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Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2
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77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2
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3

77777775

<latexit sha1_base64="/8ZoaaBJ5zmbaBzCnR1PD+FrmZ4=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSFFGPRS8eK7S10MSy2W7apZtN2J0IJeTiX/HiQRGv/gxv/hu3bQ7a+mDg8d4MM/OCRHANjvNtlVZW19Y3ypuVre2d3T17/6Cj41RR1qaxiFU3IJoJLlkbOAjWTRQjUSDYfTC+mfr3j0xpHssWTBLmR2QoecgpASP17SP2kPG6l3APQkVoBuM8a+U57ttVp+bMgJeJW5AqKtDs21/eIKZpxCRQQbTuuU4CfkYUcCpYXvFSzRJCx2TIeoZKEjHtZ7MHcnxqlAEOY2VKAp6pvycyEmk9iQLTGREY6UVvKv7n9VIIr/yMyyQFJul8UZgKDDGepoEHXDEKYmIIoYqbWzEdERMEmMwqJgR38eVl0qnX3Iuae3debVwXcZTRMTpBZ8hFl6iBblETtRFFOXpGr+jNerJerHfrY95asoqZQ/QH1ucPOiGW0Q==</latexit>
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T

Eigenvector k
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<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2
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<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

Eigenvalue k (frequency k)

Eigenvectors: 

<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>

ei2⇡
k
T

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2
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<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664
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<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664
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777777777775

<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>
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k
T

<latexit sha1_base64="6ks9+8BvdGgb7OnztysrP/KY/A4="></latexit>2
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<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2
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77777775

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>
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<latexit sha1_base64="AuYSPYdkBj4Zw6UBZcEB6xQBIYU="></latexit>2
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Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2
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<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2
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77777775

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

Frequency: 

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvalues:

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>
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<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2
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<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664
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<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>

ei2⇡
k
T

<latexit sha1_base64="6ks9+8BvdGgb7OnztysrP/KY/A4="></latexit>2

666666666664

ei2⇡
1k
T

ei2⇡
2k
T

ei2⇡
3k
T

...

ei2⇡
(T�1)k

T

ei2⇡
0k
T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors: 

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="BZV6xUf/H/xHB0+NpU8huEVTgDk=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILrQkRdRl0Y3LCn1BE8tkOmmHTh7MTIQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJmnjzM7SRpad9syyVbGmQIvEzkkZctR75pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN52+kKFjrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+VduysI4UTQks0V+wpGK0CQP1GeCEsXHmmAimL4VkSHWSSidWkmHYM+/vEha1Yp9UbHvzsu16zyOIhzCEZyADZdQg1uoQxMIPMIzvMKb8WS8GO/Gx6y1YOQz+/AHxucPjVOW5A==</latexit>

ei2⇡
T�1
T ,

<latexit sha1_base64="m1KLidqw8mz1YF+FDYTDbtPuou0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1qSIuqy6MZlhb6giWUynbRDJw9mboQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4vFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y1uJn77gUnFo7AB45i5ARmE3OeUgJZ65gG7T3nViTl2wJeEpo2zapY2suy0Z5atijUFXiR2TsooR71nfjn9iCYBC4EKolTXtmJwUyKBU8GykpMoFhM6IgPW1TQkAVNuOn0hw8da6WM/krpCwFP190RKAqXGgac7AwJDNe9NxP+8bgL+lZvyME6AhXS2yE8EhghP8sB9LhkFMdaEUMn1rZgOiU4CdGolHYI9//IiaVUr9kXFvjsv167zOIroEB2hE2SjS1RDt6iOmoiiR/SMXtGb8WS8GO/Gx6y1YOQz++gPjM8fjt2W5Q==</latexit>

ei2⇡
T�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



<latexit sha1_base64="AuYSPYdkBj4Zw6UBZcEB6xQBIYU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(T�2)
T ei2⇡

1(T�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(T�2)
T ei2⇡

2(T�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(T�2)

T ei2⇡
(T�2)(T�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(T�2)

T ei2⇡
(T�1)(T�1)

T

3

777777777775

Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>

ei2⇡
k
T

<latexit sha1_base64="6ks9+8BvdGgb7OnztysrP/KY/A4="></latexit>2

666666666664

ei2⇡
1k
T

ei2⇡
2k
T

ei2⇡
3k
T

...

ei2⇡
(T�1)k

T

ei2⇡
0k
T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors: 

1-rotation

Step-size

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im <latexit sha1_base64="zlOtG9YmZtEz0ruqw8InxOyvDbQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISmbpY2sqxvl52KMwNeJm5OyihHvW9/9QYRTUIQmnKiVNd1Yu2lRGpGOWSlXqIgJnRMhtA1VJAQlJfO7s/wqVEGOIikKaHxTP09kZJQqUnom86Q6JFa9Kbif1430cGVlzIRJxoEnS8KEo51hKdh4AGTQDWfGEKoZOZWTEfExKBNZCUTgrv48jJpVSvuRcW9Oy/XrvM4iugYnaAz5KJLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx/+45YZ</latexit>

ei2⇡
1
T

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

Frequency: 

Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="BZV6xUf/H/xHB0+NpU8huEVTgDk=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILrQkRdRl0Y3LCn1BE8tkOmmHTh7MTIQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJmnjzM7SRpad9syyVbGmQIvEzkkZctR75pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN52+kKFjrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+VduysI4UTQks0V+wpGK0CQP1GeCEsXHmmAimL4VkSHWSSidWkmHYM+/vEha1Yp9UbHvzsu16zyOIhzCEZyADZdQg1uoQxMIPMIzvMKb8WS8GO/Gx6y1YOQz+/AHxucPjVOW5A==</latexit>

ei2⇡
T�1
T ,

<latexit sha1_base64="m1KLidqw8mz1YF+FDYTDbtPuou0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1qSIuqy6MZlhb6giWUynbRDJw9mboQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4vFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y1uJn77gUnFo7AB45i5ARmE3OeUgJZ65gG7T3nViTl2wJeEpo2zapY2suy0Z5atijUFXiR2TsooR71nfjn9iCYBC4EKolTXtmJwUyKBU8GykpMoFhM6IgPW1TQkAVNuOn0hw8da6WM/krpCwFP190RKAqXGgac7AwJDNe9NxP+8bgL+lZvyME6AhXS2yE8EhghP8sB9LhkFMdaEUMn1rZgOiU4CdGolHYI9//IiaVUr9kXFvjsv167zOIroEB2hE2SjS1RDt6iOmoiiR/SMXtGb8WS8GO/Gx6y1YOQz++gPjM8fjt2W5Q==</latexit>

ei2⇡
T�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



<latexit sha1_base64="AuYSPYdkBj4Zw6UBZcEB6xQBIYU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(T�2)
T ei2⇡

1(T�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(T�2)
T ei2⇡

2(T�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(T�2)

T ei2⇡
(T�2)(T�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(T�2)

T ei2⇡
(T�1)(T�1)

T

3

777777777775

Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>

ei2⇡
k
T

<latexit sha1_base64="6ks9+8BvdGgb7OnztysrP/KY/A4="></latexit>2

666666666664

ei2⇡
1k
T

ei2⇡
2k
T

ei2⇡
3k
T

...

ei2⇡
(T�1)k

T

ei2⇡
0k
T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors: 

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

0-rotations 1-rotation 2-rotations (T-1)-rotations

Step-size Step-size
<latexit sha1_base64="zlOtG9YmZtEz0ruqw8InxOyvDbQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISmbpY2sqxvl52KMwNeJm5OyihHvW9/9QYRTUIQmnKiVNd1Yu2lRGpGOWSlXqIgJnRMhtA1VJAQlJfO7s/wqVEGOIikKaHxTP09kZJQqUnom86Q6JFa9Kbif1430cGVlzIRJxoEnS8KEo51hKdh4AGTQDWfGEKoZOZWTEfExKBNZCUTgrv48jJpVSvuRcW9Oy/XrvM4iugYnaAz5KJLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx/+45YZ</latexit>

ei2⇡
1
T

<latexit sha1_base64="pdNafQoW/XxGD4JEmrpLHsCp+5E=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISm1SxtZFnfLjsVZwa8TNyclFGOet/+6g0imoQgNOVEqa7rxNpLidSMcshKvURBTOiYDKFrqCAhKC+d3Z/hU6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooMrL2UiTjQIOl8UJBzrCE/DwAMmgWo+MYRQycytmI6IiUGbyEomBHfx5WXSqlbci4p7d16uXedxFNExOkFnyEWXqIZuUR01EUWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz8Ae5Ya</latexit>

ei2⇡
2
T

Ex: for T = 8
<latexit sha1_base64="VGW1ypuDdfxI4tQiyfCHbFkzidA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSRF0W3bis0Bc0sUymk3boZBJmboQS4sZfceNCEbf+hTv/xuljoa0HLhzOuZd77wkSwTU4zre1tLyyurZe2Chubm3v7Np7+00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfBm7LcemNI8lnUYJcyPSF/ykFMCRurah+w+4xUv4diDUBGa1c/cPKvnedcuOWVnArxI3BkpoRlqXfvL68U0jZgEKojWHddJwM+IAk4Fy4teqllC6JD0WcdQSSKm/WzyQY5PjNLDYaxMScAT9fdERiKtR1FgOiMCAz3vjcX/vE4K4ZWfcZmkwCSdLgpTgSHG4zhwjytGQYwMIVRxcyumA2KCABNa0YTgzr+8SJqVsntRdu/OS9XrWRwFdISO0Sly0SWqoltUQw1E0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifPxxllq4=</latexit>

ei2⇡
T�1
T

Step-size

…

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

Frequency: 

Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="BZV6xUf/H/xHB0+NpU8huEVTgDk=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILrQkRdRl0Y3LCn1BE8tkOmmHTh7MTIQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJmnjzM7SRpad9syyVbGmQIvEzkkZctR75pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN52+kKFjrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+VduysI4UTQks0V+wpGK0CQP1GeCEsXHmmAimL4VkSHWSSidWkmHYM+/vEha1Yp9UbHvzsu16zyOIhzCEZyADZdQg1uoQxMIPMIzvMKb8WS8GO/Gx6y1YOQz+/AHxucPjVOW5A==</latexit>

ei2⇡
T�1
T ,

<latexit sha1_base64="m1KLidqw8mz1YF+FDYTDbtPuou0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1qSIuqy6MZlhb6giWUynbRDJw9mboQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4vFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y1uJn77gUnFo7AB45i5ARmE3OeUgJZ65gG7T3nViTl2wJeEpo2zapY2suy0Z5atijUFXiR2TsooR71nfjn9iCYBC4EKolTXtmJwUyKBU8GykpMoFhM6IgPW1TQkAVNuOn0hw8da6WM/krpCwFP190RKAqXGgac7AwJDNe9NxP+8bgL+lZvyME6AhXS2yE8EhghP8sB9LhkFMdaEUMn1rZgOiU4CdGolHYI9//IiaVUr9kXFvjsv167zOIroEB2hE2SjS1RDt6iOmoiiR/SMXtGb8WS8GO/Gx6y1YOQz++gPjM8fjt2W5Q==</latexit>

ei2⇡
T�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



<latexit sha1_base64="T5DH5VY+JwRzD9U6qJYajNQaCGk=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuNCSFFGXRTcuK/QFTSyT6aQdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJulZNUsbWXbaM8tWxZoCLRI7J2XIUe+ZX04/IklAQ0U4lrJrW7FyUywUI5xmJSeRNMZkhAe0q2mIAyrddPpBho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlX7kpC+NE0ZDMFvkJRypCkzhQnwlKFB9rgolg+lZEhlgHoXRoJR2CPf/yImlVK/ZFxb47L9eu8ziKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsfs9aCkc/swx8Ynz/hmJaH</latexit>

ei2⇡
�2
T ,

Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>

ei2⇡
k
T

<latexit sha1_base64="6ks9+8BvdGgb7OnztysrP/KY/A4="></latexit>2

666666666664

ei2⇡
1k
T

ei2⇡
2k
T

ei2⇡
3k
T

...

ei2⇡
(T�1)k

T

ei2⇡
0k
T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors: 

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

0-rotations 1-rotation 2-rotations 1- rotation (neg.)

Step-size Step-size
<latexit sha1_base64="zlOtG9YmZtEz0ruqw8InxOyvDbQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISmbpY2sqxvl52KMwNeJm5OyihHvW9/9QYRTUIQmnKiVNd1Yu2lRGpGOWSlXqIgJnRMhtA1VJAQlJfO7s/wqVEGOIikKaHxTP09kZJQqUnom86Q6JFa9Kbif1430cGVlzIRJxoEnS8KEo51hKdh4AGTQDWfGEKoZOZWTEfExKBNZCUTgrv48jJpVSvuRcW9Oy/XrvM4iugYnaAz5KJLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx/+45YZ</latexit>

ei2⇡
1
T

<latexit sha1_base64="pdNafQoW/XxGD4JEmrpLHsCp+5E=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISm1SxtZFnfLjsVZwa8TNyclFGOet/+6g0imoQgNOVEqa7rxNpLidSMcshKvURBTOiYDKFrqCAhKC+d3Z/hU6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooMrL2UiTjQIOl8UJBzrCE/DwAMmgWo+MYRQycytmI6IiUGbyEomBHfx5WXSqlbci4p7d16uXedxFNExOkFnyEWXqIZuUR01EUWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz8Ae5Ya</latexit>

ei2⇡
2
T

Ex: for T = 8
Step-size

…

<latexit sha1_base64="tenQ7RMEtAxl7Yh5iYVHpfKu9c4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRTcuK/QFTSyT6aQdOpmEmRuhhGz8FTcuFHHrZ7jzb5w+Ftp64MLhnHu5954gEVyD43xbhZXVtfWN4mZpa3tnd8/eP2jpOFWUNWksYtUJiGaCS9YEDoJ1EsVIFAjWDka3E7/9yJTmsWzAOGF+RAaSh5wSMFLPPmIPGa96CccehIrQ7NzNs0ae9+yyU3GmwMvEnZMymqPes7+8fkzTiEmggmjddZ0E/Iwo4FSwvOSlmiWEjsiAdQ2VJGLaz6YP5PjUKH0cxsqUBDxVf09kJNJ6HAWmMyIw1IveRPzP66YQXvsZl0kKTNLZojAVGGI8SQP3uWIUxNgQQhU3t2I6JCYHMJmVTAju4svLpFWtuJcV9/6iXLuZx1FEx+gEnSEXXaEaukN11EQU5egZvaI368l6sd6tj1lrwZrPHKI/sD5/AG92llA=</latexit>

ei2⇡
�1
T

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="xoI0ftGXkd3uVcxEA5CPw8iY2Dw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhJiqjLohuXFfqCJpbJ9KYdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdHNxG8/gJAsChtqHIMbkEHIfEaJ0lLPPID7lFWdmGFH+YLQ9MzO0kaWnfbMslWxpsCLxM5JGeWo98wvpx/RJIBQUU6k7NpWrNyUCMUoh6zkJBJiQkdkAF1NQxKAdNPpBxk+1kof+5HQFSo8VX9PpCSQchx4ujMgaijnvYn4n9dNlH/lpiyMEwUhnS3yE45VhCdx4D4TQBUfa0KoYPpWTIdEB6F0aCUdgj3/8iJpVSv2RcW+Oy/XrvM4iugQHaETZKNLVEO3qI6aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx/gDpaG</latexit>

ei2⇡
�1
T ,

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="ZMP4K/gg1Xrvlwh0roNq3A0mdJs="></latexit>2

666666666664

ei2⇡
0k
T

ei2⇡
1k
T

ei2⇡
2k
T

...

