5yiW3KnhZeBNwdFNK9qx/nyw5imEQhNOVGq5bmJbmdEakY5jG0/VZAQOiA9aBkoSASqnU3vG+NTw4S4G0vzhMZT9ndHRiKlRlFgnGbDvlrUcvI/rZXq7lU7YyJJNQg6G9RNOdYxzsPCIZNANR8ZQKhkZldM+0QSqk2keQje4snLoH5e8sol7/6iWLmex1FAx+gEnSEPXaIKukVVVEMUPaEX9IberWfr1fqwPmfWFWvec4T+lDX5BoNGoMI=</latexit>2

6664

0
...
0
I

3

7775

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·
<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·
<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

Every column of G is a linear combination of columns of M

<latexit sha1_base64="3UhqrDyogoA5UEnZaF1Zp6vG2FY=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9KDHCvYD2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3z90/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9zv/1ElWaxfDSThAYCDyWLGMEml+7QNeq7Va/mzYCWiV+QKhRo9N2v3iAmqaDSEI617vpeYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQVZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwV98eZm0zmr+Rc1/OK/Wb4o4ynAEx3AKPlxCHe6hAU0gMIJneIU3RzgvzrvzMW8tOcXMIfyB8/kDy3SNbA==</latexit>

G =
<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M = where

<latexit sha1_base64="3UhqrDyogoA5UEnZaF1Zp6vG2FY=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9KDHCvYD2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3z90/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9zv/1ElWaxfDSThAYCDyWLGMEml+7QNeq7Va/mzYCWiV+QKhRo9N2v3iAmqaDSEI617vpeYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQVZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwV98eZm0zmr+Rc1/OK/Wb4o4ynAEx3AKPlxCHe6hAU0gMIJneIU3RzgvzrvzMW8tOcXMIfyB8/kDy3SNbA==</latexit>

G =
<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M =Range of 

Proof:

Range of 

… range of G  =  range of M
The columns of G include the columns of M.

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=



CT Controllability - Cayley Hamilton
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnContinuous Time 

…by Cayley Hamilton 

x is  a linear combination of the columns of M

<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M = where

<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M =Range of 

Proof:

Range of 

… range of     is a subset of range of M

<latexit sha1_base64="ZoNsorhcm6BzEvCrdT+vCJZMCAY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZRERD0WPeixgv2AJpTNZtsu3WzC7kQpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37PJ+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767QemNI/lPYwT5kdkIHmfUwJG6tllD7gIWXYzqXo0jAGf9OyKU3NmwMvEzUkF5Wj07C8vjGkaMQlUEK27rpOAnxEFnAo2KXmpZgmhIzJgXUMliZj2s9npE3xslBD3Y2VKAp6pvycyEmk9jgLTGREY6kVvKv7ndVPoX/oZl0kKTNL5on4qMMR4mgMOuWIUxNgQQhU3t2I6JIpQMGmVTAju4svLpHVac89r7t1ZpX6Vx1FEh+gIVZGLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AH3Ok38=</latexit>

G̃(·)
<latexit sha1_base64="fL78QSLSFB5XshEfojBZ5dqzevA="></latexit>

G̃
�
·
�
=

Z t

t0

eA(t�⌧)B(·) d⌧

<latexit sha1_base64="C6PdicZsOShAYHa9QPMdArBA3Yw=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE1GXVjcsq9gFNLJPptB06mYSZiVBCVm78FTcuFHHrN7jzb5y0XWjrgYEz59zLvfcEMWdKO863VVhYXFpeKa6W1tY3Nrfs7Z2GihJJaJ1EPJKtACvKmaB1zTSnrVhSHAacNoPhVe43H6hULBJ3ehRTP8R9wXqMYG2kjr1/gTwmkBdiPQiC9Da7T81Ps5AqJLKOXXYqzhhonrhTUoYpah37y+tGJAmp0IRjpdquE2s/xVIzwmlW8hJFY0yGuE/bhgps5vjp+IwMHRqli3qRNE9oNFZ/d6Q4VGoUBqYyX1fNern4n9dOdO/cT5mIE00FmQzqJRzpCOWZoC6TlGg+MgQTycyuiAywxESb5EomBHf25HnSOK64pxX35qRcvZzGUYQ9OIAjcOEMqnANNagDgUd4hld4s56sF+vd+piUFqxpzy78gfX5A4dcmIs=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="SNRe1TWn16W4m6JUyXX+Tp44hGY=">AAACHnicbVC7TsMwFHXKq5RXgJHFokJioUoQr7EtC2OR6ENKQuU4TmvVcSLbQaqifgkLv8LCAEJITPA3uGkGaLmSfc89517Z9/gJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvY6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dH1VO8+ECFpzO/UOCFehAachhQjpam+ee426cCBLoSN+4yf2BPYhLrStYuDWMkcNzQ5zfmt+72+WbVqVh5wEdgFqIIiWn3z0w1inEaEK8yQlI5tJcrLkFAUMzKpuKkkCcIjNCCOhhxFRHpZvt4EHmkmgGEs9OEK5uzviQxFUo4jX3dGSA3lvDYl/9OcVIVXXkZ5kirC8eyhMGVQxXDqFQyoIFixsQYIC6r/CvEQCYSVdrSiTbDnV14EndOafVGzb8+q9WZhRxkcgENwDGxwCergBrRAG2DwCJ7BK3gznowX4934mLWWjGJmH/wJ4+sH1vmdWg==</latexit>h
An�1B · · · AB B

i

<latexit sha1_base64="YpsFM0L/jvOmrFXFLuCf4SuCNws="></latexit>

eA(t�⌧) = �n�1(⌧)A
n�1 + · · ·+ �1(⌧)A+ �0(⌧)I

<latexit sha1_base64="XQfO6ofSTMoB9PvbPvoS4DdTTUc="></latexit>

if x 2 range
⇣
G̃
�
·
�⌘

<latexit sha1_base64="VSc7VI1jfKAUwHoIUa6ckbfw/no=">AAACCHicbVDJSgNBEO1xjXEb9ejBxiDEyzAjoh6DXjxGMAtkQujpVJImPQvdNZIw5OjFX/HiQRGvfoI3/8bOctDEBwWP96qoqhckUmh03W9raXlldW09t5Hf3Nre2bX39qs6ThWHCo9lrOoB0yBFBBUUKKGeKGBhIKEW9G/Gfu0BlBZxdI/DBJoh60aiIzhDI7XsIx8GZoumPk2LPrL0lPoIA8yodtCho5ZdcB13ArpIvBkpkBnKLfvLb8c8DSFCLpnWDc9NsJkxhYJLGOX9VEPCeJ91oWFoxELQzWzyyIieGKVNO7EyFSGdqL8nMhZqPQwD0xky7Ol5byz+5zVS7Fw1MxElKULEp4s6qaQY03EqtC0UcJRDQxhXwtxKeY8pxtFklzchePMvL5LqmeNdON7deaF0PYsjRw7JMSkSj1ySErklZVIhnDySZ/JK3qwn68V6tz6mrUvWbOaA/IH1+QP1AJin</latexit>

9 u(⌧) s.t.