ei2⇡
(T�2)k

T

ei2⇡
(T�1)k

T

3

777777777775

<latexit sha1_base64="rq1+eXMZ3ag/uAYNjh1Kj0znNAg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AInkpSRD0WvXis0NZCE8tmu2mXbjZhdyOUJeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz88KUUalc99sqrayurW+UNytb2zu7e/b+QUcmmcCkjROWiG6IJGGUk7aiipFuKgiKQ0buw/HN1L9/JELShLfUJCVBjIacRhQjZaS+fUQeNK37KfVVJBDW41y38rxvV92aO4OzTLyCVKFAs29/+YMEZzHhCjMkZc9zUxVoJBTFjOQVP5MkRXiMhqRnKEcxkYGenZ87p0YZOFEiTHHlzNTfExrFUk7i0HTGSI3kojcV//N6mYquAk15minC8XxRlDFHJc40C2dABcGKTQxBWFBzq4NHyMSgTGIVE4K3+PIy6dRr3kXNuzuvNq6LOMpwDCdwBh5cQgNuoQltwKDhGV7hzXqyXqx362PeWrKKmUP4A+vzB/2Ulik=</latexit>

ei2⇡
k
T

<latexit sha1_base64="6ks9+8BvdGgb7OnztysrP/KY/A4="></latexit>2

666666666664

ei2⇡
1k
T

ei2⇡
2k
T

ei2⇡
3k
T

...

ei2⇡
(T�1)k

T

ei2⇡
0k
T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors: 

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

0-rotations 1-rotation

Step-size
<latexit sha1_base64="zlOtG9YmZtEz0ruqw8InxOyvDbQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISmbpY2sqxvl52KMwNeJm5OyihHvW9/9QYRTUIQmnKiVNd1Yu2lRGpGOWSlXqIgJnRMhtA1VJAQlJfO7s/wqVEGOIikKaHxTP09kZJQqUnom86Q6JFa9Kbif1430cGVlzIRJxoEnS8KEo51hKdh4AGTQDWfGEKoZOZWTEfExKBNZCUTgrv48jJpVSvuRcW9Oy/XrvM4iugYnaAz5KJLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx/+45YZ</latexit>

ei2⇡
1
T

Ex: for T = 8

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

2-rotations

Step-size
<latexit sha1_base64="pdNafQoW/XxGD4JEmrpLHsCp+5E=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIuqx6MVjhX5BG8tmO2mXbjZhdyOUmIN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzPNjzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2+mfvsBpGKRaOhJDF5IhoIFjBJtpL59BPcpq/Zihns6kISm1SxtZFnfLjsVZwa8TNyclFGOet/+6g0imoQgNOVEqa7rxNpLidSMcshKvURBTOiYDKFrqCAhKC+d3Z/hU6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooMrL2UiTjQIOl8UJBzrCE/DwAMmgWo+MYRQycytmI6IiUGbyEomBHfx5WXSqlbci4p7d16uXedxFNExOkFnyEWXqIZuUR01EUWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz8Ae5Ya</latexit>

ei2⇡
2
T

…
<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

1- rotation (neg.)

Step-size
<latexit sha1_base64="tenQ7RMEtAxl7Yh5iYVHpfKu9c4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFFGXRTcuK/QFTSyT6aQdOpmEmRuhhGz8FTcuFHHrZ7jzb5w+Ftp64MLhnHu5954gEVyD43xbhZXVtfWN4mZpa3tnd8/eP2jpOFWUNWksYtUJiGaCS9YEDoJ1EsVIFAjWDka3E7/9yJTmsWzAOGF+RAaSh5wSMFLPPmIPGa96CccehIrQ7NzNs0ae9+yyU3GmwMvEnZMymqPes7+8fkzTiEmggmjddZ0E/Iwo4FSwvOSlmiWEjsiAdQ2VJGLaz6YP5PjUKH0cxsqUBDxVf09kJNJ6HAWmMyIw1IveRPzP66YQXvsZl0kKTNLZojAVGGI8SQP3uWIUxNgQQhU3t2I6JCYHMJmVTAju4svLpFWtuJcV9/6iXLuZx1FEx+gEnSEXXaEaukN11EQU5egZvaI368l6sd6tj1lrwZrPHKI/sD5/AG92llA=</latexit>

ei2⇡
�1
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="T5DH5VY+JwRzD9U6qJYajNQaCGk=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuNCSFFGXRTcuK/QFTSyT6aQdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJulZNUsbWXbaM8tWxZoCLRI7J2XIUe+ZX04/IklAQ0U4lrJrW7FyUywUI5xmJSeRNMZkhAe0q2mIAyrddPpBho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlX7kpC+NE0ZDMFvkJRypCkzhQnwlKFB9rgolg+lZEhlgHoXRoJR2CPf/yImlVK/ZFxb47L9eu8ziKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsfs9aCkc/swx8Ynz/hmJaH</latexit>

ei2⇡
�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="xoI0ftGXkd3uVcxEA5CPw8iY2Dw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhJiqjLohuXFfqCJpbJ9KYdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdHNxG8/gJAsChtqHIMbkEHIfEaJ0lLPPID7lFWdmGFH+YLQ9MzO0kaWnfbMslWxpsCLxM5JGeWo98wvpx/RJIBQUU6k7NpWrNyUCMUoh6zkJBJiQkdkAF1NQxKAdNPpBxk+1kof+5HQFSo8VX9PpCSQchx4ujMgaijnvYn4n9dNlH/lpiyMEwUhnS3yE45VhCdx4D4TQBUfa0KoYPpWTIdEB6F0aCUdgj3/8iJpVSv2RcW+Oy/XrvM4iugQHaETZKNLVEO3qI6aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx/gDpaG</latexit>

ei2⇡
�1
T ,

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

Diagonalization:

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="7GvSZnA60NXT08brcWjALTEpDVw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI4qEkIupFKHrRWwXTFtpYNttNu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtD5Z5vDfDzL4g4Uxpx/m2CkvLK6trxfXSxubWdtne2W2oOJWEeiTmsWwFWFHOBPU005y2EklxFHDaDIbXE7/5SKVisbjXo4T6Ee4LFjKCtZG6dtl7OPbQJfJMNeW2a1ecqjMFWiRuTiqQo961vzq9mKQRFZpwrFTbdRLtZ1hqRjgdlzqpogkmQ9ynbUMFjqjys+nhY3RolB4KY2me0Giq/p7IcKTUKApMZ4T1QM17E/E/r53q8MLPmEhSTQWZLQpTjnSMJimgHpOUaD4yBBPJzK2IDLDERJusSiYEd/7Li6RxUnXPqu7daaV2lcdRhH04gCNw4RxqcAN18IBACs/wCm/Wk/VivVsfs9aClc/swR9Ynz9UAZDu</latexit>

U⇤U = UU⇤ = I

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="OL3MJ66ZWrAT17Ma5nvGhYAhEpE=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgRA9hV0S9CEEvHiO6SSBZl9nZ2WTI7IOZXjGsOfgrXjwo4tXf8ObfOHkcNLGgoajqprvLSwRXYJrfRm5ufmFxKb9cWFldW98obm7VVZxKymwai1g2PaKY4BGzgYNgzUQyEnqCNbze5dBv3DOpeBzdQj9hTkg6EQ84JaAlt7hzg8+x3Qb2AJnfGZRt1zqw7w7dYsmsmCPgWWJNSAlNUHOLX20/pmnIIqCCKNWyzAScjEjgVLBBoZ0qlhDaIx3W0jQiIVNONrp/gPe14uMglroiwCP190RGQqX6oac7QwJdNe0Nxf+8VgrBmZPxKEmBRXS8KEgFhhgPw8A+l4yC6GtCqOT6Vky7RBIKOrKCDsGafnmW1I8q1knFuj4uVS8mceTRLtpDZWShU1RFV6iGbETRI3pGr+jNeDJejHfjY9yaMyYz2+gPjM8fxb6UqQ==</latexit>

S = Udg(U1)U
⇤

<latexit sha1_base64="UPXWlE+mbIE7HijgR2TuSTMNk8w="></latexit>2

666666666664

1 1 1 · · · 1 1

1 e�i2⇡
1(1)
T e�i2⇡

1(2)
T · · · e�i2⇡

1(�2)
T e�i2⇡

1(�1)
T

1 e�i2⇡
2(1)
T e�i2⇡

2(2)
T · · · e�i2⇡

2(�2)
T e�i2⇡

2(�1)
T

...
...

...
...

...

1 e�i2⇡
(T�2)1

T e�i2⇡
(T�2)2

T · · · e�i2⇡
(T�2)(�2)

T e�i2⇡
(T�2)(�1)

T

1 e�i2⇡
(T�1)1

T e�i2⇡
(T�1)2

T · · · e�i2⇡
(T�1)(�2)

T e�i2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="OL3MJ66ZWrAT17Ma5nvGhYAhEpE=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgRA9hV0S9CEEvHiO6SSBZl9nZ2WTI7IOZXjGsOfgrXjwo4tXf8ObfOHkcNLGgoajqprvLSwRXYJrfRm5ufmFxKb9cWFldW98obm7VVZxKymwai1g2PaKY4BGzgYNgzUQyEnqCNbze5dBv3DOpeBzdQj9hTkg6EQ84JaAlt7hzg8+x3Qb2AJnfGZRt1zqw7w7dYsmsmCPgWWJNSAlNUHOLX20/pmnIIqCCKNWyzAScjEjgVLBBoZ0qlhDaIx3W0jQiIVNONrp/gPe14uMglroiwCP190RGQqX6oac7QwJdNe0Nxf+8VgrBmZPxKEmBRXS8KEgFhhgPw8A+l4yC6GtCqOT6Vky7RBIKOrKCDsGafnmW1I8q1knFuj4uVS8mceTRLtpDZWShU1RFV6iGbETRI3pGr+jNeDJejHfjY9yaMyYz2+gPjM8fxb6UqQ==</latexit>

S = Udg(U1)U
⇤ <latexit sha1_base64="MiBh/SUGHLo6emwz8r/KXzbk0QA="></latexit>2

66666666664

1 0 0 · · · 0 0

0 ei2⇡
1
T 0 · · · 0 0

0 0 ei2⇡
2
T · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · ei2⇡
(T�2)

T 0

0 0 0 · · · 0 ei2⇡
(T�1)

T

3

77777777775

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="T5DH5VY+JwRzD9U6qJYajNQaCGk=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuNCSFFGXRTcuK/QFTSyT6aQdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJulZNUsbWXbaM8tWxZoCLRI7J2XIUe+ZX04/IklAQ0U4lrJrW7FyUywUI5xmJSeRNMZkhAe0q2mIAyrddPpBho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlX7kpC+NE0ZDMFvkJRypCkzhQnwlKFB9rgolg+lZEhlgHoXRoJR2CPf/yImlVK/ZFxb47L9eu8ziKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsfs9aCkc/swx8Ynz/hmJaH</latexit>

ei2⇡
�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="xoI0ftGXkd3uVcxEA5CPw8iY2Dw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhJiqjLohuXFfqCJpbJ9KYdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdHNxG8/gJAsChtqHIMbkEHIfEaJ0lLPPID7lFWdmGFH+YLQ9MzO0kaWnfbMslWxpsCLxM5JGeWo98wvpx/RJIBQUU6k7NpWrNyUCMUoh6zkJBJiQkdkAF1NQxKAdNPpBxk+1kof+5HQFSo8VX9PpCSQchx4ujMgaijnvYn4n9dNlH/lpiyMEwUhnS3yE45VhCdx4D4TQBUfa0KoYPpWTIdEB6F0aCUdgj3/8iJpVSv2RcW+Oy/XrvM4iugQHaETZKNLVEO3qI6aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx/gDpaG</latexit>

ei2⇡
�1
T ,

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

Diagonalization:

<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�

…step by 
1 time step

…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="7GvSZnA60NXT08brcWjALTEpDVw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI4qEkIupFKHrRWwXTFtpYNttNu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtD5Z5vDfDzL4g4Uxpx/m2CkvLK6trxfXSxubWdtne2W2oOJWEeiTmsWwFWFHOBPU005y2EklxFHDaDIbXE7/5SKVisbjXo4T6Ee4LFjKCtZG6dtl7OPbQJfJMNeW2a1ecqjMFWiRuTiqQo961vzq9mKQRFZpwrFTbdRLtZ1hqRjgdlzqpogkmQ9ynbUMFjqjys+nhY3RolB4KY2me0Giq/p7IcKTUKApMZ4T1QM17E/E/r53q8MLPmEhSTQWZLQpTjnSMJimgHpOUaD4yBBPJzK2IDLDERJusSiYEd/7Li6RxUnXPqu7daaV2lcdRhH04gCNw4RxqcAN18IBACs/wCm/Wk/VivVsfs9aClc/swR9Ynz9UAZDu</latexit>

U⇤U = UU⇤ = I

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="OL3MJ66ZWrAT17Ma5nvGhYAhEpE=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgRA9hV0S9CEEvHiO6SSBZl9nZ2WTI7IOZXjGsOfgrXjwo4tXf8ObfOHkcNLGgoajqprvLSwRXYJrfRm5ufmFxKb9cWFldW98obm7VVZxKymwai1g2PaKY4BGzgYNgzUQyEnqCNbze5dBv3DOpeBzdQj9hTkg6EQ84JaAlt7hzg8+x3Qb2AJnfGZRt1zqw7w7dYsmsmCPgWWJNSAlNUHOLX20/pmnIIqCCKNWyzAScjEjgVLBBoZ0qlhDaIx3W0jQiIVNONrp/gPe14uMglroiwCP190RGQqX6oac7QwJdNe0Nxf+8VgrBmZPxKEmBRXS8KEgFhhgPw8A+l4yC6GtCqOT6Vky7RBIKOrKCDsGafnmW1I8q1knFuj4uVS8mceTRLtpDZWShU1RFV6iGbETRI3pGr+jNeDJejHfjY9yaMyYz2+gPjM8fxb6UqQ==</latexit>

S = Udg(U1)U
⇤

<latexit sha1_base64="UPXWlE+mbIE7HijgR2TuSTMNk8w="></latexit>2

666666666664

1 1 1 · · · 1 1

1 e�i2⇡
1(1)
T e�i2⇡

1(2)
T · · · e�i2⇡

1(�2)
T e�i2⇡

1(�1)
T

1 e�i2⇡
2(1)
T e�i2⇡

2(2)
T · · · e�i2⇡

2(�2)
T e�i2⇡

2(�1)
T

...
...

...
...

...

1 e�i2⇡
(T�2)1

T e�i2⇡
(T�2)2

T · · · e�i2⇡
(T�2)(�2)

T e�i2⇡
(T�2)(�1)

T

1 e�i2⇡
(T�1)1

T e�i2⇡
(T�1)2

T · · · e�i2⇡
(T�1)(�2)

T e�i2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="OL3MJ66ZWrAT17Ma5nvGhYAhEpE=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgRA9hV0S9CEEvHiO6SSBZl9nZ2WTI7IOZXjGsOfgrXjwo4tXf8ObfOHkcNLGgoajqprvLSwRXYJrfRm5ufmFxKb9cWFldW98obm7VVZxKymwai1g2PaKY4BGzgYNgzUQyEnqCNbze5dBv3DOpeBzdQj9hTkg6EQ84JaAlt7hzg8+x3Qb2AJnfGZRt1zqw7w7dYsmsmCPgWWJNSAlNUHOLX20/pmnIIqCCKNWyzAScjEjgVLBBoZ0qlhDaIx3W0jQiIVNONrp/gPe14uMglroiwCP190RGQqX6oac7QwJdNe0Nxf+8VgrBmZPxKEmBRXS8KEgFhhgPw8A+l4yC6GtCqOT6Vky7RBIKOrKCDsGafnmW1I8q1knFuj4uVS8mceTRLtpDZWShU1RFV6iGbETRI3pGr+jNeDJejHfjY9yaMyYz2+gPjM8fxb6UqQ==</latexit>

S = Udg(U1)U
⇤ <latexit sha1_base64="MiBh/SUGHLo6emwz8r/KXzbk0QA="></latexit>2

66666666664

1 0 0 · · · 0 0

0 ei2⇡
1
T 0 · · · 0 0

0 0 ei2⇡
2
T · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · ei2⇡
(T�2)

T 0

0 0 0 · · · 0 ei2⇡
(T�1)

T

3

77777777775

<latexit sha1_base64="T5DH5VY+JwRzD9U6qJYajNQaCGk=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuNCSFFGXRTcuK/QFTSyT6aQdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJulZNUsbWXbaM8tWxZoCLRI7J2XIUe+ZX04/IklAQ0U4lrJrW7FyUywUI5xmJSeRNMZkhAe0q2mIAyrddPpBho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlX7kpC+NE0ZDMFvkJRypCkzhQnwlKFB9rgolg+lZEhlgHoXRoJR2CPf/yImlVK/ZFxb47L9eu8ziKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsfs9aCkc/swx8Ynz/hmJaH</latexit>

ei2⇡
�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="xoI0ftGXkd3uVcxEA5CPw8iY2Dw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhJiqjLohuXFfqCJpbJ9KYdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdHNxG8/gJAsChtqHIMbkEHIfEaJ0lLPPID7lFWdmGFH+YLQ9MzO0kaWnfbMslWxpsCLxM5JGeWo98wvpx/RJIBQUU6k7NpWrNyUCMUoh6zkJBJiQkdkAF1NQxKAdNPpBxk+1kof+5HQFSo8VX9PpCSQchx4ujMgaijnvYn4n9dNlH/lpiyMEwUhnS3yE45VhCdx4D4TQBUfa0KoYPpWTIdEB6F0aCUdgj3/8iJpVSv2RcW+Oy/XrvM4iugQHaETZKNLVEO3qI6aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx/gDpaG</latexit>

ei2⇡
�1
T ,

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



Shift Matrix
… for a discrete time periodic signal      … represents a step forward in time

<latexit sha1_base64="g1jVJp1lDs47qUScOePh17U7VeU=">AAAB73icbVBNSwMxEJ31s9avqkcvwSIIQtkVUS9C0YvHivYD2rVk02wbmk3WJCstS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/euxX3+iSjMp7s0wpn6Eu4KFjGBjpcbg4RhdortBu1B0S+4EaJ54GSlChkq78NXqSJJEVBjCsdZNz42Nn2JlGOF0lG8lmsaY9HGXNi0VOKLaTyf3jtChVToolMqWMGii/p5IcaT1MApsZ4RNT896Y/E/r5mY8MJPmYgTQwWZLgoTjoxE4+dRhylKDB9agoli9lZEelhhYmxEeRuCN/vyPKmdlLyzknd7WixfZXHkYB8O4Ag8OIcy3EAFqkCAwzO8wpvz6Lw4787HtHXByWb24A+czx+ztI8Z</latexit>

x+ = Sx

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="OJkYwogPEtTPR2OYyG2l/0EJ+Xk="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="m4QBSZpNny8ZsRsBbHcQj10XW0w="></latexit>2

66666664

x1

x2

x3
...

xT�1

x0

3

77777775

Diagonalization:

…step by 
1 time step <latexit sha1_base64="K3iUqk0z/+SU+e8BqpQnbZ0Zj4E="></latexit>2

66666664

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

. . .
...

0 0 0 · · · 0 1
1 0 0 · · · 0 0

3

77777775

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="OZgRpsy77eSaEpGX0vxCjPrjVU4=">AAACGHicbZC7TgJBFIZn8YZ4W7W0mUhMwAJ3jVEbE6KNJUYXSGAhs8MAE2YvmTlrJBsew8ZXsbHQGFs638YBtlDwTyb5851zcub8XiS4Asv6NjJLyyura9n13Mbm1vaOubtXVWEsKXNoKEJZ94higgfMAQ6C1SPJiO8JVvMGN5N67ZFJxcPgAYYRc33SC3iXUwIatc2T+xbgK+w0gT1B0umNCk7bLrbAaR3PYyhq2DbzVsmaCi8aOzV5lKrSNsfNTkhjnwVABVGqYVsRuAmRwKlgo1wzViwidEB6rKFtQHym3GR62AgfadLB3VDqFwCe0t8TCfGVGvqe7vQJ9NV8bQL/qzVi6F66CQ+iGFhAZ4u6scAQ4klKuMMloyCG2hAquf4rpn0iCQWdZU6HYM+fvGiqpyX7vGTfneXL12kcWXSADlEB2egCldEtqiAHUfSMXtE7+jBejDfj0/iatWaMdGYf/ZEx/gG1v55T</latexit>

St = Udg(U1)
tU⇤ = Udg(Ut)U

⇤

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="UPXWlE+mbIE7HijgR2TuSTMNk8w="></latexit>2

666666666664

1 1 1 · · · 1 1

1 e�i2⇡
1(1)
T e�i2⇡

1(2)
T · · · e�i2⇡

1(�2)
T e�i2⇡

1(�1)
T

1 e�i2⇡
2(1)
T e�i2⇡

2(2)
T · · · e�i2⇡

2(�2)
T e�i2⇡

2(�1)
T

...
...

...
...

...

1 e�i2⇡
(T�2)1

T e�i2⇡
(T�2)2

T · · · e�i2⇡
(T�2)(�2)

T e�i2⇡
(T�2)(�1)

T

1 e�i2⇡
(T�1)1

T e�i2⇡
(T�1)2

T · · · e�i2⇡
(T�1)(�2)

T e�i2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="7GvSZnA60NXT08brcWjALTEpDVw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI4qEkIupFKHrRWwXTFtpYNttNu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtD5Z5vDfDzL4g4Uxpx/m2CkvLK6trxfXSxubWdtne2W2oOJWEeiTmsWwFWFHOBPU005y2EklxFHDaDIbXE7/5SKVisbjXo4T6Ee4LFjKCtZG6dtl7OPbQJfJMNeW2a1ecqjMFWiRuTiqQo961vzq9mKQRFZpwrFTbdRLtZ1hqRjgdlzqpogkmQ9ynbUMFjqjys+nhY3RolB4KY2me0Giq/p7IcKTUKApMZ4T1QM17E/E/r53q8MLPmEhSTQWZLQpTjnSMJimgHpOUaD4yBBPJzK2IDLDERJusSiYEd/7Li6RxUnXPqu7daaV2lcdRhH04gCNw4RxqcAN18IBACs/wCm/Wk/VivVsfs9aClc/swR9Ynz9UAZDu</latexit>

U⇤U = UU⇤ = I

<latexit sha1_base64="OZgRpsy77eSaEpGX0vxCjPrjVU4=">AAACGHicbZC7TgJBFIZn8YZ4W7W0mUhMwAJ3jVEbE6KNJUYXSGAhs8MAE2YvmTlrJBsew8ZXsbHQGFs638YBtlDwTyb5851zcub8XiS4Asv6NjJLyyura9n13Mbm1vaOubtXVWEsKXNoKEJZ94higgfMAQ6C1SPJiO8JVvMGN5N67ZFJxcPgAYYRc33SC3iXUwIatc2T+xbgK+w0gT1B0umNCk7bLrbAaR3PYyhq2DbzVsmaCi8aOzV5lKrSNsfNTkhjnwVABVGqYVsRuAmRwKlgo1wzViwidEB6rKFtQHym3GR62AgfadLB3VDqFwCe0t8TCfGVGvqe7vQJ9NV8bQL/qzVi6F66CQ+iGFhAZ4u6scAQ4klKuMMloyCG2hAquf4rpn0iCQWdZU6HYM+fvGiqpyX7vGTfneXL12kcWXSADlEB2egCldEtqiAHUfSMXtE7+jBejDfj0/iatWaMdGYf/ZEx/gG1v55T</latexit>

St = Udg(U1)
tU⇤ = Udg(Ut)U

⇤ <latexit sha1_base64="uL1I6Y6yB9TCxWpmmVWBbnYvuKU="></latexit>2

66666666664

1 0 0 · · · 0 0

0 ei2⇡
1t
T 0 · · · 0 0

0 0 ei2⇡
2t
T · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · ei2⇡
(T�2)t

T 0

0 0 0 · · · 0 ei2⇡
(T�1)t

T

3

77777777775

<latexit sha1_base64="qKG7KDN2YmbX4fwCuFYW5gy0LWY=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Vj04rFqv6CpZbPdtks3m7C7EUrIyYt/xYsHRbz6G7z5b9y0OWjrg4HHezPMzPMjzpR2nG9rYXFpeWW1sFZc39jc2rZ3dhsqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9EdXmd98oFKxUNT0OKKdAA8E6zOCtZG69sEd8phAXoD10PeT2/Q+qSFPs4AqVEu7dskpOxOgeeLmpAQ5ql37y+uFJA6o0IRjpdquE+lOgqVmhNO06MWKRpiM8IC2DRXY7OkkkzdSdGSUHuqH0pTQaKL+nkhwoNQ48E1ndq6a9TLxP68d6/5FJ2EiijUVZLqoH3OkQ5RlgnpMUqL52BBMJDO3IjLEEhNtkiuaENzZl+dJ46TsnpXdm9NS5TKPowD7cAjH4MI5VOAaqlAHAo/wDK/wZj1ZL9a79TFtXbDymT34A+vzB1SumGk=</latexit>

S 2 RT⇥T
<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�
…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="T5DH5VY+JwRzD9U6qJYajNQaCGk=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuNCSFFGXRTcuK/QFTSyT6aQdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJulZNUsbWXbaM8tWxZoCLRI7J2XIUe+ZX04/IklAQ0U4lrJrW7FyUywUI5xmJSeRNMZkhAe0q2mIAyrddPpBho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlX7kpC+NE0ZDMFvkJRypCkzhQnwlKFB9rgolg+lZEhlgHoXRoJR2CPf/yImlVK/ZFxb47L9eu8ziKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsfs9aCkc/swx8Ynz/hmJaH</latexit>

ei2⇡
�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="xoI0ftGXkd3uVcxEA5CPw8iY2Dw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhJiqjLohuXFfqCJpbJ9KYdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdHNxG8/gJAsChtqHIMbkEHIfEaJ0lLPPID7lFWdmGFH+YLQ9MzO0kaWnfbMslWxpsCLxM5JGeWo98wvpx/RJIBQUU6k7NpWrNyUCMUoh6zkJBJiQkdkAF1NQxKAdNPpBxk+1kof+5HQFSo8VX9PpCSQchx4ujMgaijnvYn4n9dNlH/lpiyMEwUhnS3yE45VhCdx4D4TQBUfa0KoYPpWTIdEB6F0aCUdgj3/8iJpVSv2RcW+Oy/XrvM4iugQHaETZKNLVEO3qI6aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx/gDpaG</latexit>

ei2⇡
�1
T ,

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



Circulant Matrix
… all shifts of a periodic signal…

<latexit sha1_base64="t5xrngA767WerHmsu066GxcCBFo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVmlL2himUyn7dDJJMxMxBLyK25cKOLWH3Hn3zhps9DWAwOHc+7lnjlBzJnSjvNtrayurW9slrbK2zu7e/v2QaWtokQS2iIRj2Q3wIpyJmhLM81pN5YUhwGnnWByk/udRyoVi0RTT2Pqh3gk2JARrI3UtysEeUx4IdbjIEjvs4dmuW9XnZozA1ombkGqUKDRt7+8QUSSkApNOFaq5zqx9lMsNSOcZmUvUTTGZIJHtGeowCFVfjrLnqETowzQMJLmCY1m6u+NFIdKTcPATOYh1aKXi/95vUQPr/yUiTjRVJD5oWHCkY5QXgQaMEmJ5lNDMJHMZEVkjCUm2tSVl+AufnmZtM9q7kXNvTuv1q+LOkpwBMdwCi5cQh1uoQEtIPAEz/AKb1ZmvVjv1sd8dMUqdg7hD6zPHzsKk+s=</latexit>

c 2 RT
<latexit sha1_base64="dLO4fFlDh2+OcVMzZaVnbSWYItY=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9VjsxWOVfkETy2a7aZduNmF3I5TQmxf/ihcPinj1L3jz37hpe9DWBwOP92aYmRcknCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyrud96oFKxWNT1KKF+hPuChYxgbaSufVRFHhPIi7AeBEF2N77P6sjTLKIK1cfFrl1yys4EaJG4M1KCGWpd+8vrxSSNqNCEY6U6rpNoP8NSM8LpuOiliiaYDHGfdgwV2Czys8kfY3RilB4KY2lKaDRRf09kOFJqFAWmM79XzXu5+J/XSXV45WdMJKmmgkwXhSlHOkZ5KKjHJCWajwzBRDJzKyIDLDHRJro8BHf+5UXSPCu7F2X39rxUuZ7FUYBDOIZTcOESKnADNWgAgUd4hld4s56sF+vd+pi2LlmzmQP4A+vzB3mXmG0=</latexit>

C 2 RT⇥T

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

Sum of shifts: 

<latexit sha1_base64="rtjE1ecyJ1s+6PZzWK8xG6BVg5g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28G4nvntJ1Sax/LRTBL0IzqUPOSMGis91Ev9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhjT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukdVH1rqre/WWldpvHUYQTOIVz8OAaanAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/zCyM4Q==</latexit>

C
<latexit sha1_base64="EThQcWyjfeKK1c/zlMEXUCKiVFY="></latexit>2

66666664

c0
c1
c2
...

cT�2

cT�1

3

77777775

<latexit sha1_base64="HPGbeshsGcYLkAz+ue5YzgX2Gxw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdJv7rSeujUjUA45THsR0oEQkGEUr+Yxck0qvWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMR3PTTGYUI2CST6tdDPDU8pGdMA7lioacxNMZsdOyYlV+iRKtC2FZKb+npjQ2JhxHNrOmOLQLHq5+J/XyTC6CiZCpRlyxeaLokwSTEj+OekLzRnKsSWUaWFvJWxINWVo88lD8BZfXiaPZ3Xvou7dn9caN0UcZTiCYzgFDy6hAXfQBB8YCHiGV3hzlPPivDsf89aSU8wcwh84nz8rOY2c</latexit>c =

periodic signal circulant matrix

<latexit sha1_base64="c0k4CZVLfBrCSXSmcu0+W8gIe2U=">AAACMnicbZDLSsNAFIYnXmu9RV26GSyCIJYkiLoRit3YXaVXaGOYTCbt0MmFmYlQQp/JjU8iuNCFIm59CKdpFtp6YPh/vjOHmfO7MaNCGsartrS8srq2Xtgobm5t7+zqe/ttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFH1Wm/80C4oFHYlOOY2AEahNSnGEmFHL1WhdcQOwaswVOlJmxkasHGvaVcH3uRFBlKm2fWROGZ5sTMiVJHLxllIyu4aMzclEBedUd/7nsRTgISSsyQED3TiKWdIi4pZmRS7CeCxAiP0ID0lA1RQISdZitP4LEiHvQjrk4oYUZ/T6QoEGIcuOpmgORQzPem8L9eL5H+lZ3SME4kCfHsIT9hUEZwmh/0KCdYsrEyCHOq/grxEHGEpUq5qEIw51deNG2rbF6UzbvzUuUmj6MADsEROAEmuAQVcAvqoAUweAQv4B18aE/am/apfc2uLmn5zAH4U9r3Dw8eo4M=</latexit>

C = c0I + c1S + c2S
2 + · · ·+ cT�2S

T�2 + cT�1S
T�1

Discrete Convolution: 

<latexit sha1_base64="Lp4EHF6cbubce4EoBSod2C4oQIc="></latexit>2

66666664

c0 cT�1 cT�2 · · · c2 c1
c1 c0 cT�1 · · · c3 c2
c2 c1 c0 · · · c4 c3
...

...
...

. . .
...

...
cT�2 cT�3 cT�4 · · · c0 cT�1

cT�1 cT�2 cT�3 · · · c1 c0

3

77777775

<latexit sha1_base64="Lp4EHF6cbubce4EoBSod2C4oQIc="></latexit>2

66666664

c0 cT�1 cT�2 · · · c2 c1
c1 c0 cT�1 · · · c3 c2
c2 c1 c0 · · · c4 c3
...

...
...

. . .
...