<latexit sha1_base64="iEQs6fjy0aOTUqzQAUXDenhrdKg=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIdWGdEVE3Qq0blxXsBTrtkEnTNjSTGZIzYhn6GG58FTcuFHHbnW9jello6w+Bj/+cw8n5/UhwDbb9baWWlldW19LrmY3Nre2d7O5eVYexoqxCQxGquk80E1yyCnAQrB4pRgJfsJrfvx3Xa49MaR7KBxhErBmQruQdTgkYy8uePuFr7HIJXgKePWwBZq3kJg8nLpD4eFiK8xPALm7jMXnZnF2wJ8KL4Mwgh2Yqe9mR2w5pHDAJVBCtG44dQTMhCjgVbJhxY80iQvukyxoGJQmYbiaTw4b4yDht3AmVeRLwxP09kZBA60Hgm86AQE/P18bmf7VGDJ2rZsJlFAOTdLqoEwsMIR6nhNtcMQpiYIBQxc1fMe0RRSiYLDMmBGf+5EWonhWci4Jzf54rlmZxpNEBOkR55KBLVER3qIwqiKJn9Ire0Yf1Yr1Zn9bXtDVlzWb20R9Zox/zI553</latexit>

x =

Z t

t0

eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="GquTZuuFJjJ3zfqZ3el+mEG9czg="></latexit>

=

Z t

t0

✓
�n�1(⌧)A

n�1 + · · ·+ �1(⌧)A+ �0(⌧)I

◆
Bu(⌧) d⌧

<latexit sha1_base64="wyhRes3B9OB7DQ3tkxz8cUO3feE="></latexit>

=

✓Z t

t0

�n�1(⌧)u(⌧) d⌧

◆
An�1B + · · ·+

✓Z t

t0

�1(⌧)u(⌧) d⌧

◆
AB +

✓Z t

t0

�0(⌧)u(⌧) d⌧

◆
B

<latexit sha1_base64="rEW5Mno6WLd+Y/DoEy164BPDF8E=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoQY8V7Ie0oWw203bp7ibsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNHGqGTRYLGLdDqkBwRU0kKOAdqKBylBAKxzdTP3WE2jDY/WA4wQCSQeK9zmjaKXHLnIRQXY76ZUrXtWbwV0mfk4qJEe9V/7qRjFLJShkghrT8b0Eg4xq5EzApNRNDSSUjegAOpYqKsEE2ezgiXtilcjtx9qWQnem/p7IqDRmLEPbKSkOzaI3Ff/zOin2r4KMqyRFUGy+qJ8KF2N3+r0bcQ0MxdgSyjS3t7psSDVlaDMq2RD8xZeXSfOs6l9U/fvzSu06j6NIjsgxOSU+uSQ1ckfqpEEYkeSZvJI3RzsvzrvzMW8tOPnMIfkD5/MH+tGQhw==</latexit>

G̃

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=



DT Observability - Cayley Hamilton
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnDiscrete Time 
<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

…by Cayley Hamilton 

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

If x in nullspace of M, then it is in the nullspace of H.

<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M = where<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M =Nullspace 

Proof:

Nullspace of 
<latexit sha1_base64="R7P1U+hePPBb6e8Xy2jElmY/qHE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBn3GM0g==</latexit>

H

<latexit sha1_base64="GRqXcrxf7aLJ/V7Aa70sx6X1OrU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9NJjBfsBbSib7aZdursJuxshhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO9zv/tElWaRfDRpTH2Bx5KFjGCTS010i4bVmlt350CrxCtIDQq0htWvwSgiiaDSEI617ntubPwMK8MIp7PKINE0xmSKx7RvqcSCaj+b3zpDZ1YZoTBStqRBc/X3RIaF1qkIbKfAZqKXvVz8z+snJrzxMybjxFBJFovChCMTofxxNGKKEsNTSzBRzN6KyAQrTIyNp2JD8JZfXiWdi7p3VfceLmuNuyKOMpzAKZyDB9fQgCa0oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AzPuNbQ==</latexit>

H =

<latexit sha1_base64="cqLNRZHj0DgCm7h5MmIRzJsPIgE="></latexit>2

666664

C
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�
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CAn�1
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3

777775

<latexit sha1_base64="f/F6qP1l5Kx1Fx8hIRNdmvSbsVg="></latexit>2

6666666666664
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CA�

CA2
�

...
CAn�1

�
CAn

�
...

CAk
�

3

7777777777775

<latexit sha1_base64="f/F6qP1l5Kx1Fx8hIRNdmvSbsVg="></latexit>2

6666666666664

C
CA�
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�
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CAn�1

�
CAn

�
...
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�

3

7777777777775

<latexit sha1_base64="cqLNRZHj0DgCm7h5MmIRzJsPIgE="></latexit>2

666664

C
CA�

CA2
�

...
CAn�1

�

3

777775

<latexit sha1_base64="FFbhj029dm+oh0yKvgLTuoJvMdo="></latexit>2

66666666664

I
0
...
0

�n0I
...

�k0I

3

77777777775

<latexit sha1_base64="RCqQlf80FtG5mXmD8FpV4znzfks="></latexit>

0
I
...
0

�n1I
...

�k1I

<latexit sha1_base64="vXh7Rd4syse6fxiyjUy52/wREb8="></latexit>2

66666666664

0
0
...
I

�n(n�1)I
...

�k(n�1)I

3

77777777775
<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·
<latexit sha1_base64="XyoNKEnvUEifaKbNJgkZyQn9EJw=">AAAB8HicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPRi8cKtlbaUDabTbt0dxN2J0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZemApuwPO+ncrK6tr6RnXT3dre2d2r7R90TJJpyto0EYnuhsQwwRVrAwfBuqlmRIaCPYTjm8J/eGLa8ETdwyRlgSRDxWNOCVjpsU+jBAx23UGt7jW8GfAy8UtSRyVag9pXP0poJpkCKogxPd9LIciJBk4Fm7r9zLCU0DEZsp6likhmgnx28BSfWCXCcaJtKcAz9fdETqQxExnaTklgZBa9QvzP62UQXwU5V2kGTNH5ojgTGBJcfI8jrhkFMbGEUM3trZiOiCYUbEZFCP7iy8ukc9bwLxr+3Xm9eV3GUUVH6BidIh9doia6RS3URhRJ9Ixe0ZujnRfn3fmYt1accuYQ/YHz+QN1s4+H</latexit>· · ·

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

The identity block in the top of the coefficient matrix

shows that the columns are linearly independent.  Thus it

has a trivial nullspace.  Thus if x is in the null space of H

then it has to be in the null space of M. 

<latexit sha1_base64="Rignz2ufrG9/YzJ7gAcQHGNaRUY="></latexit>

Ak
� = �k(n�1)A

n�1
� + · · ·+ �k1A� + �k0I



<latexit sha1_base64="7zybzDqSqDQv8WdJ5CAskDFYubg=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQwdGKqMc5PehtgvuAtpQ0TbewNC1JKoyy/+DFv+LFgyJevXjz35huO+jmCwkPzwfJ+wQpo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnbZMMoFJCycsEd0AScIoJy1FFSPdVBAUB4x0gsFVoXceiJA04fdqmBIvRj1OI4qR0pRvHrkN2nOgCy9995owheAxdJnOhwjeatqFjeLWJs83q1bNGg+cB/YUVMF0mr755YYJzmLCFWZISse2UuXlSCiKGRlV3EySFOEB6hFHQ45iIr18vNMIHmgmhFEi9OEKjtnfiRzFUg7jQDtjpPpyVivI/zQnU9GFl1OeZopwPHkoyhhUCSwKgiEVBCs21ABhQfVfIe4jgbDSNVZ0CfbsyvOgfVKzz2r23Wm13pjWUQZ7YB8cAhucgzq4AU3QAhg8gmfwCt6MJ+PFeDc+JtaSMc3sgj9jfP4Ax4ma9A==</latexit>h
A� � �I B