...
cT�2 cT�3 cT�4 · · · c0 cT�1

cT�1 cT�2 cT�3 · · · c1 c0

3

77777775

<latexit sha1_base64="s8VStVnDTugaFw5Ic+SzP2cKSA0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBGqizIjom6EYjcuK9gHtGPJpJk2NJMZkox2GPofblwo4tZ/ceffmLaz0NYDl3s4515yc7yIM6Vt+9taWl5ZXVvPbeQ3t7Z3dgt7+w0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhtesPqxG8+UqlYKO51ElE3wH3BfEawNtJDgq5RiZyOTkyvjrqFol22p0CLxMlIETLUuoWvTi8kcUCFJhwr1XbsSLsplpoRTsf5TqxohMkQ92nbUIEDqtx0evUYHRulh/xQmhIaTdXfGykOlEoCz0wGWA/UvDcR//Pasfav3JSJKNZUkNlDfsyRDtEkAtRjkhLNE0MwkczcisgAS0y0CSpvQnDmv7xIGmdl56Ls3J0XKzdZHDk4hCMogQOXUIFbqEEdCEh4hld4s56sF+vd+piNLlnZzgH8gfX5A317kJA=</latexit>

y = (c ⇤ x) = Cx

<latexit sha1_base64="cIw2SIXQzKFBzOYCIA2AGA3C4DU="></latexit>2

66666664

y0
y1
y2
...

yT�2

yT�1

3

77777775

<latexit sha1_base64="izgEGH28zGh4JxQKvtkylhM0NOc="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>= <latexit sha1_base64="Nq14K1a2YMhELXnDztlPnHuYP8Y=">AAACCnicbZDLSsNAFIYn9VbrrerSzWgR3FgSEXUjFN24rGAv0IQwmU7boZMLMydiCF278VXcuFDErU/gzrdxkmahrT8MfPznHM6c34sEV2Ca30ZpYXFpeaW8Wllb39jcqm7vtFUYS8paNBSh7HpEMcED1gIOgnUjyYjvCdbxxtdZvXPPpOJhcAdJxByfDAM+4JSAttzqfuICvsS2in3XBhJj6qZwnNEEP+SOW62ZdTMXngergBoq1HSrX3Y/pLHPAqCCKNWzzAiclEjgVLBJxY4ViwgdkyHraQyIz5ST5qdM8KF2+ngQSv0CwLn7eyIlvlKJ7+lOn8BIzdYy879aL4bBhZPyIIqBBXS6aBALDCHOcsF9LhkFkWggVHL9V0xHRBIKOr2KDsGaPXke2id166xu3Z7WGldFHGW0hw7QEbLQOWqgG9RELUTRI3pGr+jNeDJejHfjY9paMoqZXfRHxucPmGKaOA==</latexit>

yt =
X

⌧

ct�⌧x⌧

<latexit sha1_base64="MpX2TNH8Y0j/wt4qgIAfd6JK+eo=">AAACJ3icbVBLSwMxEM76rPVV9eglWBQvll0R9aIUvXis0Bd0y5LNzrah2eySZMWy9N948a94EVREj/4T0weirQMZvnzzDTPz+QlnStv2pzU3v7C4tJxbya+urW9sFra26ypOJYUajXksmz5RwJmAmmaaQzORQCKfQ8PvXQ/rjTuQisWiqvsJtCPSESxklGhDeYVLii+w60OHicyPiJbsfoCpZ+MDkx2TXRrEWo2+WfXIGWAXRPAj9QpFu2SPAs8CZwKKaBIVr/DiBjFNIxCacqJUy7ET3c6I1IxyGOTdVEFCaI90oGWgIBGodja6c4D3DRPgMJbmCY1H7O+OjERK9SPfKM1+XTVdG5L/1VqpDs/bGRNJqkHQ8aAw5VjHeGgaDpgEqnnfAEIlM7ti2iWSUG2szRsTnOmTZ0H9uOSclpzbk2L5amJHDu2iPXSIHHSGyugGVVANUfSAntArerMerWfr3foYS+esSc8O+hPW1zetw6QL</latexit>

c =
⇥
c0 c1 · · · cT�1

⇤
Impulse Response: Note: Impulse response at time t… selects that column…

<latexit sha1_base64="Lp4EHF6cbubce4EoBSod2C4oQIc="></latexit>2

66666664

c0 cT�1 cT�2 · · · c2 c1
c1 c0 cT�1 · · · c3 c2
c2 c1 c0 · · · c4 c3
...

...
...

. . .
...

...
cT�2 cT�3 cT�4 · · · c0 cT�1

cT�1 cT�2 cT�3 · · · c1 c0

3

77777775

<latexit sha1_base64="EThQcWyjfeKK1c/zlMEXUCKiVFY="></latexit>2

66666664

c0
c1
c2
...

cT�2

cT�1

3

77777775

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="o3OCUqSna3XvPScyraPOSR/JPRA=">AAACJ3icbVDLSgMxFM3UV62vqks3wSK4KjMi6kqKblxWsA/oDCWTudOGZjJDkimWoX/jxl9xI6iILv0T0weltl5IOJxzLvfe4yecKW3b31ZuZXVtfSO/Wdja3tndK+4f1FWcSgo1GvNYNn2igDMBNc00h2YigUQ+h4bfux3pjT5IxWLxoAcJeBHpCBYySrSh2sVr14cOE5kfES3Z4xA72HWxPfvcfhBrNcdhF0Qws7eLJbtsjwsvA2cKSmha1XbxzQ1imkYgNOVEqZZjJ9rLiNSMchgW3FRBQmiPdKBloCARKC8b3znEJ4YJcBhL84TGY3a+IyORUoPIN06zX1ctaiPyP62V6vDKy5hIUg2CTgaFKcc6xqPQcMAkUM0HBhAqmdkV0y6RhGoTbcGE4CyevAzqZ2Xnouzcn5cqN9M48ugIHaNT5KBLVEF3qIpqiKIn9ILe0Yf1bL1an9bXxJqzpj2H6E9ZP78ae6Ok</latexit>2

66666664

1
0
0
...
0
0

3

77777775

…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="T5DH5VY+JwRzD9U6qJYajNQaCGk=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuNCSFFGXRTcuK/QFTSyT6aQdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90M/HbD1RIFoUNNY6pG+BByHxGsNJSzzyg9ymrOjFDjvIFJulZNUsbWXbaM8tWxZoCLRI7J2XIUe+ZX04/IklAQ0U4lrJrW7FyUywUI5xmJSeRNMZkhAe0q2mIAyrddPpBho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlX7kpC+NE0ZDMFvkJRypCkzhQnwlKFB9rgolg+lZEhlgHoXRoJR2CPf/yImlVK/ZFxb47L9eu8ziKcAhHcAI2XEINbqEOTSDwCM/wCm/Gk/FivBsfs9aCkc/swx8Ynz/hmJaH</latexit>

ei2⇡
�2
T ,

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1Eigenvalues:
<latexit sha1_base64="3ylgRZ2qfvZPCwE/XAb9kudijnM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMpjft0MkkzEyEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Pbid9+BKlYLBp6nIAfkYFgIaNEG6lnH8FDxqpewrCnQ0lo5uRZI8/Pe3bZqThT4GXizkkZzVHv2V9eP6ZpBEJTTpTquk6i/YxIzSiHvOSlChJCR2QAXUMFiUD52fSBHJ8apY/DWJoSGk/V3xMZiZQaR4HpjIgeqkVvIv7ndVMdXvsZE0mqQdDZojDlWMd4kgbuMwlU87EhhEpmbsV0SEwO2mRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW3Rlk4=</latexit>

ei2⇡
0
T ,

<latexit sha1_base64="vXXJgyqsCPQzAe1kaDuDzyQr6ys=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCMzfPGnl+3rPLTsWZAi8Td07KaI56z/7y+jFNIyaBCqJ113US8DOigFPB8pKXapYQOiID1jVUkohpP5s+kONTo/RxGCtTEvBU/T2RkUjrcRSYzojAUC96E/E/r5tCeO1nXCYpMElni8JUYIjxJA3c54pREGNDCFXc3IrpkJgcwGRWMiG4iy8vk1a14l5W3PuLcu1mHkcRHaMTdIZcdIVq6A7VURNRlKNn9IrerCfrxXq3PmatBWs+c4j+wPr8AW9blk8=</latexit>

ei2⇡
1
T ,

<latexit sha1_base64="QXuxFGl506jiotBxhzOr9cQ38io=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkRdFt24rNAXNLFMppN26GQSZm6EErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuCRHANjvNtFVZW19Y3ipulre2d3T17/6Cl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTvz2I1Oax7IB44T5ERlIHnJKwEg9+4g9ZLzqJRx7ECpCs2qeNfL8vGeXnYozBV4m7pyU0Rz1nv3l9WOaRkwCFUTrrusk4GdEAaeC5SUv1SwhdEQGrGuoJBHTfjZ9IMenRunjMFamJOCp+nsiI5HW4ygwnRGBoV70JuJ/XjeF8NrPuExSYJLOFoWpwBDjSRq4zxWjIMaGEKq4uRXTITE5gMmsZEJwF19eJq1qxb2suPcX5drNPI4iOkYn6Ay56ArV0B2qoyaiKEfP6BW9WU/Wi/VufcxaC9Z85hD9gfX5A3DlllA=</latexit>

ei2⇡
2
T ,

<latexit sha1_base64="xoI0ftGXkd3uVcxEA5CPw8iY2Dw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXGhJiqjLohuXFfqCJpbJ9KYdOnkwMxFKiBt/xY0LRdz6F+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdHNxG8/gJAsChtqHIMbkEHIfEaJ0lLPPID7lFWdmGFH+YLQ9MzO0kaWnfbMslWxpsCLxM5JGeWo98wvpx/RJIBQUU6k7NpWrNyUCMUoh6zkJBJiQkdkAF1NQxKAdNPpBxk+1kof+5HQFSo8VX9PpCSQchx4ujMgaijnvYn4n9dNlH/lpiyMEwUhnS3yE45VhCdx4D4TQBUfa0KoYPpWTIdEB6F0aCUdgj3/8iJpVSv2RcW+Oy/XrvM4iugQHaETZKNLVEO3qI6aiKJH9Ixe0ZvxZLwY78bHrLVg5DP76A+Mzx/gDpaG</latexit>

ei2⇡
�1
T ,

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1



Circulant Matrix
… all shifts of a periodic signal…

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="t5xrngA767WerHmsu066GxcCBFo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVmlL2himUyn7dDJJMxMxBLyK25cKOLWH3Hn3zhps9DWAwOHc+7lnjlBzJnSjvNtrayurW9slrbK2zu7e/v2QaWtokQS2iIRj2Q3wIpyJmhLM81pN5YUhwGnnWByk/udRyoVi0RTT2Pqh3gk2JARrI3UtysEeUx4IdbjIEjvs4dmuW9XnZozA1ombkGqUKDRt7+8QUSSkApNOFaq5zqx9lMsNSOcZmUvUTTGZIJHtGeowCFVfjrLnqETowzQMJLmCY1m6u+NFIdKTcPATOYh1aKXi/95vUQPr/yUiTjRVJD5oWHCkY5QXgQaMEmJ5lNDMJHMZEVkjCUm2tSVl+AufnmZtM9q7kXNvTuv1q+LOkpwBMdwCi5cQh1uoQEtIPAEz/AKb1ZmvVjv1sd8dMUqdg7hD6zPHzsKk+s=</latexit>

c 2 RT
<latexit sha1_base64="dLO4fFlDh2+OcVMzZaVnbSWYItY=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9VjsxWOVfkETy2a7aZduNmF3I5TQmxf/ihcPinj1L3jz37hpe9DWBwOP92aYmRcknCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyrud96oFKxWNT1KKF+hPuChYxgbaSufVRFHhPIi7AeBEF2N77P6sjTLKIK1cfFrl1yys4EaJG4M1KCGWpd+8vrxSSNqNCEY6U6rpNoP8NSM8LpuOiliiaYDHGfdgwV2Czys8kfY3RilB4KY2lKaDRRf09kOFJqFAWmM79XzXu5+J/XSXV45WdMJKmmgkwXhSlHOkZ5KKjHJCWajwzBRDJzKyIDLDHRJro8BHf+5UXSPCu7F2X39rxUuZ7FUYBDOIZTcOESKnADNWgAgUd4hld4s56sF+vd+pi2LlmzmQP4A+vzB3mXmG0=</latexit>

C 2 RT⇥T

<latexit sha1_base64="rtjE1ecyJ1s+6PZzWK8xG6BVg5g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28G4nvntJ1Sax/LRTBL0IzqUPOSMGis91Ev9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhjT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukdVH1rqre/WWldpvHUYQTOIVz8OAaanAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/zCyM4Q==</latexit>

C
<latexit sha1_base64="EThQcWyjfeKK1c/zlMEXUCKiVFY="></latexit>2

66666664

c0
c1
c2
...

cT�2

cT�1

3

77777775

<latexit sha1_base64="HPGbeshsGcYLkAz+ue5YzgX2Gxw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdJv7rSeujUjUA45THsR0oEQkGEUr+Yxck0qvWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMR3PTTGYUI2CST6tdDPDU8pGdMA7lioacxNMZsdOyYlV+iRKtC2FZKb+npjQ2JhxHNrOmOLQLHq5+J/XyTC6CiZCpRlyxeaLokwSTEj+OekLzRnKsSWUaWFvJWxINWVo88lD8BZfXiaPZ3Xvou7dn9caN0UcZTiCYzgFDy6hAXfQBB8YCHiGV3hzlPPivDsf89aSU8wcwh84nz8rOY2c</latexit>c =

periodic signal circulant matrix

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="7GvSZnA60NXT08brcWjALTEpDVw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI4qEkIupFKHrRWwXTFtpYNttNu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtD5Z5vDfDzL4g4Uxpx/m2CkvLK6trxfXSxubWdtne2W2oOJWEeiTmsWwFWFHOBPU005y2EklxFHDaDIbXE7/5SKVisbjXo4T6Ee4LFjKCtZG6dtl7OPbQJfJMNeW2a1ecqjMFWiRuTiqQo961vzq9mKQRFZpwrFTbdRLtZ1hqRjgdlzqpogkmQ9ynbUMFjqjys+nhY3RolB4KY2me0Giq/p7IcKTUKApMZ4T1QM17E/E/r53q8MLPmEhSTQWZLQpTjnSMJimgHpOUaD4yBBPJzK2IDLDERJusSiYEd/7Li6RxUnXPqu7daaV2lcdRhH04gCNw4RxqcAN18IBACs/wCm/Wk/VivVsfs9aClc/swR9Ynz9UAZDu</latexit>

U⇤U = UU⇤ = I

<latexit sha1_base64="7xd5HmYn/6KOmztqKvvib+kqad8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ7MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvBuD7z249cGxGrB5wk3I/oUIlQMIpWuq+T63654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdW7qHp355XaTR5HEY7gGE7Bg0uowS00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4Bb1CNPg==</latexit>

C =
<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="UPXWlE+mbIE7HijgR2TuSTMNk8w="></latexit>2

666666666664

1 1 1 · · · 1 1

1 e�i2⇡
1(1)
T e�i2⇡

1(2)
T · · · e�i2⇡

1(�2)
T e�i2⇡

1(�1)
T

1 e�i2⇡
2(1)
T e�i2⇡

2(2)
T · · · e�i2⇡

2(�2)
T e�i2⇡

2(�1)
T

...
...

...
...

...