i

DT Controllability Tests

1.                  is controllable

The following statements are equivalent

<latexit sha1_base64="Acvk/A9uvTuJj8K2hgdYZ2Q8jBE="></latexit>

M =
h
An�1

� B� · · · A2
�B� A�B� B�

i

<latexit sha1_base64="CPPAA4SGgoIwGm21OAQRmAJlU9I=">AAACLnicbVBLSwMxGMzWV62vqkcvwSJ6Krsi6qVQq4LHCn1B90E2zbah2QdJVijL/iIv/hU9CCri1Z9h2i5iWwcCk5n5SL5xI0aF1PU3Lbe0vLK6ll8vbGxube8Ud/daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO0Or8d++4FwQcOgIUcRsXzUD6hHMZJKcoq3bViBpoh9JxkeV/TUHsIrx7whTCJbKSmsZbdfYjdgMhNJ7YZTLOllfQK4SIyMlECGulN8MXshjn0SSMyQEF1Dj6SVIC4pZiQtmLEgEcJD1CddRQPkE2Elk3VTeKSUHvRCrk4g4UT9O5EgX4iR76qkj+RAzHtj8T+vG0vv0kpoEMWSBHj6kBczKEM47g72KCdYspEiCHOq/grxAHGEpWq4oEow5ldeJK3TsnFeNu7PStVaVkceHIBDcAIMcAGq4A7UQRNg8AiewTv40J60V+1T+5pGc1o2sw9moH3/AOQcp00=</latexit>

W =
kX

k0=0

Ak0

�B�B
T
�A

k0

�

T for <latexit sha1_base64="tfenUo2CWnA32IPkLiqehdChW2o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+4FtKJvtpF262cTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+W9GSXoR7QvecgZNVZ6GJJOHx+JPPW6pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n04vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys+4TFKDks0WhakgJiaT90mPK2RGjCyhTHF7K2EDqigzNqSiDcGbf3mRNM4q3kXFuzsvV6/zOApwCEdwAh5cQhVuoQZ1YCDhGV7hzdHOi/PufMxal5x85gD+wPn8ATIOj/Q=</latexit>

k � n� 1

has full row rank 
for every  

<latexit sha1_base64="JpOa3SWTGSznhHLXhXLlbnJluT8=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIqIua3XhsoK9QBvCZHrSDp1MwsxEqKX4Km5cKOLW93Dn2zhts9DqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyuJvXmPUjFYnGnhwl4EekJFjJKtLF8e6906XeugWtyjKsZHfl20Sk7U+G/4GZQRJlqvv3Z6cY0jUBoyolSbddJtDciUjPKYVzopAoSQgekB22DgkSgvNH0+jE+NE4Xh7E0T2g8dX9OjEik1DAKTGdEdF/N1ybmf7V2qsMLb8REkmoQdLYoTDnWMZ5EgbtMAtV8aIBQycytmPaJJFSbwAomBHf+y3+hcVJ2z8ru7WmxUs3iyKN9dIBKyEXnqIJuUA3VEUUP6Am9oFfr0Xq23qz3WWvOymZ20S9ZH99dnpPj</latexit>

(A�, B�)

full row rank 
(rank n)

Intuition:

A system is not controllable if there is a left 
eigenvector orthogonal to all columns of B

Left 
eigenvector

<latexit sha1_base64="Ka40hAspgceIzPSkNI1X+rEPuFU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIqBehVA8eK/QL2hg220m7dLMJuxuxhP4VLx4U8eof8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tnds/fLbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMr2d+5wGkYrFo6kkCXkSGgoWMEm0k3y53fHbfxHW/fwNcE3yFHd+uOFVnDvyXuDmpoBwN3/7sD2KaRiA05USpnusk2suI1IxymJb6qYKE0DEZQs9QQSJQXja/fYqPjTLAYSxNCY3n6s+JjERKTaLAdEZEj9SyNxP/83qpDi+9jIkk1SDoYlGYcqxjPAsCD5gEqvnEEEIlM7diOiKSUG3iKpkQ3OWX/5L2adU9r7p3Z5VaPY+jiA7RETpBLrpANXSLGqiFKHpET+gFvVpT69l6s94XrQUrnzlAv2B9fAOvi5Lq</latexit>

WT
i B� = 0

<latexit sha1_base64="rYa9YMIQekBJcpj9qjgZov5FoE8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rFCv6BdSzbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwwEdxYz/tGK6tr6xubha3i9s7u3n7p4LBpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY5up37riWnDlazbccKCmAwkjzgl1knNVo8/1HGvVPYq3gx4mfg5KUOOWq/01e0rmsZMWiqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HJUkZibIZtdO8KlT+jhS2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4TFLLJJ0vilKBrcLT13Gfa0atGDtCqObuVkyHRBNqXUBFF4K/+PIyaZ5X/MuKf39Rrt7kcRTgGE7gDHy4gircQQ0aQOERnuEV3pBCL+gdfcxbV1A+cwR/gD5/AOHEjq0=</latexit>

WT
i

Not controllable

The corresponding right eigenvector

cannot be reached and is thus called

an uncontrollable mode. 

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi

because eigenvectors are A-invariant (they don’t 
change directions under the action of A)… if an 
eigenvector is not affected by B, then that eigen- 
mode will just evolve on it’s own forever.

3. Controllability Matrix Test

5. The Grammian matrix W is invertible

4. PBH Test

2. There is no left eigenvector          s.t. 
<latexit sha1_base64="rYa9YMIQekBJcpj9qjgZov5FoE8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rFCv6BdSzbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwwEdxYz/tGK6tr6xubha3i9s7u3n7p4LBpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY5up37riWnDlazbccKCmAwkjzgl1knNVo8/1HGvVPYq3gx4mfg5KUOOWq/01e0rmsZMWiqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HJUkZibIZtdO8KlT+jhS2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4TFLLJJ0vilKBrcLT13Gfa0atGDtCqObuVkyHRBNqXUBFF4K/+PIyaZ5X/MuKf39Rrt7kcRTgGE7gDHy4gircQQ0aQOERnuEV3pBCL+gdfcxbV1A+cwR/gD5/AOHEjq0=</latexit>

WT
i

<latexit sha1_base64="Ka40hAspgceIzPSkNI1X+rEPuFU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIqBehVA8eK/QL2hg220m7dLMJuxuxhP4VLx4U8eof8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tnds/fLbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMr2d+5wGkYrFo6kkCXkSGgoWMEm0k3y53fHbfxHW/fwNcE3yFHd+uOFVnDvyXuDmpoBwN3/7sD2KaRiA05USpnusk2suI1IxymJb6qYKE0DEZQs9QQSJQXja/fYqPjTLAYSxNCY3n6s+JjERKTaLAdEZEj9SyNxP/83qpDi+9jIkk1SDoYlGYcqxjPAsCD5gEqvnEEEIlM7diOiKSUG3iKpkQ3OWX/5L2adU9r7p3Z5VaPY+jiA7RETpBLrpANXSLGqiFKHpET+gFvVpT69l6s94XrQUrnzlAv2B9fAOvi5Lq</latexit>

WT
i B� = 0

<latexit sha1_base64="gIiBRqmf+DyuE46Xj21LXgRxbDk=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhF0RtYyPwjKCeUA2hNnJTTJkdnaZuSuGJa2Nv2JjoYitf2Dn3zh5FJp4YOBwzrncuSeIpTDout/OwuLS8spqZi27vrG5tZ3b2a2aKNEcKjySka4HzIAUCiooUEI91sDCQEIt6F+N/No9aCMidYeDGJoh6yrREZyhlVo56ksbbjPqC0V9hAdMQXSHhYuWfw0S2VErl3eL7hh0nnhTkidTlFu5L78d8SQEhVwyYxqeG2MzZRoFlzDM+omBmPE+60LDUsVCMM10fMmQHlqlTTuRtk8hHau/J1IWGjMIA5sMGfbMrDcS//MaCXbOm6lQcYKg+GRRJ5EUIzqqhbaFBo5yYAnjWti/Ut5jmnG05WVtCd7syfOkelz0Tove7Um+dDmtI0P2yQEpEI+ckRK5IWVSIZw8kmfySt6cJ+fFeXc+JtEFZzqzR/7A+fwBnzWZpg==</latexit>