1 e�i2⇡
(T�2)1

T e�i2⇡
(T�2)2

T · · · e�i2⇡
(T�2)(�2)

T e�i2⇡
(T�2)(�1)

T

1 e�i2⇡
(T�1)1

T e�i2⇡
(T�1)2

T · · · e�i2⇡
(T�1)(�2)

T e�i2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

Diagonalization: 

Sum of shifts: 
<latexit sha1_base64="c0k4CZVLfBrCSXSmcu0+W8gIe2U=">AAACMnicbZDLSsNAFIYnXmu9RV26GSyCIJYkiLoRit3YXaVXaGOYTCbt0MmFmYlQQp/JjU8iuNCFIm59CKdpFtp6YPh/vjOHmfO7MaNCGsartrS8srq2Xtgobm5t7+zqe/ttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFH1Wm/80C4oFHYlOOY2AEahNSnGEmFHL1WhdcQOwaswVOlJmxkasHGvaVcH3uRFBlKm2fWROGZ5sTMiVJHLxllIyu4aMzclEBedUd/7nsRTgISSsyQED3TiKWdIi4pZmRS7CeCxAiP0ID0lA1RQISdZitP4LEiHvQjrk4oYUZ/T6QoEGIcuOpmgORQzPem8L9eL5H+lZ3SME4kCfHsIT9hUEZwmh/0KCdYsrEyCHOq/grxEHGEpUq5qEIw51deNG2rbF6UzbvzUuUmj6MADsEROAEmuAQVcAvqoAUweAQv4B18aE/am/apfc2uLmn5zAH4U9r3Dw8eo4M=</latexit>

C = c0I + c1S + c2S
2 + · · ·+ cT�2S

T�2 + cT�1S
T�1

<latexit sha1_base64="mKiPslvnVTa8l9003YnirwtyKRg=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSDYGHZF1CYQTGMZMS9INsvsZDYZMvtg5q4QljQ2/oqNhSK2/oOdf+Mk2UITD1w4nHMv997jxYIrsKxvY2l5ZXVtPbeR39za3tk19/YbKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3rDysRvPjCpeBTWYBQzJyD9kPucEtCSax5VcAl3VBK4KZSscTetndljTF247wJ2zYJVtKbAi8TOSAFlqLrmV6cX0SRgIVBBlGrbVgxOSiRwKtg430kUiwkdkj5raxqSgCknnX4xxida6WE/krpCwFP190RKAqVGgac7AwIDNe9NxP+8dgL+tZPyME6AhXS2yE8EhghPIsE9LhkFMdKEUMn1rZgOiCQUdHB5HYI9//IiaZwX7cuifXdRKN9kceTQITpGp8hGV6iMblEV1RFFj+gZvaI348l4Md6Nj1nrkpHNHKA/MD5/ACWllxU=</latexit>

C =
T�1X

t=0

ctS
t

<latexit sha1_base64="hVJwavXo8m5Jh5LmWU03LhKvTSo="></latexit>

= U

 
T�1X

t=0

ctdg(Ut)

!
U⇤

<latexit sha1_base64="ojfoSdYDeyAGlkeuq6QDWerjnf8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iE6qIkIupGKLpxWcG0hTaWyWTSDp08mLkRSyj4K25cKOLW73Dn3zhts9DWA/dyOOde5s7xEsEVWNa3UVhYXFpeKa6W1tY3NrfM7Z2GilNJmUNjEcuWRxQTPGIOcBCslUhGQk+wpje4HvvNByYVj6M7GCbMDUkv4gGnBLTUNfcusdMB9giZ3xtVnPtjeqRb1yxbVWsCPE/snJRRjnrX/Or4MU1DFgEVRKm2bSXgZkQCp4KNSp1UsYTQAemxtqYRCZlys8n5I3yoFR8HsdQVAZ6ovzcyEio1DD09GRLoq1lvLP7ntVMILtyMR0kKLKLTh4JUYIjxOAvsc8koiKEmhEqub8W0TyShoBMr6RDs2S/Pk8ZJ1T6r2ren5dpVHkcR7aMDVEE2Okc1dIPqyEEUZegZvaI348l4Md6Nj+lowch3dtEfGJ8/eeqUhw==</latexit>

= Udg(U⇤c)U⇤
<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="a9hm6ViAfmmRqaOkqUkWTtw8/Bg="></latexit>2

66666664

U⇤
0 c 0 0 · · · 0 0
0 U⇤

1 c 0 · · · 0 0
0 0 U⇤

2 c · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · U⇤

T�2c 0
0 0 0 · · · 0 U⇤

T�1c

3

77777775

…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

Eigenvalues:

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="VOGHMTEzIkghY7R89R1FMeMUhrk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR77sMZ6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibN86p3UfXuapX6dR5HEY7gGE7Bg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArV2Oiw==</latexit>

U⇤
0 c

<latexit sha1_base64="AGykrg76fsUsd5lSIFS55HZCiHg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR73sMZ6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibN86p3UfXuapX6dR5HEY7gGE7Bg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AruSOjA==</latexit>

U⇤
1 c

<latexit sha1_base64="4Bd4X6Y0MzhipGZIqugZCE1FzQI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR7tYcz0itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEyatap3UfXuziv16zyOIhzBMZyCB5dQh1togA8EHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AsGuOjQ==</latexit>

U⇤
2 c

<latexit sha1_base64="bKP8qtNzQ0s1pKUZyk9D+W5KuG0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBBEtSRD0WvXis0LTFNpbNdtMu3WzC7kYoIf/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82POlLbtb6uwsrq2vlHcLG1t7+zulfcPWipKJKEuiXgkOz5WlDNBXc00p51YUhz6nLb98e3Ubz9RqVgkmnoSUy/EQ8ECRrA20oPbT5vntezxjPTLFbtqz4CWiZOTCuRo9MtfvUFEkpAKTThWquvYsfZSLDUjnGalXqJojMkYD2nXUIFDqrx0dnGGTowyQEEkTQmNZurviRSHSk1C33SGWI/UojcV//O6iQ6uvZSJONFUkPmiIOFIR2j6PhowSYnmE0MwkczcisgIS0y0CalkQnAWX14mrVrVuaw69xeV+k0eRxGO4BhOwYErqMMdNMAFAgKe4RXeLGW9WO/Wx7y1YOUzh/AH1ucPim+QLg==</latexit>

U⇤
T�2c

<latexit sha1_base64="ngsAhIl7lMU7IX3bgHy633WRPxg=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSKIYNmIqMeiF48Vum2xXUs2zbah2eySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRZlHYxGrVkA0E1wyz3AjWCtRjESBYM1geDvxm09MaR7LuhklzI9IX/KQU2Ks9OB1s/oZHj+e0m6p7FbcKdAiwTkpQ45at/TV6cU0jZg0VBCt29hNjJ8RZTgVbFzspJolhA5Jn7UtlSRi2s+mF4/RsVV6KIyVLWnQVP09kZFI61EU2M6ImIGe9ybif147NeG1n3GZpIZJOlsUpgKZGE3eRz2uGDViZAmhittbER0QRaixIRVtCHj+5UXSOK/gywq+vyhXb/I4CnAIR3ACGK6gCndQAw8oSHiGV3hztPPivDsfs9YlJ585gD9wPn8AiOeQLQ==</latexit>

U⇤
T�1c

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1
<latexit sha1_base64="Lp4EHF6cbubce4EoBSod2C4oQIc="></latexit>2

66666664

c0 cT�1 cT�2 · · · c2 c1
c1 c0 cT�1 · · · c3 c2
c2 c1 c0 · · · c4 c3
...

...
...

. . .
...

...
cT�2 cT�3 cT�4 · · · c0 cT�1

cT�1 cT�2 cT�3 · · · c1 c0

3

77777775



Circulant Matrix
… all shifts of a periodic signal…

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="t5xrngA767WerHmsu066GxcCBFo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVmlL2himUyn7dDJJMxMxBLyK25cKOLWH3Hn3zhps9DWAwOHc+7lnjlBzJnSjvNtrayurW9slrbK2zu7e/v2QaWtokQS2iIRj2Q3wIpyJmhLM81pN5YUhwGnnWByk/udRyoVi0RTT2Pqh3gk2JARrI3UtysEeUx4IdbjIEjvs4dmuW9XnZozA1ombkGqUKDRt7+8QUSSkApNOFaq5zqx9lMsNSOcZmUvUTTGZIJHtGeowCFVfjrLnqETowzQMJLmCY1m6u+NFIdKTcPATOYh1aKXi/95vUQPr/yUiTjRVJD5oWHCkY5QXgQaMEmJ5lNDMJHMZEVkjCUm2tSVl+AufnmZtM9q7kXNvTuv1q+LOkpwBMdwCi5cQh1uoQEtIPAEz/AKb1ZmvVjv1sd8dMUqdg7hD6zPHzsKk+s=</latexit>

c 2 RT
<latexit sha1_base64="dLO4fFlDh2+OcVMzZaVnbSWYItY=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9VjsxWOVfkETy2a7aZduNmF3I5TQmxf/ihcPinj1L3jz37hpe9DWBwOP92aYmRcknCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyrud96oFKxWNT1KKF+hPuChYxgbaSufVRFHhPIi7AeBEF2N77P6sjTLKIK1cfFrl1yys4EaJG4M1KCGWpd+8vrxSSNqNCEY6U6rpNoP8NSM8LpuOiliiaYDHGfdgwV2Czys8kfY3RilB4KY2lKaDRRf09kOFJqFAWmM79XzXu5+J/XSXV45WdMJKmmgkwXhSlHOkZ5KKjHJCWajwzBRDJzKyIDLDHRJro8BHf+5UXSPCu7F2X39rxUuZ7FUYBDOIZTcOESKnADNWgAgUd4hld4s56sF+vd+pi2LlmzmQP4A+vzB3mXmG0=</latexit>

C 2 RT⇥T

<latexit sha1_base64="rtjE1ecyJ1s+6PZzWK8xG6BVg5g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28G4nvntJ1Sax/LRTBL0IzqUPOSMGis91Ev9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhjT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukdVH1rqre/WWldpvHUYQTOIVz8OAaanAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/zCyM4Q==</latexit>

C
<latexit sha1_base64="EThQcWyjfeKK1c/zlMEXUCKiVFY="></latexit>2

66666664

c0
c1
c2
...

cT�2

cT�1

3

77777775

<latexit sha1_base64="HPGbeshsGcYLkAz+ue5YzgX2Gxw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdJv7rSeujUjUA45THsR0oEQkGEUr+Yxck0qvWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMR3PTTGYUI2CST6tdDPDU8pGdMA7lioacxNMZsdOyYlV+iRKtC2FZKb+npjQ2JhxHNrOmOLQLHq5+J/XyTC6CiZCpRlyxeaLokwSTEj+OekLzRnKsSWUaWFvJWxINWVo88lD8BZfXiaPZ3Xvou7dn9caN0UcZTiCYzgFDy6hAXfQBB8YCHiGV3hzlPPivDsf89aSU8wcwh84nz8rOY2c</latexit>c =

periodic signal circulant matrix

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="7xd5HmYn/6KOmztqKvvib+kqad8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ7MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvBuD7z249cGxGrB5wk3I/oUIlQMIpWuq+T63654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdW7qHp355XaTR5HEY7gGE7Bg0uowS00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4Bb1CNPg==</latexit>

C =
<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="UPXWlE+mbIE7HijgR2TuSTMNk8w="></latexit>2

666666666664

1 1 1 · · · 1 1

1 e�i2⇡
1(1)
T e�i2⇡

1(2)
T · · · e�i2⇡

1(�2)
T e�i2⇡

1(�1)
T

1 e�i2⇡
2(1)
T e�i2⇡

2(2)
T · · · e�i2⇡

2(�2)
T e�i2⇡

2(�1)
T

...
...

...
...

...

1 e�i2⇡
(T�2)1

T e�i2⇡
(T�2)2

T · · · e�i2⇡
(T�2)(�2)

T e�i2⇡
(T�2)(�1)

T

1 e�i2⇡
(T�1)1

T e�i2⇡
(T�1)2

T · · · e�i2⇡
(T�1)(�2)

T e�i2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

Diagonalization: 

Sum of shifts: 
<latexit sha1_base64="c0k4CZVLfBrCSXSmcu0+W8gIe2U=">AAACMnicbZDLSsNAFIYnXmu9RV26GSyCIJYkiLoRit3YXaVXaGOYTCbt0MmFmYlQQp/JjU8iuNCFIm59CKdpFtp6YPh/vjOHmfO7MaNCGsartrS8srq2Xtgobm5t7+zqe/ttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFH1Wm/80C4oFHYlOOY2AEahNSnGEmFHL1WhdcQOwaswVOlJmxkasHGvaVcH3uRFBlKm2fWROGZ5sTMiVJHLxllIyu4aMzclEBedUd/7nsRTgISSsyQED3TiKWdIi4pZmRS7CeCxAiP0ID0lA1RQISdZitP4LEiHvQjrk4oYUZ/T6QoEGIcuOpmgORQzPem8L9eL5H+lZ3SME4kCfHsIT9hUEZwmh/0KCdYsrEyCHOq/grxEHGEpUq5qEIw51deNG2rbF6UzbvzUuUmj6MADsEROAEmuAQVcAvqoAUweAQv4B18aE/am/apfc2uLmn5zAH4U9r3Dw8eo4M=</latexit>

C = c0I + c1S + c2S
2 + · · ·+ cT�2S

T�2 + cT�1S
T�1

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="a9hm6ViAfmmRqaOkqUkWTtw8/Bg="></latexit>2

66666664

U⇤
0 c 0 0 · · · 0 0
0 U⇤

1 c 0 · · · 0 0
0 0 U⇤

2 c · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · U⇤

T�2c 0
0 0 0 · · · 0 U⇤

T�1c

3

77777775

<latexit sha1_base64="6F2qvsgj/W4c+c+3UrzkNzJYl2o="></latexit>

y = (c ⇤ x) = Cx =
p

TUdg(U⇤c)U⇤x
<latexit sha1_base64="c+0DXBVtcKWzEBjTEMWTtnjrNhg="></latexit>p
TU⇤y = dg

�p
TU⇤c

�p
TU⇤x

…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

Eigenvalues:

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="VOGHMTEzIkghY7R89R1FMeMUhrk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR77sMZ6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibN86p3UfXuapX6dR5HEY7gGE7Bg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArV2Oiw==</latexit>

U⇤
0 c

<latexit sha1_base64="AGykrg76fsUsd5lSIFS55HZCiHg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR73sMZ6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibN86p3UfXuapX6dR5HEY7gGE7Bg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AruSOjA==</latexit>

U⇤
1 c

<latexit sha1_base64="4Bd4X6Y0MzhipGZIqugZCE1FzQI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR7tYcz0itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEyatap3UfXuziv16zyOIhzBMZyCB5dQh1togA8EHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AsGuOjQ==</latexit>

U⇤
2 c

<latexit sha1_base64="bKP8qtNzQ0s1pKUZyk9D+W5KuG0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBBEtSRD0WvXis0LTFNpbNdtMu3WzC7kYoIf/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82POlLbtb6uwsrq2vlHcLG1t7+zulfcPWipKJKEuiXgkOz5WlDNBXc00p51YUhz6nLb98e3Ubz9RqVgkmnoSUy/EQ8ECRrA20oPbT5vntezxjPTLFbtqz4CWiZOTCuRo9MtfvUFEkpAKTThWquvYsfZSLDUjnGalXqJojMkYD2nXUIFDqrx0dnGGTowyQEEkTQmNZurviRSHSk1C33SGWI/UojcV//O6iQ6uvZSJONFUkPmiIOFIR2j6PhowSYnmE0MwkczcisgIS0y0CalkQnAWX14mrVrVuaw69xeV+k0eRxGO4BhOwYErqMMdNMAFAgKe4RXeLGW9WO/Wx7y1YOUzh/AH1ucPim+QLg==</latexit>

U⇤
T�2c

<latexit sha1_base64="ngsAhIl7lMU7IX3bgHy633WRPxg=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSKIYNmIqMeiF48Vum2xXUs2zbah2eySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRZlHYxGrVkA0E1wyz3AjWCtRjESBYM1geDvxm09MaR7LuhklzI9IX/KQU2Ks9OB1s/oZHj+e0m6p7FbcKdAiwTkpQ45at/TV6cU0jZg0VBCt29hNjJ8RZTgVbFzspJolhA5Jn7UtlSRi2s+mF4/RsVV6KIyVLWnQVP09kZFI61EU2M6ImIGe9ybif147NeG1n3GZpIZJOlsUpgKZGE3eRz2uGDViZAmhittbER0QRaixIRVtCHj+5UXSOK/gywq+vyhXb/I4CnAIR3ACGK6gCndQAw8oSHiGV3hztPPivDsfs9YlJ585gD9wPn8AiOeQLQ==</latexit>

U⇤
T�1c

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1
<latexit sha1_base64="Lp4EHF6cbubce4EoBSod2C4oQIc="></latexit>2

66666664

c0 cT�1 cT�2 · · · c2 c1
c1 c0 cT�1 · · · c3 c2
c2 c1 c0 · · · c4 c3
...