� 2 eig(A�)



<latexit sha1_base64="7zybzDqSqDQv8WdJ5CAskDFYubg=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQwdGKqMc5PehtgvuAtpQ0TbewNC1JKoyy/+DFv+LFgyJevXjz35huO+jmCwkPzwfJ+wQpo1JZ1rdRWlhcWl4pr1bW1jc2t8ztnbZMMoFJCycsEd0AScIoJy1FFSPdVBAUB4x0gsFVoXceiJA04fdqmBIvRj1OI4qR0pRvHrkN2nOgCy9995owheAxdJnOhwjeatqFjeLWJs83q1bNGg+cB/YUVMF0mr755YYJzmLCFWZISse2UuXlSCiKGRlV3EySFOEB6hFHQ45iIr18vNMIHmgmhFEi9OEKjtnfiRzFUg7jQDtjpPpyVivI/zQnU9GFl1OeZopwPHkoyhhUCSwKgiEVBCs21ABhQfVfIe4jgbDSNVZ0CfbsyvOgfVKzz2r23Wm13pjWUQZ7YB8cAhucgzq4AU3QAhg8gmfwCt6MJ+PFeDc+JtaSMc3sgj9jfP4Ax4ma9A==</latexit>h
A� � �I B

i

DT Controllability Tests

1.                  is controllable

The following statements are equivalent

<latexit sha1_base64="Acvk/A9uvTuJj8K2hgdYZ2Q8jBE="></latexit>

M =
h
An�1

� B� · · · A2
�B� A�B� B�

i

<latexit sha1_base64="CPPAA4SGgoIwGm21OAQRmAJlU9I=">AAACLnicbVBLSwMxGMzWV62vqkcvwSJ6Krsi6qVQq4LHCn1B90E2zbah2QdJVijL/iIv/hU9CCri1Z9h2i5iWwcCk5n5SL5xI0aF1PU3Lbe0vLK6ll8vbGxube8Ud/daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO0Or8d++4FwQcOgIUcRsXzUD6hHMZJKcoq3bViBpoh9JxkeV/TUHsIrx7whTCJbKSmsZbdfYjdgMhNJ7YZTLOllfQK4SIyMlECGulN8MXshjn0SSMyQEF1Dj6SVIC4pZiQtmLEgEcJD1CddRQPkE2Elk3VTeKSUHvRCrk4g4UT9O5EgX4iR76qkj+RAzHtj8T+vG0vv0kpoEMWSBHj6kBczKEM47g72KCdYspEiCHOq/grxAHGEpWq4oEow5ldeJK3TsnFeNu7PStVaVkceHIBDcAIMcAGq4A7UQRNg8AiewTv40J60V+1T+5pGc1o2sw9moH3/AOQcp00=</latexit>

W =
kX

k0=0

Ak0

�B�B
T
�A

k0

�

T for <latexit sha1_base64="tfenUo2CWnA32IPkLiqehdChW2o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+4FtKJvtpF262cTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+W9GSXoR7QvecgZNVZ6GJJOHx+JPPW6pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n04vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys+4TFKDks0WhakgJiaT90mPK2RGjCyhTHF7K2EDqigzNqSiDcGbf3mRNM4q3kXFuzsvV6/zOApwCEdwAh5cQhVuoQZ1YCDhGV7hzdHOi/PufMxal5x85gD+wPn8ATIOj/Q=</latexit>

k � n� 1

has full row rank 
for every  

<latexit sha1_base64="JpOa3SWTGSznhHLXhXLlbnJluT8=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIqIua3XhsoK9QBvCZHrSDp1MwsxEqKX4Km5cKOLW93Dn2zhts9DqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyuJvXmPUjFYnGnhwl4EekJFjJKtLF8e6906XeugWtyjKsZHfl20Sk7U+G/4GZQRJlqvv3Z6cY0jUBoyolSbddJtDciUjPKYVzopAoSQgekB22DgkSgvNH0+jE+NE4Xh7E0T2g8dX9OjEik1DAKTGdEdF/N1ybmf7V2qsMLb8REkmoQdLYoTDnWMZ5EgbtMAtV8aIBQycytmPaJJFSbwAomBHf+y3+hcVJ2z8ru7WmxUs3iyKN9dIBKyEXnqIJuUA3VEUUP6Am9oFfr0Xq23qz3WWvOymZ20S9ZH99dnpPj</latexit>

(A�, B�)

full row rank 
(rank n)

2 & 3

for diagonalizable


3. Controllability Matrix Test

5. The Grammian matrix W is invertible

4. PBH Test

2. There is no left eigenvector          s.t. 
<latexit sha1_base64="rYa9YMIQekBJcpj9qjgZov5FoE8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rFCv6BdSzbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwwEdxYz/tGK6tr6xubha3i9s7u3n7p4LBpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY5up37riWnDlazbccKCmAwkjzgl1knNVo8/1HGvVPYq3gx4mfg5KUOOWq/01e0rmsZMWiqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HJUkZibIZtdO8KlT+jhS2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4TFLLJJ0vilKBrcLT13Gfa0atGDtCqObuVkyHRBNqXUBFF4K/+PIyaZ5X/MuKf39Rrt7kcRTgGE7gDHy4gircQQ0aQOERnuEV3pBCL+gdfcxbV1A+cwR/gD5/AOHEjq0=</latexit>

WT
i

<latexit sha1_base64="Ka40hAspgceIzPSkNI1X+rEPuFU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIqBehVA8eK/QL2hg220m7dLMJuxuxhP4VLx4U8eof8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tnds/fLbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMr2d+5wGkYrFo6kkCXkSGgoWMEm0k3y53fHbfxHW/fwNcE3yFHd+uOFVnDvyXuDmpoBwN3/7sD2KaRiA05USpnusk2suI1IxymJb6qYKE0DEZQs9QQSJQXja/fYqPjTLAYSxNCY3n6s+JjERKTaLAdEZEj9SyNxP/83qpDi+9jIkk1SDoYlGYcqxjPAsCD5gEqvnEEEIlM7diOiKSUG3iKpkQ3OWX/5L2adU9r7p3Z5VaPY+jiA7RETpBLrpANXSLGqiFKHpET+gFvVpT69l6s94XrQUrnzlAv2B9fAOvi5Lq</latexit>

WT
i B� = 0

<latexit sha1_base64="gIiBRqmf+DyuE46Xj21LXgRxbDk=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhF0RtYyPwjKCeUA2hNnJTTJkdnaZuSuGJa2Nv2JjoYitf2Dn3zh5FJp4YOBwzrncuSeIpTDout/OwuLS8spqZi27vrG5tZ3b2a2aKNEcKjySka4HzIAUCiooUEI91sDCQEIt6F+N/No9aCMidYeDGJoh6yrREZyhlVo56ksbbjPqC0V9hAdMQXSHhYuWfw0S2VErl3eL7hh0nnhTkidTlFu5L78d8SQEhVwyYxqeG2MzZRoFlzDM+omBmPE+60LDUsVCMM10fMmQHlqlTTuRtk8hHau/J1IWGjMIA5sMGfbMrDcS//MaCXbOm6lQcYKg+GRRJ5EUIzqqhbaFBo5yYAnjWti/Ut5jmnG05WVtCd7syfOkelz0Tove7Um+dDmtI0P2yQEpEI+ckRK5IWVSIZw8kmfySt6cJ+fFeXc+JtEFZzqzR/7A+fwBnzWZpg==</latexit>