...
...

. . .
...

...
cT�2 cT�3 cT�4 · · · c0 cT�1

cT�1 cT�2 cT�3 · · · c1 c0

3

77777775



Circulant Matrix
… all shifts of a periodic signal…

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="t5xrngA767WerHmsu066GxcCBFo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KomIuiy6cVmlL2himUyn7dDJJMxMxBLyK25cKOLWH3Hn3zhps9DWAwOHc+7lnjlBzJnSjvNtrayurW9slrbK2zu7e/v2QaWtokQS2iIRj2Q3wIpyJmhLM81pN5YUhwGnnWByk/udRyoVi0RTT2Pqh3gk2JARrI3UtysEeUx4IdbjIEjvs4dmuW9XnZozA1ombkGqUKDRt7+8QUSSkApNOFaq5zqx9lMsNSOcZmUvUTTGZIJHtGeowCFVfjrLnqETowzQMJLmCY1m6u+NFIdKTcPATOYh1aKXi/95vUQPr/yUiTjRVJD5oWHCkY5QXgQaMEmJ5lNDMJHMZEVkjCUm2tSVl+AufnmZtM9q7kXNvTuv1q+LOkpwBMdwCi5cQh1uoQEtIPAEz/AKb1ZmvVjv1sd8dMUqdg7hD6zPHzsKk+s=</latexit>

c 2 RT
<latexit sha1_base64="dLO4fFlDh2+OcVMzZaVnbSWYItY=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVBIR9VjsxWOVfkETy2a7aZduNmF3I5TQmxf/ihcPinj1L3jz37hpe9DWBwOP92aYmRcknCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyrud96oFKxWNT1KKF+hPuChYxgbaSufVRFHhPIi7AeBEF2N77P6sjTLKIK1cfFrl1yys4EaJG4M1KCGWpd+8vrxSSNqNCEY6U6rpNoP8NSM8LpuOiliiaYDHGfdgwV2Czys8kfY3RilB4KY2lKaDRRf09kOFJqFAWmM79XzXu5+J/XSXV45WdMJKmmgkwXhSlHOkZ5KKjHJCWajwzBRDJzKyIDLDHRJro8BHf+5UXSPCu7F2X39rxUuZ7FUYBDOIZTcOESKnADNWgAgUd4hld4s56sF+vd+pi2LlmzmQP4A+vzB3mXmG0=</latexit>

C 2 RT⇥T

<latexit sha1_base64="rtjE1ecyJ1s+6PZzWK8xG6BVg5g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28G4nvntJ1Sax/LRTBL0IzqUPOSMGis91Ev9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhjT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukdVH1rqre/WWldpvHUYQTOIVz8OAaanAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/zCyM4Q==</latexit>

C
<latexit sha1_base64="EThQcWyjfeKK1c/zlMEXUCKiVFY="></latexit>2

66666664

c0
c1
c2
...

cT�2

cT�1

3

77777775

<latexit sha1_base64="HPGbeshsGcYLkAz+ue5YzgX2Gxw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdJv7rSeujUjUA45THsR0oEQkGEUr+Yxck0qvWnPr7gxkmXgFqUGBZq/61e0nLIu5QiapMR3PTTGYUI2CST6tdDPDU8pGdMA7lioacxNMZsdOyYlV+iRKtC2FZKb+npjQ2JhxHNrOmOLQLHq5+J/XyTC6CiZCpRlyxeaLokwSTEj+OekLzRnKsSWUaWFvJWxINWVo88lD8BZfXiaPZ3Xvou7dn9caN0UcZTiCYzgFDy6hAXfQBB8YCHiGV3hzlPPivDsf89aSU8wcwh84nz8rOY2c</latexit>c =

periodic signal circulant matrix

Eigenvectors:

<latexit sha1_base64="+oqHmem145v7XPr5+/FiPTczfOU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3WvUfceLmvN2yKOMpzAKZyDB1fQhHtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8A4NaNeg==</latexit>

U =
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="trT6sAb3aI8GgIcdQbO+Fg0/wJU="></latexit>2

666666666664

1 1 1 · · · 1 1

1 ei2⇡
1(1)
T ei2⇡

1(2)
T · · · ei2⇡

1(�2)
T ei2⇡

1(�1)
T

1 ei2⇡
2(1)
T ei2⇡

2(2)
T · · · ei2⇡

2(�2)
T ei2⇡

2(�1)
T

...
...

...
...

...

1 ei2⇡
(T�2)1

T ei2⇡
(T�2)2

T · · · ei2⇡
(T�2)(�2)

T ei2⇡
(T�2)(�1)

T

1 ei2⇡
(T�1)1

T ei2⇡
(T�1)2

T · · · ei2⇡
(T�1)(�2)

T ei2⇡
(T�1)(�1)

T

3

777777777775

Diagonalization: 

Sum of shifts: 
<latexit sha1_base64="c0k4CZVLfBrCSXSmcu0+W8gIe2U=">AAACMnicbZDLSsNAFIYnXmu9RV26GSyCIJYkiLoRit3YXaVXaGOYTCbt0MmFmYlQQp/JjU8iuNCFIm59CKdpFtp6YPh/vjOHmfO7MaNCGsartrS8srq2Xtgobm5t7+zqe/ttESUckxaOWMS7LhKE0ZC0JJWMdGNOUOAy0nFH1Wm/80C4oFHYlOOY2AEahNSnGEmFHL1WhdcQOwaswVOlJmxkasHGvaVcH3uRFBlKm2fWROGZ5sTMiVJHLxllIyu4aMzclEBedUd/7nsRTgISSsyQED3TiKWdIi4pZmRS7CeCxAiP0ID0lA1RQISdZitP4LEiHvQjrk4oYUZ/T6QoEGIcuOpmgORQzPem8L9eL5H+lZ3SME4kCfHsIT9hUEZwmh/0KCdYsrEyCHOq/grxEHGEpUq5qEIw51deNG2rbF6UzbvzUuUmj6MADsEROAEmuAQVcAvqoAUweAQv4B18aE/am/apfc2uLmn5zAH4U9r3Dw8eo4M=</latexit>

C = c0I + c1S + c2S
2 + · · ·+ cT�2S

T�2 + cT�1S
T�1

<latexit sha1_base64="6F2qvsgj/W4c+c+3UrzkNzJYl2o="></latexit>

y = (c ⇤ x) = Cx =
p

TUdg(U⇤c)U⇤x
<latexit sha1_base64="c+0DXBVtcKWzEBjTEMWTtnjrNhg="></latexit>p
TU⇤y = dg

�p
TU⇤c

�p
TU⇤x

<latexit sha1_base64="UPXWlE+mbIE7HijgR2TuSTMNk8w="></latexit>2

666666666664

1 1 1 · · · 1 1

1 e�i2⇡
1(1)
T e�i2⇡

1(2)
T · · · e�i2⇡

1(�2)
T e�i2⇡

1(�1)
T

1 e�i2⇡
2(1)
T e�i2⇡

2(2)
T · · · e�i2⇡

2(�2)
T e�i2⇡

2(�1)
T

...
...

...
...

...

1 e�i2⇡
(T�2)1

T e�i2⇡
(T�2)2

T · · · e�i2⇡
(T�2)(�2)

T e�i2⇡
(T�2)(�1)

T

1 e�i2⇡
(T�1)1

T e�i2⇡
(T�1)2

T · · · e�i2⇡
(T�1)(�2)

T e�i2⇡
(T�1)(�1)

T

3

777777777775

<latexit sha1_base64="rHf51sDv26PMie8Xg5V6LmgRlU4=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIsgHsquiHoRil48VnDbQruWbJptQ7PZJcmKZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz84JEcG0c5xsVlpZXVteK66WNza3tnfLuXkPHqaLMo7GIVSsgmgkumWe4EayVKEaiQLBmMLyZ+M1HpjSP5b0ZJcyPSF/ykFNirNT0Hk6e8BXulitO1ZkCLxI3JxXIUe+Wvzq9mKYRk4YKonXbdRLjZ0QZTgUblzqpZgmhQ9JnbUsliZj2s+m5Y3xklR4OY2VLGjxVf09kJNJ6FAW2MyJmoOe9ifif105NeOlnXCapYZLOFoWpwCbGk99xjytGjRhZQqji9lZMB0QRamxCJRuCO//yImmcVt3zqnt3Vqld53EU4QAO4RhcuIAa3EIdPKAwhGd4hTeUoBf0jj5mrQWUz+zDH6DPH9idjpg=</latexit>

U⇤x =
<latexit sha1_base64="izgEGH28zGh4JxQKvtkylhM0NOc="></latexit>2

66666664

x0

x1

x2
...

xT�2

xT�1

3

77777775

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
TDiscrete 

Fourier 
Transform

<latexit sha1_base64="EfzCnI1fw4AIvfkgT5d8hVCkPX8=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiom6EohuXFewF2hAm00k7dHJh5kQMoUs3voobF4q49RHc+TZO0iy09YeBj/+cw5nze7HgCizr21hYXFpeWa2sVdc3Nre2zZ3dtooSSVmLRiKSXY8oJnjIWsBBsG4sGQk8wTre+Dqvd+6ZVDwK7yCNmROQYch9TgloyzUP+iMCWTpxx/gSF0xzLuhBk2vWrLpVCM+DXUINlWq65ld/ENEkYCFQQZTq2VYMTkYkcCrYpNpPFIsJHZMh62kMScCUkxWHTPCRdgbYj6R+IeDC/T2RkUCpNPB0Z0BgpGZruflfrZeAf+FkPIwTYCGdLvITgSHCeSp4wCWjIFINhEqu/4rpiEhCQWdX1SHYsyfPQ/ukbp/V7dvTWuOqjKOC9tEhOkY2OkcNdIOaqIUoekTP6BW9GU/Gi/FufExbF4xyZg/9kfH5A+eOmek=</latexit>

ŷk = ĉkx̂k

<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> ( <latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> (<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> (

<latexit sha1_base64="TT7zgq2cc0MMyQvYMMmtRp1ze3U=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv3ANpTNdtsu3WzC7kQIof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC2IpDLrut1NYWV1b3yhulra2d3b3yvsHTRMlmvEGi2Sk2wE1XArFGyhQ8nasOQ0DyVvB+Hbqt564NiJSD5jG3A/pUImBYBSt9NgdUczSCbkmvXLFrbozkGXi5aQCOeq98le3H7Ek5AqZpMZ0PDdGP6MaBZN8UuomhseUjemQdyxVNOTGz2YXT8iJVfpkEGlbCslM/T2R0dCYNAxsZ0hxZBa9qfif10lwcOVnQsUJcsXmiwaJJBiR6fukLzRnKFNLKNPC3krYiGrK0IZUsiF4iy8vk+ZZ1buoevfnldpNHkcRjuAYTsGDS6jBHdShAQwUPMMrvDnGeXHenY95a8HJZw7hD5zPH+mtkGs=</latexit>

ŷ =
<latexit sha1_base64="y/3hFYhwRwlMLcBvb9BqJ1A2kr0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCyNI/P</latexit>

x̂
<latexit sha1_base64="kj/RiwADkxXsHlakpOCy7CWP9kI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp0x9TzNhsUK25dXcOskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz42fzcGTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbKXi/95vRTDGz8TKkmRK7ZYFKaSYEzy38lQaM5QTi2hTAt7K2FjqilDm1DFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMJjAM7zCm5M4L86787FoLTnFzDH8gfP5A5JLj7o=</latexit>

ĉ

Convolution in time domain… Multiplication in frequency domain… elementwise…

<latexit sha1_base64="Y8LgCHr9vv9zwiGsfH42E+fkHT0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjxWsB/YhrLZbtqlm03YnYgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zUeujYjVPY4S7ke0r0QoGEUrPXQGFLOnMbki3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6YXj8mxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPQzoZIUuWKzRWEqCcZk8j7pCc0ZypEllGlhbyVsQDVlaEMq2hC8+ZcXSeO04p1XvLuzcvU6j6MAh3AEJ+DBBVThFmpQBwYKnuEV3hzjvDjvzsesdcnJZw7gD5zPH+glkGo=</latexit>

x̂ =
<latexit sha1_base64="tZ6IDK69D94Yd4V60Bf0T57GTvY="></latexit>

x̂k =
T�1X

t=0

xte
�i2⇡

tk
T

…step by 
t time step

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

Eigenvalues:

Frequency: <latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="VOGHMTEzIkghY7R89R1FMeMUhrk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR77sMZ6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibN86p3UfXuapX6dR5HEY7gGE7Bg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArV2Oiw==</latexit>

U⇤
0 c

<latexit sha1_base64="AGykrg76fsUsd5lSIFS55HZCiHg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR73sMZ6ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibN86p3UfXuapX6dR5HEY7gGE7Bg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AruSOjA==</latexit>

U⇤
1 c

<latexit sha1_base64="4Bd4X6Y0MzhipGZIqugZCE1FzQI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuqx6MVjBbcttGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1PR7tYcz0itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEyatap3UfXuziv16zyOIhzBMZyCB5dQh1togA8EHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AsGuOjQ==</latexit>

U⇤
2 c

<latexit sha1_base64="bKP8qtNzQ0s1pKUZyk9D+W5KuG0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBBEtSRD0WvXis0LTFNpbNdtMu3WzC7kYoIf/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82POlLbtb6uwsrq2vlHcLG1t7+zulfcPWipKJKEuiXgkOz5WlDNBXc00p51YUhz6nLb98e3Ubz9RqVgkmnoSUy/EQ8ECRrA20oPbT5vntezxjPTLFbtqz4CWiZOTCuRo9MtfvUFEkpAKTThWquvYsfZSLDUjnGalXqJojMkYD2nXUIFDqrx0dnGGTowyQEEkTQmNZurviRSHSk1C33SGWI/UojcV//O6iQ6uvZSJONFUkPmiIOFIR2j6PhowSYnmE0MwkczcisgIS0y0CalkQnAWX14mrVrVuaw69xeV+k0eRxGO4BhOwYErqMMdNMAFAgKe4RXeLGW9WO/Wx7y1YOUzh/AH1ucPim+QLg==</latexit>

U⇤
T�2c

<latexit sha1_base64="ngsAhIl7lMU7IX3bgHy633WRPxg=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSKIYNmIqMeiF48Vum2xXUs2zbah2eySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRZlHYxGrVkA0E1wyz3AjWCtRjESBYM1geDvxm09MaR7LuhklzI9IX/KQU2Ks9OB1s/oZHj+e0m6p7FbcKdAiwTkpQ45at/TV6cU0jZg0VBCt29hNjJ8RZTgVbFzspJolhA5Jn7UtlSRi2s+mF4/RsVV6KIyVLWnQVP09kZFI61EU2M6ImIGe9ybif147NeG1n3GZpIZJOlsUpgKZGE3eRz2uGDViZAmhittbER0QRaixIRVtCHj+5UXSOK/gywq+vyhXb/I4CnAIR3ACGK6gCndQAw8oSHiGV3hztPPivDsfs9YlJ585gD9wPn8AiOeQLQ==</latexit>

U⇤
T�1c

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="q5Rnwvj2LYDPThghU6EZOxgJbLs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKbS20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c38xyeujYhVAycJ9yM6UCIUjKKV2l0z1pg1pr1yxa26c5BV4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzxM6GSFLlii0VhKgnGZPY86QvNGcqJJZRpYW8lbEg1ZWgjKtkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6csfPivDsfi9aCk88cwx84nz95spBC</latexit>p
T

<latexit sha1_base64="egFPBplKbg3ajFlbPb6aD10og0o=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYxLAjojZC0MYyQl6QLGF2MpsMmX0wc1cMSyobf8XGQhFbv8HOv3GSbKGJpzqccw/33uPFUmhwnG9rYXFpeWU1t5Zf39jc2rZ3dus6ShTjNRbJSDU9qrkUIa+BAMmbseI08CRveIObsd+450qLKKzCMOZuQHuh8AWjYKSOfdAG/gCpHyk8wgN8hZ0iKba7Eehi9YR07IJTcibA84RkpIAyVDr2l8myJOAhMEm1bhEnBjelCgSTfJRvJ5rHlA1oj7cMDWnAtZtO3hjhI6N08fgUPwoBT9TfiZQGWg8Dz0wGFPp61huL/3mtBPxLNxVhnAAP2XSRn0gMER53grtCcQZyaAhlSphbMetTRRmY5vKmBDL78jypn5bIeYncnRXK11kdObSPDtExIugCldEtqqAaYugRPaNX9GY9WS/Wu/UxHV2wsswe+gPr8wc6EJcI</latexit>

for k = 0, 1, . . . , T � 1
<latexit sha1_base64="Lp4EHF6cbubce4EoBSod2C4oQIc="></latexit>2

66666664

c0 cT�1 cT�2 · · · c2 c1
c1 c0 cT�1 · · · c3 c2
c2 c1 c0 · · · c4 c3
...