� 2 eig(A�)

<latexit sha1_base64="RYbu+s7+LDdF1YsU0k4Wdfkmyow=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RgfB48RzAOSJcxOepMhs7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzcRvPqHSPJYPZpSgH9G+5CFn1FipddXt3KIwtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfja9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMnme9LhCZsTIEsoUt7cSNqCKMmMjKtoQvPmXF0njtOKdV7z7s3L1Oo+jAIdwBCfgwQVU4Q5qUAcGAp7hFd6cR+fFeXc+Zq1LTj5zAH/gfP4AovKPtg==</latexit>

A�

<latexit sha1_base64="pzRgQ9slLW144R/ihdrqh4lvIyo=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwYklE1ItQtAePFWxaaGPYbDft0s0HuxOxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz08EV2BZ38bS8srq2nppo7y5tb2za+5VHBWnkrIWjUUsOz5RTPCItYCDYJ1EMhL6grX90c3Ebz8yqXgc3cM4YW5IBhEPOCWgJc+sXGGn4fUaTADBzkN2YueeWbVq1hR4kdgFqaICTc/86vVjmoYsAiqIUl3bSsDNiAROBcvLvVSxhNARGbCuphEJmXKz6e05PtJKHwex1BUBnqq/JzISKjUOfd0ZEhiqeW8i/ud1Uwgu3YxHSQosorNFQSowxHgSBO5zySiIsSaESq5vxXRIJKGg4yrrEOz5lxeJc1qzz2v23Vm1fl3EUUIH6BAdIxtdoDq6RU3UQhQ9oWf0it6M3Hgx3o2PWeuSUczsoz8wPn8ADiiTKw==</latexit>

= V D�V
�1

not 2 implies not 3
<latexit sha1_base64="cSFOmUb/NewhJ+uWHyI832EEbMs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MWLECEvTNYwO5kkQ2Znl5leISz5Cy8eFPHq33jzb5wke9BoQUNR1U13VxBLYdB1v5zc0vLK6lp+vbCxubW9U9zda5go0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRtdTv/nItRGRquE45n5IB0r0BaNopftmVzzUyC25JN1iyS27M5C/xMtICTJUu8XPTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OLp6QI6v0SD/SthSSmfpzIqWhMeMwsJ0hxaFZ9Kbif147wf6FnwoVJ8gVmy/qJ5JgRKbvk57QnKEcW0KZFvZWwoZUU4Y2pIINwVt8+S9pnJS9s7J3d1qqXGVx5OEADuEYPDiHCtxAFerAQMETvMCrY5xn5815n7fmnGxmH37B+fgGsPaPnw==</latexit>

WT
i M =

<latexit sha1_base64="9DQGYXlHiL+TiK+DJ8fWWNd/K2o=">AAACUHicbVHLSgMxFL1T3+Or6tJNsAhuLDMi6lKrC5cKfQidccikaQ1mMkNyRyhDP9GNO7/DjQtF04dgqxdCTs45l5ucxJkUBj3v1SnNzS8sLi2vuKtr6xub5a3tpklzzXiDpTLVdzE1XArFGyhQ8rtMc5rEkrfix8uh3nri2ohU1bGf8TChPSW6glG0VFTuBTXRa5OAuK1I3NcvouCKS6T3hTr0B7XJyQ2sIWCdFM0QzHjJlG2sTXF2QhiVK17VGxX5C/wJqMCkbqLyS9BJWZ5whUxSY9q+l2FYUI2CST5wg9zwjLJH2uNtCxVNuAmLUSADsm+ZDumm2i6FZMT+7ihoYkw/ia0zofhgZrUh+Z/WzrF7FhZCZTlyxcaDurkkmJJhuqQjNGco+xZQpoW9K2EPVFOG9g9cG4I/++S/oHlU9U+q/u1x5bw2iWMZdmEPDsCHUziHa7iBBjB4hjf4gE/nxXl3vkrO2Pqzww5MVcn9BqoYr3g=</latexit>h
WT

i An�1
� B� · · · WT

i A�B� WT
i B�

i

<latexit sha1_base64="90D2wQ4+0AGhk7Yecm4+1p98Rns="></latexit>

=
h
�n�1
i� WT

i B� · · · �i�W
T
i B� WT

i B�

i
<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="zKwdEun/IYhf/OkH8RzeIcyl5HM="></latexit>

=
h
�n�1
i� 0 · · · �i�0 0

i



CT Controllability Tests

1. (A,B) is controllable

The following statements are equivalent

3. Controllability Matrix Test

5. The Grammian matrix W is invertible

4. PBH Test

for

<latexit sha1_base64="G+8eRQgw4XTapuJmRpTHkSDl/50=">AAACCnicbVC7TsMwFL3hWcorwMhiqJBYqBKEgLGUBbYi0YeURJXjOK1V5yHbQaqqziz8CgsDCLHyBWz8DU6bAVquZOv4nHt0fY+fciaVZX0bC4tLyyurpbXy+sbm1ra5s9uSSSYIbZKEJ6LjY0k5i2lTMcVpJxUURz6nbX9wnevtByokS+J7NUypF+FezEJGsNJU1zxw66znIBddnbhc2wKMbvXLRfX81prXNStW1ZoUmgd2ASpQVKNrfrlBQrKIxopwLKVjW6nyRlgoRjgdl91M0hSTAe5RR8MYR1R6o8kqY3SkmQCFidAnVmjC/naMcCTlMPJ1Z4RVX85qOfmf5mQqvPRGLE4zRWMyHRRmHKkE5bmggAlKFB9qgIlg+q+I9LHAROn0yjoEe3bledA6rdrnVfvurFKrF3GUYB8O4RhsuIAa3EADmkDgEZ7hFd6MJ+PFeDc+pq0LRuHZgz9lfP4AqiKXtQ==</latexit>h
A� �I B

i has full row rank 
for every  

<latexit sha1_base64="NAzthRgCIvAKRqBMgQRJBadDhXc=">AAACAnicbVC7SgNBFJ31GeMraiU2g0GITdgVUcuojWUE84BsCLOTm2TI7Owyc1cMS7DxV2wsFLH1K+z8GyePQhMPDBzOOZc79wSxFAZd99tZWFxaXlnNrGXXNza3tnM7u1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgF/euRX7sHbUSk7nAQQzNkXSU6gjO0Uiu370sbbjPqC0V9hAdMQXSHhcvjVi7vFt0x6DzxpiRPpii3cl9+O+JJCAq5ZMY0PDfGZso0Ci5hmPUTAzHjfdaFhqWKhWCa6fiEIT2ySpt2Im2fQjpWf0+kLDRmEAY2GTLsmVlvJP7nNRLsXDRToeIEQfHJok4iKUZ01AdtCw0c5cASxrWwf6W8xzTjaFvL2hK82ZPnSfWk6J0VvdvTfOlqWkeGHJBDUiAeOSclckPKpEI4eSTP5JW8OU/Oi/PufEyiC850Zo/8gfP5A0/Alrs=</latexit>

� 2 eig(A)

full row rank 
(rank n)