...
...

. . .
...

...
cT�2 cT�3 cT�4 · · · c0 cT�1

cT�1 cT�2 cT�3 · · · c1 c0

3

77777775



Circulant Matrix - parallels with continuous time

…infinitesimal 

<latexit sha1_base64="eIZxhzJShE6hP4J5BSVtifAQVvU="></latexit>

St =


0 IT�t

It 0

�

<latexit sha1_base64="EfzCnI1fw4AIvfkgT5d8hVCkPX8=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiom6EohuXFewF2hAm00k7dHJh5kQMoUs3voobF4q49RHc+TZO0iy09YeBj/+cw5nze7HgCizr21hYXFpeWa2sVdc3Nre2zZ3dtooSSVmLRiKSXY8oJnjIWsBBsG4sGQk8wTre+Dqvd+6ZVDwK7yCNmROQYch9TgloyzUP+iMCWTpxx/gSF0xzLuhBk2vWrLpVCM+DXUINlWq65ld/ENEkYCFQQZTq2VYMTkYkcCrYpNpPFIsJHZMh62kMScCUkxWHTPCRdgbYj6R+IeDC/T2RkUCpNPB0Z0BgpGZruflfrZeAf+FkPIwTYCGdLvITgSHCeSp4wCWjIFINhEqu/4rpiEhCQWdX1SHYsyfPQ/ukbp/V7dvTWuOqjKOC9tEhOkY2OkcNdIOaqIUoekTP6BW9GU/Gi/FufExbF4xyZg/9kfH5A+eOmek=</latexit>

ŷk = ĉkx̂k

Discrete Time Continuous Time
<latexit sha1_base64="Cq/O6QUNSSnFrlg+k1oRrc6c6w8=">AAAB/3icbVDLSgMxFL3js9ZXVXDjJlgEF6XMiKjLohuXVfqCzlgyadqGZjJDkhGHsQt/xY0LRdz6G+78GzNtF9p6IHA4517uyfEjzpS27W9rYXFpeWU1t5Zf39jc2i7s7DZUGEtC6yTkoWz5WFHOBK1rpjltRZLiwOe06Q+vMr95T6VioajpJKJegPuC9RjB2kidwj4pPZQS5DKB3ADrge+nt6O7WqdQtMv2GGieOFNShCmqncKX2w1JHFChCcdKtR070l6KpWaE01HejRWNMBniPm0bKnBAlZeO84/QkVG6qBdK84RGY/X3RooDpZLAN5NZRjXrZeJ/XjvWvQsvZSKKNRVkcqgXc6RDlJWBukxSonliCCaSmayIDLDERJvK8qYEZ/bL86RxUnbOys7NabFyOa0jBwdwCMfgwDlU4BqqUAcCj/AMr/BmPVkv1rv1MRldsKY7e/AH1ucP+YOVcg==</latexit>

c, x, y 2 RT

<latexit sha1_base64="bFiIQP88L3ms1+QNNB4MAB08NLk="></latexit>

S =


0 IT�1

1 0

�

<latexit sha1_base64="/rCMgk3J52HxdRN1MyYu40TJSos=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqpcyIqMuiLlxW6As6Q8lk0jY0kxmTO2Ip/Qc3/oobF4q4dePOvzHTdqGtB3I5Oedeknv8WHANtv1tLSwuLa+sZtay6xubW9u5nd26jhJFWY1GIlJNn2gmuGQ14CBYM1aMhL5gDb9/lfqNe6Y0j2QVBjHzQtKVvMMpASO1c8e0AEfFh7QMTMHYvUtIgAG7XOKWXXSvmQBi7lWvncvbJXsMPE+cKcmjKSrt3JcbRDQJmQQqiNYtx47BGxIFnAo2yrqJZjGhfdJlLUMlCZn2huOdRvjQKAHuRMocCXis/p4YklDrQeibzpBAT896qfif10qgc+ENuYwTYJJOHuokAkOE04BwwBWjIAaGEKq4+SumPaIIBRNj1oTgzK48T+onJees5Nye5suX0zgyaB8doAJy0DkqoxtUQTVE0SN6Rq/ozXqyXqx362PSumBNZ/bQH1ifP84FmwA=</latexit>

c(t), x(t), y(t) t 2 [0,�tT ]

…integration over t time steps

Signals 

Time 
evolution

<latexit sha1_base64="gZBsiJuXQOIoLHRUiO5nCgRzsXM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURUTdC0Y3LCvYBbSmTyaQdOpmEmRtpCcGNv+LGhSJu/Qp3/o3TNgttPTBwOOce7tzjxYJrcJxvq7C0vLK6VlwvbWxube/Yu3sNHSWKsjqNRKRaHtFMcMnqwEGwVqwYCT3Bmt7wZuI3H5jSPJL3MI5ZNyR9yQNOCRipZx90IFCEpn6W+pDhEb7CHT+CdJT17LJTcabAi8TNSRnlqPXsL5OkScgkUEG0brtODN2UKOBUsKzUSTSLCR2SPmsbKknIdDednpDhY6P4OIiUeRLwVP2dSEmo9Tj0zGRIYKDnvYn4n9dOILjsplzGCTBJZ4uCRGCI8KQP7HPFKIixIYQqbv6K6YCYSsC0VjIluPMnL5LGacU9r7h3Z+XqdV5HER2iI3SCXHSBqugW1VAdUfSIntErerOerBfr3fqYjRasPLOP/sD6/AFhGZdr</latexit>

d
dtx = ẋ

<latexit sha1_base64="RjQ2lsF6bOeynlHt+INguLAXlB8=">AAACInicbVDLSsNAFJ34tr6qLt0MFqEuLImIj11RFy4VrBaaGCaTWx06mYSZG6GEfosbf8WNC0VdCX6M08eiPg5cOHPOvcy9J8qkMOi6n87E5NT0zOzcfGlhcWl5pby6dmXSXHNo8FSmuhkxA1IoaKBACc1MA0siCddR56TvX9+DNiJVl9jNIEjYrRJtwRlaKSwf+UJh6N4USP1TkMgo9iiF8feOjyzv0arP4xS3qU/jvkDDcsWtuQPQv8QbkQoZ4Twsv/txyvMEFHLJjGl5boZBwTQKLqFX8nMDGeMddgstSxVLwATF4MQe3bJKTNuptqWQDtTxiYIlxnSTyHYmDO/Mb68v/ue1cmwfBoVQWY6g+PCjdi4pprSfF42FBo6yawnjWthdKb9jmnG0qZZsCN7vk/+Sq92at1/zLvYq9eNRHHNkg2ySKvHIAamTM3JOGoSTB/JEXsir8+g8O2/Ox7B1whnNrJMfcL6+AXc8ol4=</latexit>Z t�t

0
et�t�⌧ (·) d⌧

<latexit sha1_base64="aGmsnZytLXApNaxD5gIKTZKpdvI=">AAACHnicbVDLSsNAFJ34tr6qLt0MFqEuLIn4Woq6cFnBWqGpZTK51aGTSZi5EUrIl7jxV9y4UERwpX/jpC34PHDhzDn3MveeIJHCoOt+OGPjE5NT0zOzpbn5hcWl8vLKhYlTzaHBYxnry4AZkEJBAwVKuEw0sCiQ0Ax6x4XfvAVtRKzOsZ9AO2LXSnQFZ2ilTnnXFwo77lXmn4BERjGnFL5eWz6yNKdVn4cxblKfhoVAO+WKW3MHoH+JNyIVMkK9U37zw5inESjkkhnT8twE2xnTKLiEvOSnBhLGe+waWpYqFoFpZ4PzcrphlZB2Y21LIR2o3ycyFhnTjwLbGTG8Mb+9QvzPa6XYPWhnQiUpguLDj7qppBjTIisaCg0cZd8SxrWwu1J+wzTjaBMt2RC83yf/JRfbNW+v5p3tVA6PRnHMkDWyTqrEI/vkkJySOmkQTu7IA3kiz8698+i8OK/D1jFnNLNKfsB5/wTc0aEO</latexit>Z �t

0
e�t�⌧ (·) d⌧

…integration over a time step

Laplace/ 
Fourier 

Transform

<latexit sha1_base64="LPnZFMQjNXfgsOiif6NaQu5C3Og=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVUS9C0IvHCG4SSDZhdjJJhsw+mOnVhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cdSaLTtb2tpeWV1bT23kd/c2t7ZLeztV3WUKMZdFslI1X2quRQhd1Gg5PVYcRr4ktf8we3Erz1ypUUUPuAo5l5Ae6HoCkbRSK1mn2I6HJNr4rZOh+1C0S7ZU5BF4mSkCBkq7cJXsxOxJOAhMkm1bjh2jF5KFQom+TjfTDSPKRvQHm8YGtKAay+dXj0mx0bpkG6kTIVIpurviZQGWo8C33QGFPt63puI/3mNBLtXXirCOEEestmibiIJRmQSAekIxRnKkSGUKWFuJaxPFWVogsqbEJz5lxdJ9azkXJSc+/Ni+SaLIweHcAQn4MAllOEOKuACAwXP8Apv1pP1Yr1bH7PWJSubOYA/sD5/AJEHkec=</latexit>

x̂ = U⇤x

<latexit sha1_base64="tZ6IDK69D94Yd4V60Bf0T57GTvY="></latexit>

x̂k =
T�1X

t=0

xte
�i2⇡

tk
T

Laplace

Fourier

<latexit sha1_base64="L9FnYNYbDnNs2L+AewslHsqQMDU="></latexit>

x̂(s) = L(x(t)) =
Z 1

0
e�stx(t) dt

<latexit sha1_base64="d6XjXN3EmmwJ0I1iqGHgXW0pWJM="></latexit>

x̂(!) = F(x(t)) =

Z 1

0
e�i2⇡!tx(t) dt

<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit>

(

function 
inner product

Convolution
<latexit sha1_base64="hEqo8LYcGN1/h59LNl5s/27FHDA=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiVBclEVE3QrEblxXsBdpQJtNpO3QyCTOT0hD6Jm5cKOLWN3Hn2zhts9DWHwY+/nMO58zvR5wp7TjfVm5tfWNzK79d2Nnd2z+wD48aKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vRH1Vm9OaZSsVA86SSiXoAHgvUZwdpYXdtO0B0qEXSBJueGqpOuXXTKzlxoFdwMipCp1rW/Or2QxAEVmnCsVNt1Iu2lWGpGOJ0WOrGiESYjPKBtgwIHVHnp/PIpOjNOD/VDaZ7QaO7+nkhxoFQS+KYzwHqolmsz879aO9b9Wy9lIoo1FWSxqB9zpEM0iwH1mKRE88QAJpKZWxEZYomJNmEVTAju8pdXoXFZdq/L7uNVsXKfxZGHEziFErhwAxV4gBrUgcAYnuEV3qzUerHerY9Fa87KZo7hj6zPH6WIkRU=</latexit>

y = (c ⇤ x) = Cx

<latexit sha1_base64="cadLHFSDScUM/000OQkDxjYFWRY=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTMi6kYounFZwT6gM5RMJm1DMw+SO9JhmA9w46+4caGIWz/AnX9jOp2Fth4IOZxzLsk9biS4AtP8NpaWV1bX1ksb5c2t7Z3dyt5+W4WxpKxFQxHKrksUEzxgLeAgWDeSjPiuYB13fDP1Ow9MKh4G95BEzPHJMOADTgloqV+p2iMCaZLhK2wDm0DqDbNartHsJL8nmU6ZdTMHXiRWQaqoQLNf+bK9kMY+C4AKolTPMiNwUiKBU8Gysh0rFhE6JkPW0zQgPlNOmi+T4WOteHgQSn0CwLn6eyIlvlKJ7+qkT2Ck5r2p+J/Xi2Fw6aQ8iGJgAZ09NIgFhhBPm8Eel4yCSDQhVHL9V0xHRBIKur+yLsGaX3mRtE/r1nndujurNq6LOkroEB2hGrLQBWqgW9RELUTRI3pGr+jNeDJejHfjYxZdMoqZA/QHxucPSM6byA==</latexit>

ŷ = dg(ĉ)x̂

<latexit sha1_base64="Nq14K1a2YMhELXnDztlPnHuYP8Y=">AAACCnicbZDLSsNAFIYn9VbrrerSzWgR3FgSEXUjFN24rGAv0IQwmU7boZMLMydiCF278VXcuFDErU/gzrdxkmahrT8MfPznHM6c34sEV2Ca30ZpYXFpeaW8Wllb39jcqm7vtFUYS8paNBSh7HpEMcED1gIOgnUjyYjvCdbxxtdZvXPPpOJhcAdJxByfDAM+4JSAttzqfuICvsS2in3XBhJj6qZwnNEEP+SOW62ZdTMXngergBoq1HSrX3Y/pLHPAqCCKNWzzAiclEjgVLBJxY4ViwgdkyHraQyIz5ST5qdM8KF2+ngQSv0CwLn7eyIlvlKJ7+lOn8BIzdYy879aL4bBhZPyIIqBBXS6aBALDCHOcsF9LhkFkWggVHL9V0xHRBIKOr2KDsGaPXke2id166xu3Z7WGldFHGW0hw7QEbLQOWqgG9RELUTRI3pGr+jNeDJejHfjY9paMoqZXfRHxucPmGKaOA==</latexit>

yt =
X

⌧

ct�⌧x⌧

<latexit sha1_base64="uSUIlyUeUelmJklgoqXp9MGCj2c=">AAACEXicbVC7SgNBFJ31GeMramkzGIRNYdgVURshaGMZwTwgG8PsZDYZMju7zNwVl5BfsPFXbCwUsbWz82+cTVJo4oFhDufcy733+LHgGhzn21pYXFpeWc2t5dc3Nre2Czu7dR0lirIajUSkmj7RTHDJasBBsGasGAl9wRr+4CrzG/dMaR7JW0hj1g5JT/KAUwJG6hTs1IYSvsAel9Bx7gBTG448IEnpwR5/2MPdjHQKRafsjIHniTslRTRFtVP48roRTUImgQqidct1YmgPiQJOBRvlvUSzmNAB6bGWoZKETLeH44tG+NAoXRxEyjxplsrU3x1DEmqdhr6pDAn09ayXif95rQSC8/aQyzgBJulkUJAIDBHO4sFdrhgFkRpCqOJmV0z7RBEKJsS8CcGdPXme1I/L7mnZvTkpVi6nceTQPjpANnLRGaqga1RFNUTRI3pGr+jNerJerHfrY1K6YE179tAfWJ8/56KbNA==</latexit>

y(t) =

Z t

0
c(t� ⌧)x(⌧) d⌧

<latexit sha1_base64="yeOwSXYeh0Q5GQ3BFMzM2GeCO1A=">AAACCnicbZBLS8NAEMcnPmt9RT16WS1CvZRERL0IRS8eK9gHtKFstpt26ebB7kYMoWcvfhUvHhTx6ifw5rdxk+agrQMLv/nPDLPzdyPOpLKsb2NhcWl5ZbW0Vl7f2NzaNnd2WzKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtjq+zevueCsnC4E4lEXV8PAyYxwhWWuqbB70RVmkyqcpjdInyhGRJTg8Z9c2KVbPyQPNgF1CBIhp986s3CEns00ARjqXs2laknBQLxQink3IvljTCZIyHtKsxwD6VTpqfMkFHWhkgLxT6BQrl6u+JFPtSJr6rO32sRnK2lon/1bqx8i6clAVRrGhApou8mCMVoswXNGCCEsUTDZgIpv+KyAgLTJR2r6xNsGdPnofWSc0+q9m3p5X6VWFHCfbhEKpgwznU4QYa0AQCj/AMr/BmPBkvxrvxMW1dMIqZPfgTxucP8uSZyw==</latexit>