<latexit sha1_base64="WGslp6mfezxpbetHK3BHYnjNaNk=">AAACI3icbVDLSgMxFM34rPU16tJNsAhuLDNFVAShrRs3QgX7gM5YMpm0Dc0kQ5IRytB/ceOvuHGhFDcu/BfTaRfaekOSwzn3kNwTxIwq7Thf1tLyyuraem4jv7m1vbNr7+03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBzURvPhGpqOAPehgTP0I9TrsUI22ojn11B6+hV6W9NvRg5THlp+6oaqBZOBRaGa4Ep0RlemWnMfgdu+AUnazgInBnoABmVevYYy8UOIkI15ghpdquE2s/RVJTzMgo7yWKxAgPUI+0DeQoIspPsxlH8NgwIewKaTbXMGN/O1IUKTWMAtMZId1X89qE/E9rJ7p76aeUx4kmHE8f6iYMagEngcGQSoI1GxqAsKTmrxD3kURYm1jzJgR3fuRF0CgV3fOie39WKFdnceTAITgCJ8AFF6AMbkEN1AEGz+AVvIMP68V6s8bW57R1yZp5DsCfsr5/ACKanwk=</latexit>

M =
h
An�1B · · ·A2B AB B

i

<latexit sha1_base64="psQ5w6NUTlaNX6Ug5oDCoIgbLLk=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjMi6kaodeOyQl/QmSmZNG1DM5khuSOUob/hxl9x40IRl7ryb8y0XWjrgcC559zLzT1BLLgG2/62ciura+sb+c3C1vbO7l5x/6Cpo0RR1qCRiFQ7IJoJLlkDOAjWjhUjYSBYKxjdZn7rgSnNI1mHccy8kAwk73NKwEjdot3C19jlErq2D7jA/PTGBZJMcLXq17PKr89qF/dwxrrFkl22p8DLxJmTEpqj1i1+ur2IJiGTQAXRuuPYMXgpUcCpYJOCm2gWEzoiA9YxVJKQaS+dXjbBJ0bp4X6kzJOAp+rviZSEWo/DwHSGBIZ60cvE/7xOAv0rL+UyToBJOlvUTwSGCGcx4R5XjIIYG0Ko4uavmA6JIhRMmAUTgrN48jJpnpWdi7Jzf16qVOdx5NEROkanyEGXqILuUA01EEWP6Bm9ojfryXqx3q2PWWvOms8coj+wvn4AUIyeqQ==</latexit>

W =

Z t

0
eA⌧BBT eA

T ⌧ d⌧
<latexit sha1_base64="pqr5GFzElaBEn/81xZDwMsbxNSg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYGyhDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3U791hPXRiTqAccpD2I6UCISjKKVfCTXxO1Va27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtFVkAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reRd27P681boo4ynAEx3AKHlxCA+6gCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9wPn8AgF+N1A==</latexit>

t > 0

Intuition:

A system is not controllable if there is a left 
eigenvector orthogonal to all columns of B

Left 
eigenvector

<latexit sha1_base64="rYa9YMIQekBJcpj9qjgZov5FoE8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rFCv6BdSzbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwwEdxYz/tGK6tr6xubha3i9s7u3n7p4LBpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY5up37riWnDlazbccKCmAwkjzgl1knNVo8/1HGvVPYq3gx4mfg5KUOOWq/01e0rmsZMWiqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HJUkZibIZtdO8KlT+jhS2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4TFLLJJ0vilKBrcLT13Gfa0atGDtCqObuVkyHRBNqXUBFF4K/+PIyaZ5X/MuKf39Rrt7kcRTgGE7gDHy4gircQQ0aQOERnuEV3pBCL+gdfcxbV1A+cwR/gD5/AOHEjq0=</latexit>

WT
i

Not controllable

<latexit sha1_base64="sHqIJWCG+GwEU/Xc5F3QuUHEVzc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9SKEePEYIS9I1jA7mU2GzM6uM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsSqhqOE+xHtKxEKRtFKrWZXPNQqN263UHRL7gxkmXgZKUKGarfw1enFLI24QiapMW3PTdAfU42CST7Jd1LDE8qGtM/blioaceOPZ/dOyKlVeiSMtS2FZKb+nhjTyJhRFNjOiOLALHpT8T+vnWJ47Y+FSlLkis0XhakkGJPp86QnNGcoR5ZQpoW9lbAB1ZShjShvQ/AWX14mjfOSd1ny7i+K5UoWRw6O4QTOwIMrKMMdVKEODCQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8AQjfj1A=</latexit>

WT
i B = 0

The corresponding right eigenvector

cannot be reached and is thus called

an uncontrollable mode. 

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi

because eigenvectors are A-invariant (they don’t 
change directions under the action of A)… if an 
eigenvector is not affected by B, then that eigen- 
mode will just evolve on it’s own forever.

2. There is no left eigenvector          s.t. 
<latexit sha1_base64="rYa9YMIQekBJcpj9qjgZov5FoE8=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rFCv6BdSzbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwwEdxYz/tGK6tr6xubha3i9s7u3n7p4LBpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY5up37riWnDlazbccKCmAwkjzgl1knNVo8/1HGvVPYq3gx4mfg5KUOOWq/01e0rmsZMWiqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HJUkZibIZtdO8KlT+jhS2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4TFLLJJ0vilKBrcLT13Gfa0atGDtCqObuVkyHRBNqXUBFF4K/+PIyaZ5X/MuKf39Rrt7kcRTgGE7gDHy4gircQQ0aQOERnuEV3pBCL+gdfcxbV1A+cwR/gD5/AOHEjq0=</latexit>

WT
i

<latexit sha1_base64="sHqIJWCG+GwEU/Xc5F3QuUHEVzc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9SKEePEYIS9I1jA7mU2GzM6uM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsSqhqOE+xHtKxEKRtFKrWZXPNQqN263UHRL7gxkmXgZKUKGarfw1enFLI24QiapMW3PTdAfU42CST7Jd1LDE8qGtM/blioaceOPZ/dOyKlVeiSMtS2FZKb+nhjTyJhRFNjOiOLALHpT8T+vnWJ47Y+FSlLkis0XhakkGJPp86QnNGcoR5ZQpoW9lbAB1ZShjShvQ/AWX14mjfOSd1ny7i+K5UoWRw6O4QTOwIMrKMMdVKEODCQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8AQjfj1A=</latexit>

WT
i B = 0



3. Observability Matrix Test

Since      is in the null space of C it never

shows up in the output y

DT Observability Tests

1.                  is observable

The following statements are equivalent

5. The Grammian matrix W is invertible

for
<latexit sha1_base64="tfenUo2CWnA32IPkLiqehdChW2o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+4FtKJvtpF262cTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4M/GbT6g0j+W9GSXoR7QvecgZNVZ6GJJOHx+JPPW6pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n04vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwys+4TFKDks0WhakgJiaT90mPK2RGjCyhTHF7K2EDqigzNqSiDcGbf3mRNM4q3kXFuzsvV6/zOApwCEdwAh5cQhVuoQZ1YCDhGV7hzdHOi/PufMxal5x85gD+wPn8ATIOj/Q=</latexit>

k � n� 1

has full col rank 
for every  

full col rank 
(rank n)

<latexit sha1_base64="3SnexeyWCO2tX0AvC8r3Yue62sc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQQcKuiHqMxoPHCOYByRJmJ5NkyOzDmd5AWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dXiSFRtv+tjIrq2vrG9nN3Nb2zu5efv+grsNYMV5joQxV06OaSxHwGgqUvBkpTn1P8oY3rEz9xogrLcLgEccRd33aD0RPMIpGcos3nfYdl0jPSOW0ky/YJXsGskyclBQgRbWT/2p3Qxb7PEAmqdYtx47QTahCwSSf5Nqx5hFlQ9rnLUMD6nPtJrOjJ+TEKF3SC5WpAMlM/T2RUF/rse+ZTp/iQC96U/E/rxVj79pNRBDFyAM2X9SLJcGQTBMgXaE4Qzk2hDIlzK2EDaiiDE1OOROCs/jyMqmfl5zLkvNwUSjfpnFk4QiOoQgOXEEZ7qEKNWDwBM/wCm/WyHqx3q2PeWvGSmcO4Q+szx+93ZDI</latexit>

(A�, C)

<latexit sha1_base64="+CocefzZMBzr/wPnp4jaEJ60bCM=">AAACH3icbVDLSgMxFM3UVx1fVZdugkVwY5kRqS6rdaG7CvYBnVIymds2NJMZkoxYhv6JG3/FjQtFxF3/xvSBaOuBwOHcc2/uPX7MmdKOM7IyS8srq2vZdXtjc2t7J7e7V1NRIilUacQj2fCJAs4EVDXTHBqxBBL6HOp+vzyu1x9AKhaJez2IoRWSrmAdRok2UjtX9HzoMpH6IdGSPQ7ty7Z3DVwTfOJxMyYg+BZ7nl22PRDBj62dyzsFZwK8SNwZyaMZKu3clxdENAlBaMqJUk3XiXUrJVIzymFoe4mCmNA+6ULTUEFCUK10ct8QHxklwJ1Imic0nqi/O1ISKjUIfeM0+/XUfG0s/ldrJrpz0UqZiBMNgk4/6iQc6wiPw8IBk0A1HxhCqGRmV0x7RBKqTaS2CcGdP3mR1E4LbrHg3p3lS1ezOLLoAB2iY+Sic1RCN6iCqoiiJ/SC3tC79Wy9Wh/W59SasWY9++gPrNE3ygGiMQ==</latexit>
A� � �I

C

�
<latexit sha1_base64="gIiBRqmf+DyuE46Xj21LXgRxbDk=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhF0RtYyPwjKCeUA2hNnJTTJkdnaZuSuGJa2Nv2JjoYitf2Dn3zh5FJp4YOBwzrncuSeIpTDout/OwuLS8spqZi27vrG5tZ3b2a2aKNEcKjySka4HzIAUCiooUEI91sDCQEIt6F+N/No9aCMidYeDGJoh6yrREZyhlVo56ksbbjPqC0V9hAdMQXSHhYuWfw0S2VErl3eL7hh0nnhTkidTlFu5L78d8SQEhVwyYxqeG2MzZRoFlzDM+omBmPE+60LDUsVCMM10fMmQHlqlTTuRtk8hHau/J1IWGjMIA5sMGfbMrDcS//MaCXbOm6lQcYKg+GRRJ5EUIzqqhbaFBo5yYAnjWti/Ut5jmnG05WVtCd7syfOkelz0Tove7Um+dDmtI0P2yQEpEI+ckRK5IWVSIZw8kmfySt6cJ+fFeXc+JtEFZzqzR/7A+fwBnzWZpg==</latexit>

� 2 eig(A�)

<latexit sha1_base64="9XR2SL+XiN8Djqq8GjGN7ZpFRfw=">AAACInicbZDLSsNAFIYn9VbrLerSzWARXZVExMuiUK0LlxV6gyYNk+m0HTK5MDMRSsizuPFV3LhQ1JXgwzhps9DWHw78fOccZs7vRowKaRhfWmFpeWV1rbhe2tjc2t7Rd/faIow5Ji0cspB3XSQIowFpSSoZ6UacIN9lpON69azfeSBc0DBoyklEbB+NAjqkGEmFHP2qA6vQErHvJN5x1Uj7HkyuHeuWMIn6CqVpvwnrWc1zRy8bFWMquGjM3JRBroajf1iDEMc+CSRmSIieaUTSThCXFDOSlqxYkAhhD41IT9kA+UTYyfTEFB4pMoDDkKsKJJzS3xsJ8oWY+K6a9JEci/leBv/r9WI5vLQTGkSxJAGePTSMGZQhzPKCA8oJlmyiDMKcqr9CPEYcYalSLakQzPmTF037tGKeV8z7s3LtJo+jCA7AITgBJrgANXAHGqAFMHgEz+AVvGlP2ov2rn3ORgtavrMP/kj7/gGbWKKF</latexit>

W =
kX

k0=0

Ak0

�

T
CTCAk0

�

Intuition:

A system is not observable if there is a right 
eigenvector orthogonal to all rows of C

Right 
eigenvector

Not observable

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi
<latexit sha1_base64="9aZ/uritQm/NDGHg0RF+C2W1Cx4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBchmIvHCOYhyRJmJ7PJkHksM7NCWPIVXjwo4tXP8ebfOEn2oNGChqKqm+6uKOHMWN//8gorq2vrG8XN0tb2zu5eef+gZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7G9ZnffqTaMCXv7SShocBDyWJGsHXSQ73VZ+ga+ahfrvhVfw70lwQ5qUCORr/82RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+cFTdOKUAYqVdiUtmqs/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZp9jwZMU2L5xBFMNHO3IjLCGhPrMiq5EILll/+S1lk1uKgGd+eV2k0eRxGO4BhOIYBLqMEtNKAJBAQ8wQu8etp79t6890VrwctnDuEXvI9vsf2PCA==</latexit>

CVi = 0

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi
<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M =

because eigenvectors are A-invariant (they don’t 
change directions under the action of A)… if an 
eigenvector is not “seen” by C, then that eigen- 
mode will never show in the output. 

<latexit sha1_base64="+IMs6ophNcTMGiVj3nXqUujz8WM="></latexit>2

666664

C
CA�

CA2
�

...
CAn�1

�

3

777775

2. There is no right eigenvector          s.t. 

4. PBH Test

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi
<latexit sha1_base64="9aZ/uritQm/NDGHg0RF+C2W1Cx4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBchmIvHCOYhyRJmJ7PJkHksM7NCWPIVXjwo4tXP8ebfOEn2oNGChqKqm+6uKOHMWN//8gorq2vrG8XN0tb2zu5eef+gZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7G9ZnffqTaMCXv7SShocBDyWJGsHXSQ73VZ+ga+ahfrvhVfw70lwQ5qUCORr/82RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+cFTdOKUAYqVdiUtmqs/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZp9jwZMU2L5xBFMNHO3IjLCGhPrMiq5EILll/+S1lk1uKgGd+eV2k0eRxGO4BhOIYBLqMEtNKAJBAQ8wQu8etp79t6890VrwctnDuEXvI9vsf2PCA==</latexit>

CVi = 0



3. Observability Matrix Test

CT Observability Tests

1. (A,C) is controllable

The following statements are equivalent

for

<latexit sha1_base64="NAzthRgCIvAKRqBMgQRJBadDhXc=">AAACAnicbVC7SgNBFJ31GeMraiU2g0GITdgVUcuojWUE84BsCLOTm2TI7Owyc1cMS7DxV2wsFLH1K+z8GyePQhMPDBzOOZc79wSxFAZd99tZWFxaXlnNrGXXNza3tnM7u1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgF/euRX7sHbUSk7nAQQzNkXSU6gjO0Uiu370sbbjPqC0V9hAdMQXSHhcvjVi7vFt0x6DzxpiRPpii3cl9+O+JJCAq5ZMY0PDfGZso0Ci5hmPUTAzHjfdaFhqWKhWCa6fiEIT2ySpt2Im2fQjpWf0+kLDRmEAY2GTLsmVlvJP7nNRLsXDRToeIEQfHJok4iKUZ01AdtCw0c5cASxrWwf6W8xzTjaFvL2hK82ZPnSfWk6J0VvdvTfOlqWkeGHJBDUiAeOSclckPKpEI4eSTP5JW8OU/Oi/PufEyiC850Zo/8gfP5A0/Alrs=</latexit>