ŷ(s) = ĉ(s)x̂(s)

Inverse 
Transforms

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="9eT8YWE1Of9S7Vx43ZSLniZ69jM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2AJpTNdtsu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqtx65NiJWDzhOeBDRgRJ9wShayfeHFLOnSXdErkm3XHGr7gxkmXg5qUCOerf85fdilkZcIZPUmI7nJhhkVKNgkk9Kfmp4QtmIDnjHUkUjboJsdvOEnFilR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6KfavgkyoJEWu2HxRP5UEYzINgPSE5gzl2BLKtLC3EjakmjK0MZVsCN7iy8ukeVb1Lqre/XmldpPHUYQjOIZT8OASanAHdWgAgwSe4RXenNR5cd6dj3lrwclnDuEPnM8fbSiRSA==</latexit>

x̂k =
<latexit sha1_base64="LPnZFMQjNXfgsOiif6NaQu5C3Og=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVUS9C0IvHCG4SSDZhdjJJhsw+mOnVhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cdSaLTtb2tpeWV1bT23kd/c2t7ZLeztV3WUKMZdFslI1X2quRQhd1Gg5PVYcRr4ktf8we3Erz1ypUUUPuAo5l5Ae6HoCkbRSK1mn2I6HJNr4rZOh+1C0S7ZU5BF4mSkCBkq7cJXsxOxJOAhMkm1bjh2jF5KFQom+TjfTDSPKRvQHm8YGtKAay+dXj0mx0bpkG6kTIVIpurviZQGWo8C33QGFPt63puI/3mNBLtXXirCOEEestmibiIJRmQSAekIxRnKkSGUKWFuJaxPFWVogsqbEJz5lxdJ9azkXJSc+/Ni+SaLIweHcAQn4MAllOEOKuACAwXP8Apv1pP1Yr1bH7PWJSubOYA/sD5/AJEHkec=</latexit>

x̂ = U⇤x

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="kieLIVt1HAVGkXVppSppdysB3b8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjxWMG2hCWWz3bRLNx/sTqQl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSqFRtv+tlZW19Y3Nktb5e2d3b39ysFhUyeZYtxliUxUO6CaSxFzFwVK3k4Vp1EgeSsY3k391hNXWiTxI45T7ke0H4tQMIpG8kbkhrjegGI+mnQrVbtmz0CWiVOQKhRodCtfXi9hWcRjZJJq3XHsFP2cKhRM8knZyzRPKRvSPu8YGtOIaz+f3Twhp0bpkTBRpmIkM/X3RE4jrcdRYDojigO96E3F/7xOhuG1n4s4zZDHbL4ozCTBhEwDID2hOEM5NoQyJcythA2oogxNTGUTgrP48jJpntecy5rzcFGt3xZxlOAYTuAMHLiCOtxDA1xgkMIzvMKblVkv1rv1MW9dsYqZI/gD6/MHay2RSw==</latexit>

x = Ux̂
<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="kieLIVt1HAVGkXVppSppdysB3b8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjxWMG2hCWWz3bRLNx/sTqQl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSqFRtv+tlZW19Y3Nktb5e2d3b39ysFhUyeZYtxliUxUO6CaSxFzFwVK3k4Vp1EgeSsY3k391hNXWiTxI45T7ke0H4tQMIpG8kbkhrjegGI+mnQrVbtmz0CWiVOQKhRodCtfXi9hWcRjZJJq3XHsFP2cKhRM8knZyzRPKRvSPu8YGtOIaz+f3Twhp0bpkTBRpmIkM/X3RE4jrcdRYDojigO96E3F/7xOhuG1n4s4zZDHbL4ozCTBhEwDID2hOEM5NoQyJcythA2oogxNTGUTgrP48jJpntecy5rzcFGt3xZxlOAYTuAMHLiCOtxDA1xgkMIzvMKblVkv1rv1MW9dsYqZI/gD6/MHay2RSw==</latexit>

x = Ux̂

<latexit sha1_base64="YRek5HDTuA98y6+cSN4Hou++f1M="></latexit>

xt =
1p
T

T�1X

k=0

x̂ke
i2⇡

tk
T Inv. Fourier

<latexit sha1_base64="xmhuEFCjrbi/pC3i95UdgAp8jXk="></latexit>

x(t) = F�1(x̂(!)) =

Z 1

�1
ei2⇡!tx̂(!) d!

Plancherel/ 
Parseval’s 
Theorem

<latexit sha1_base64="hE87ML+L5uOE+j184HA+mFgbz3I=">AAACJ3icbZDLSsNAFIYnXmu9RV26GSyCdFESEXWjFN24rNCo0LRlMp3YwcnFmRNpCHkbN76KG0FFdOmbOI0Brz8MfPznHM6c34sFV2BZb8bE5NT0zGxlrjq/sLi0bK6snqkokZQ5NBKRvPCIYoKHzAEOgl3EkpHAE+zcuzoe189vmFQ8CtuQxqwbkMuQ+5wS0FbfPHSHBLI079ULGOX4ALvgS0IzV11LyNp5/kU47dUdp1cf6S6NeNQ3a1bDKoT/gl1CDZVq9c1HdxDRJGAhUEGU6thWDN2MSOBUsLzqJorFhF6RS9bRGJKAqW5W3JnjTe0MsB9J/ULAhft9IiOBUmng6c6AwFD9ro3N/2qdBPz9bsbDOAEW0s9FfiIwRHgcGh5wySiIVAOhkuu/YjokOiTQ0VZ1CPbvk//C2XbD3m3Ypzu15lEZRwWtow20hWy0h5roBLWQgyi6RffoCT0bd8aD8WK8frZOGOXMGvoh4/0Do6imVg==</latexit>

ŷ⇤x̂ =
p
Tp
T
y⇤UU⇤x = y⇤x

Eigen 
functions

<latexit sha1_base64="cR0T06E7LxJhPnL97SAmwJ4GKio="></latexit>h
ei2⇡

0k
T ei2⇡

1k
T · · · ei2⇡

(T�1)k
T

iT
2 Cn

<latexit sha1_base64="Yj+QOxIrh968JalBMPhlnvQKno4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUUY9FLx4r2A9oYtlsJ+3STTbsboQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR4lUUmhTwYXsBUQBZzG0NdMceokEEgUcusHkZuZ3H0EqJuJ7nSXgR2QUs5BRoo00sKvwkLOGlzDsiQhGBOspHtg1p+7MgVeJW5AaKtAa2F/eUNA0glhTTpTqu06i/ZxIzSiHacVLFSSETsgI+obGJALl5/Pjp/jUKEMcCmkq1niu/p7ISaRUFgWmMyJ6rJa9mfif1091eOXnLE5SDTFdLApTjrXAsyTwkEmgmmeGECqZuRXTMZGEapNXxYTgLr+8SjqNuntRd+/Oa83rIo4yOkYn6Ay56BI10S1qoTaiKEPP6BW9WU/Wi/VufSxaS1YxU0V/YH3+AMSClDM=</latexit>

ei2⇡!t<latexit sha1_base64="orxkvtduK9T2qtyPbmSpnkj63ko=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OKxgmkLbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fNLXMFKEBkVyqdoQ15UzQwDDDaTtVFCcRp61odDv1W09UaSbFgxmnNEzwQLCYEWys1Ax6I3SNem7Vq3kzoGXiF6QKBRo996vblyRLqDCEY607vpeaMMfKMMLppNLNNE0xGeEB7VgqcEJ1mM+unaATq/RRLJUtYdBM/T2R40TrcRLZzgSboV70puJ/Xicz8VWYM5FmhgoyXxRnHBmJpq+jPlOUGD62BBPF7K2IDLHCxNiAKjYEf/HlZdI8q/kXNf/+vFq/KeIowxEcwyn4cAl1uIMGBEDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9gWY5Y</latexit>

Uk =

<latexit sha1_base64="ijS2P1O8Xd6/yO79X/lr8yfTs8s=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgQkoiom6EohuXFewDmlBuppN26GQSZiZiCdm78VfcuFDErT/gzr9x2mahrQcu93DOvczc48ecKW3b31ZhaXllda24XtrY3NreKe/utVSUSEKbJOKR7PigKGeCNjXTnHZiSSH0OW37o+uJ376nUrFI3OlxTL0QBoIFjIA2Uq9ccTmIAafYHYJOx9nxtD9k2JUz/RL3ylW7Zk+BF4mTkyrK0eiVv9x+RJKQCk04KNV17Fh7KUjNCKdZyU0UjYGMYEC7hgoIqfLS6S0ZPjRKHweRNCU0nqq/N1IIlRqHvpkMQQ/VvDcR//O6iQ4uvJSJONFUkNlDQcKxjvAkGNxnkhLNx4YAkcz8FZMhSCDaxFcyITjzJy+S1knNOas5t6fV+lUeRxEdoAo6Qg46R3V0gxqoiQh6RM/oFb1ZT9aL9W59zEYLVr6zj/7A+vwBbwuapQ==</latexit>

hŷ, x̂i =
<latexit sha1_base64="RF5YFbsn9kxDDzEuDsC9oFUOEos="></latexit>

1
2⇡

Z 1

�1
ŷ(i!)⇤x̂(i!) d!

<latexit sha1_base64="ijS2P1O8Xd6/yO79X/lr8yfTs8s=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgQkoiom6EohuXFewDmlBuppN26GQSZiZiCdm78VfcuFDErT/gzr9x2mahrQcu93DOvczc48ecKW3b31ZhaXllda24XtrY3NreKe/utVSUSEKbJOKR7PigKGeCNjXTnHZiSSH0OW37o+uJ376nUrFI3OlxTL0QBoIFjIA2Uq9ccTmIAafYHYJOx9nxtD9k2JUz/RL3ylW7Zk+BF4mTkyrK0eiVv9x+RJKQCk04KNV17Fh7KUjNCKdZyU0UjYGMYEC7hgoIqfLS6S0ZPjRKHweRNCU0nqq/N1IIlRqHvpkMQQ/VvDcR//O6iQ4uvJSJONFUkNlDQcKxjvAkGNxnkhLNx4YAkcz8FZMhSCDaxFcyITjzJy+S1knNOas5t6fV+lUeRxEdoAo6Qg46R3V0gxqoiQh6RM/oFb1ZT9aL9W59zEYLVr6zj/7A+vwBbwuapQ==</latexit>

hŷ, x̂i =
<latexit sha1_base64="TqDFKwV1D2Ap+Vey+71LjHlvRJ4=">AAACIHicbZDLSgMxFIYzXmu9jbp0EyyCipQZEetGKLpxWcFeoFNLJs20oZnMkJyRDkMfxY2v4saFIrrTpzG9LLR6IOHj/88hOb8fC67BcT6tufmFxaXl3Ep+dW19Y9Pe2q7pKFGUVWkkItXwiWaCS1YFDoI1YsVI6AtW9/tXI79+z5TmkbyFNGatkHQlDzglYKS2XbrAHpfQzpzhnYEAUpwewOHd0cDc2MMdwKZDENkVDKfHA+ypMbftglN0xoX/gjuFAppWpW1/eJ2IJiGTQAXRuuk6MbQyooBTwYZ5L9EsJrRPuqxpUJKQ6VY2XnCI943SwUGkzJGAx+rPiYyEWqehbzpDAj09643E/7xmAsF5K+MyToBJOnkoSASGCI/Swh2uGAWRGiBUcfNXTHtEEQom07wJwZ1d+S/UToruWdG9OS2UL6dx5NAu2kMHyEUlVEbXqIKqiKIH9IRe0Kv1aD1bb9b7pHXOms7soF9lfX0Dhx2hWw==</latexit>

=

Z 1

0
y(t)⇤x(t) dt = hy, xi

<latexit sha1_base64="1Z9p1/h48kgBojm0m1+nfef9X60=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EiVBclKaJuhKIblxXsBdpYJtNJO3QyCTMTNYS+hxsXirj1Xdz5Nk7bLLT1h4GP/5zDOfN7EWdK2/a3lVtaXlldy68XNja3tneKu3tNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXmj60m99UClYqG400lE3QAPBPMZwdpY9wm6RGWCTtDTsaFesWRX7KnQIjgZlCBTvVf86vZDEgdUaMKxUh3HjrSbYqkZ4XRc6MaKRpiM8IB2DAocUOWm06vH6Mg4feSH0jyh0dT9PZHiQKkk8ExngPVQzdcm5n+1Tqz9CzdlIoo1FWS2yI850iGaRID6TFKieWIAE8nMrYgMscREm6AKJgRn/suL0KxWnLOKc3taql1lceThAA6hDA6cQw1uoA4NICDhGV7hzXq0Xqx362PWmrOymX34I+vzB8HXkBU=</latexit>

y = (c ⇤ x) =
<latexit sha1_base64="YGKBEECUWbVkBUdID4wPHO2y2b0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahuiiJiLosunFZwbSFNpbJZNIOnUzCzI20huKvuHGhiFv/w51/47TNQqsH7uVwzr3MneMnnCmw7S+jsLC4tLxSXC2trW9sbpnbOw0Vp5JQl8Q8li0fK8qZoC4w4LSVSIojn9OmP7ia+M17KhWLxS2MEupFuCdYyAgGLXXNPbcDdAhZ0BtX3LtjcqTbsGuW7ao9hfWXODkpoxz1rvnZCWKSRlQA4ViptmMn4GVYAiOcjkudVNEEkwHu0bamAkdUedn0+rF1qJXACmOpS4A1VX9uZDhSahT5ejLC0Ffz3kT8z2unEF54GRNJClSQ2UNhyi2IrUkUVsAkJcBHmmAimb7VIn0sMQEdWEmH4Mx/+S9pnFSds6pzc1quXeZxFNE+OkAV5KBzVEPXqI5cRNADekIv6NV4NJ6NN+N9Nlow8p1d9AvGxzd9MJSY</latexit>

Udg(U⇤c)U⇤x

<latexit sha1_base64="iDcn4fjhX8t+U4qHqEYe4CvfucQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeiF48V+gVNKJvtpl262cTdjVhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+wD6sdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT25nffaRSsVi09DShfoRHgoWMYG2kgV31QolJ5uaZpx6kzlp5PrBrTt2ZA60StyA1KNAc2F/eMCZpRIUmHCvVd51E+xmWmhFO84qXKppgMsEj2jdU4IgqP5vfnqNTowxRGEtTQqO5+nsiw5FS0ygwnRHWY7XszcT/vH6qw2s/YyJJNRVksShMOdIxmgWBhkxSovnUEEwkM7ciMsYmDG3iqpgQ3OWXV0nnvO5e1t37i1rjpoijDMdwAmfgwhU04A6a0AYCT/AMr/Bm5daL9W59LFpLVjFzBH9gff4Ay/OU8A==</latexit>

1p
T

<latexit sha1_base64="M45DdwSXuDRYL5TmOqQxpwf1SEM="></latexit>

y(t) = L�1
n
L{c}(s) · L{x}(s)

o