� 2 eig(A)

<latexit sha1_base64="pqr5GFzElaBEn/81xZDwMsbxNSg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYGyhDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3U791hPXRiTqAccpD2I6UCISjKKVfCTXxO1Va27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtFVkAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reRd27P681boo4ynAEx3AKHlxCA+6gCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9wPn8AgF+N1A==</latexit>

t > 0

<latexit sha1_base64="tNlljhAfwSepT2LqS13y3f5Q6FU=">AAACF3icbVDLSgMxFM3UVx1foy7dBIvgxjIjoi6r3eiugn1Ap5RM5rYNzWSGJCOWoX/hxl9x40IRt7rzb0wfiLYeCBzOuYfce4KEM6Vd98vKLSwuLa/kV+219Y3NLWd7p6biVFKo0pjHshEQBZwJqGqmOTQSCSQKONSDfnnk1+9AKhaLWz1IoBWRrmAdRok2Utsp+gF0mciCiGjJ7of2xZHPTTwk+Br7vl22fRDhj912Cm7RHQPPE29KCmiKStv59MOYphEITTlRqum5iW5lRGpGOQxtP1WQENonXWgaKkgEqpWN7xriA6OEuBNL84TGY/V3IiORUoMoMJNmv56a9Ubif14z1Z3zVsZEkmoQdPJRJ+VYx3hUEg6ZBKr5wBBCJTO7YtojklBtqrRNCd7syfOkdlz0TovezUmhdDmtI4/20D46RB46QyV0hSqoiih6QE/oBb1aj9az9Wa9T0Zz1jSzi/7A+vgG3JSfHA==</latexit>
A� �I

C

�

<latexit sha1_base64="hOP/R+2OE+wPKsUZJrro/X6wYQ0=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjMi6kaoduOyQl/QmSmZNG1DM5khuSOUoZ/hxl9x40IRt935N2baLrR6IHDuOfdyc08QC67Btr+s3Mrq2vpGfrOwtb2zu1fcP2jqKFGUNWgkItUOiGaCS9YADoK1Y8VIGAjWCkbVzG89MqV5JOswjpkXkoHkfU4JGKlbPGvhG+xyCV3bB8z89Navu0CSCa769WpWZxWeuLiHM9YtluyyPQP+S5wFKaEFat3i1O1FNAmZBCqI1h3HjsFLiQJOBZsU3ESzmNARGbCOoZKETHvp7LAJPjFKD/cjZZ4EPFN/TqQk1HocBqYzJDDUy14m/ud1EuhfeymXcQJM0vmifiIwRDhLCfe4YhTE2BBCFTd/xXRIFKFgsiyYEJzlk/+S5nnZuSw7Dxelyt0ijjw6QsfoFDnoClXQPaqhBqLoCb2gN/RuPVuv1of1OW/NWYuZQ/QL1vQbGYGelw==</latexit>

W =

Z t

0
eA

T ⌧CTCeA⌧ d⌧

Since      is in the null space of C it never

shows up in the output y

Intuition:

A system is not observable if there is a right 
eigenvector orthogonal to all rows of C

Right 
eigenvector

Not observable

<latexit sha1_base64="9aZ/uritQm/NDGHg0RF+C2W1Cx4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBchmIvHCOYhyRJmJ7PJkHksM7NCWPIVXjwo4tXP8ebfOEn2oNGChqKqm+6uKOHMWN//8gorq2vrG8XN0tb2zu5eef+gZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7G9ZnffqTaMCXv7SShocBDyWJGsHXSQ73VZ+ga+ahfrvhVfw70lwQ5qUCORr/82RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+cFTdOKUAYqVdiUtmqs/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZp9jwZMU2L5xBFMNHO3IjLCGhPrMiq5EILll/+S1lk1uKgGd+eV2k0eRxGO4BhOIYBLqMEtNKAJBAQ8wQu8etp79t6890VrwctnDuEXvI9vsf2PCA==</latexit>

CVi = 0

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi
<latexit sha1_base64="+kj2Ja5CPA/mmXIC+DepgS02YwM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJFqGA/oA1ls920S3c3YXcjlNC/4MWDIl79Q978N27aHLT1wcDjvRlm5oUJZ9p43rdTWlldW98ob1a2tnd299z9g5aOU0Vok8Q8Vp0Qa8qZpE3DDKedRFEsQk7b4fg299tPVGkWy0czSWgg8FCyiBFscukeXaO+W/Vq3gxomfgFqUKBRt/96g1ikgoqDeFY667vJSbIsDKMcDqt9FJNE0zGeEi7lkosqA6y2a1TdGKVAYpiZUsaNFN/T2RYaD0Roe0U2Iz0opeL/3nd1ERXQcZkkhoqyXxRlHJkYpQ/jgZMUWL4xBJMFLO3IjLCChNj46nYEPzFl5dJ66zmX9T8h/Nq/aaIowxHcAyn4MMl1OEOGtAEAiN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/1J6Ncg==</latexit>

M =

because eigenvectors are A-invariant (they don’t 
change directions under the action of A)… if an 
eigenvector is not “seen” by C, then that eigen- 
mode will never show in the output. 

<latexit sha1_base64="JvyHoOuhjrdZoISEyr9iW8BTtCY=">AAACLXicbVBNSwMxEM36WdevVY9egkXwYtkVUY/VevBYwWqhW0s2O22D2eySZItl6R/y4l8RwUNFvPo3TNtFtHUgmcebecnMCxLOlHbdoTU3v7C4tFxYsVfX1jc2na3tWxWnkkKNxjyW9YAo4ExATTPNoZ5IIFHA4S54qIzqdz2QisXiRvcTaEakI1ibUaIN1XIu/QA6TGRBRLRkjwO7gn3frpxP7vujUfZ7YaxVzmTi0BvYPojwR4NbTtEtuePAs8DLQRHlUW05r34Y0zQCoSknSjU8N9HNjEjNKAfzfKogIfSBdKBhoCARqGY23naA9w0T4nYszREaj9nfioxESvWjwHSaAbtqujYi/6s1Ut0+a2ZMJKkGQScftVOOdYxH1uGQSaCa9w0gVDIzK6ZdIgnVxmDbmOBNrzwLbo9K3knJuz4uli9yOwpoF+2hA+ShU1RGV6iKaoiiJ/SChujderberA/rc9I6Z+WaHfQnrK9vnwGl9A==</latexit>2

666664

C
CA
CA2

...
CAn�1

3

777775

full col rank 
(rank n)

2. There is no right eigenvector          s.t. 
<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi
<latexit sha1_base64="9aZ/uritQm/NDGHg0RF+C2W1Cx4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBchmIvHCOYhyRJmJ7PJkHksM7NCWPIVXjwo4tXP8ebfOEn2oNGChqKqm+6uKOHMWN//8gorq2vrG8XN0tb2zu5eef+gZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7G9ZnffqTaMCXv7SShocBDyWJGsHXSQ73VZ+ga+ahfrvhVfw70lwQ5qUCORr/82RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+cFTdOKUAYqVdiUtmqs/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZp9jwZMU2L5xBFMNHO3IjLCGhPrMiq5EILll/+S1lk1uKgGd+eV2k0eRxGO4BhOIYBLqMEtNKAJBAQ8wQu8etp79t6890VrwctnDuEXvI9vsf2PCA==</latexit>

CVi = 0

5. The Grammian matrix W is invertible

4. PBH Test

has full col rank 
for every  

<latexit sha1_base64="J4J6gV8Hvyt6P/+Tzow73wTbnRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAuvI28</latexit>

Vi


