LTl & LTV Systems

Linear System Theory

Major sources:
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CLTI System - Autonomous

LTI = linear time Iinvariant

LTI Scalar ODE AeC r e R
T = \I Cl?‘(to) — X

Solution: r(t) = eMt—to)g,

assume (WLOG) ty5 =0

for A=a+ b
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DLTI System - Autonomous

LTI = linear time Iinvariant

LTI Scalar ODE

€T =

AT

Ae C

Cl?(t()) — X0

...evolution over a time step At

re R

r(t + At) = TR0 (1) = A2 (t)

...discrete time index

x|k = x(kEAt + tg) = x(t)

LTI Discrete Update Eqn =~ \p = e*2F = 3R tei0A
rlk 4+ 1] = Aaz|k] r|0] = xg
Stability:
Exponentially Stable  |Aa M| = At < 1
Marginally Stable | ) e At — |ealt| —
Unstable P‘A} |6>\At| _ |6aAt‘ > 1
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LTI System - CT vs. DT Stability

LTI = linear time Iinvariant

LTI Scalar ODE \eC rcR LTI Discrete Update Eqn =~ Ap = et = 32tethAY
P — o z(to) = o ekt 1l =Asclk] o 2l0] =20
Stability: Stability:
Exponentially Stable Re(A\) =a <0 Exponentially Stable  [Aa| = e = e < 1
Marginally Stable Re(\) =a = Marginally Stable |\, | = [e*2t] = |2t =
Unstable Re(A) =a >0 Unstable PN |6/\At‘ = ‘eaAt‘ > 1
Imag Axis Unit Circle
Marginally Interior
Stable Region Im A = At [m Exp. Stable region
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CLTI System - Autonomous

LTI = linear time Iinvariant

LTI VectorODE A =R"*" g ¢ R"
r = Ax r(tg) = xg
Solution:
O A(t—t matrix
z(t) = et exponential

... eigenvalues control decay/expansion
and oscillation for eigensubspaces

r=Vax

...In eigenvector coordinates
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Quiver Plot & Trajectory:

Initial Conditions Xy

\ __—Trajectory I (t)




DLTI System - Autonomous

LTI = linear time Iinvariant

LTI Vector ODE A=R"" r c R"

r = Ax z(tg) = xo

...evolution over a time step At
r(t + At) = eAUTA (1) = A2 (1)

...discrete time index x|k = x(EAt + ty) = x(t)

LTI Discrete Update Eqn

rlk+ 1] = Aax|k]

Solution:  z|k| = A%z
if diagonalizable z[k] = A%xy = VDV lzg Da =eP?!
= V_lx:k: = DZV_lzco r =V

=3 r'[k] = DZw{)

...In eigenvector coordinates

_CE‘l[k‘]_ _)\12 0 | _5131[0]_

= | =
T K] ] 0 - X [=al0] / k 1
Aip = Mo Ana = e

Example: A ¢ R2x2 Quiver Plot & Trajectory:

Initial Conditions X

- A = —2,
A= [ 13 _13] Ao = —4 \ \\M\ \ ‘I/Trajectory $(t)
Timestep At = 0.01 N \\\ \ \ 1‘ v e H
OGN
Ax = [0.9705 0.0097 S > ‘ "/ 4:_
[0.0097 0.9705] N i S " — -
- > —> — —
Eigenvalues - _::'—; b 4 \4—‘::\\ w_
Aia = 0.9802 g )‘frt \,\\\\
A2 = 0.9608 ;fr?fﬁ .\\\\
Eigenvectors T * K \ \'\ X N
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CLTI System - with controls metbniz Rule

f(t,7)
LTI = linear time invariant FE.BE)
f(t,a(t
LTI vector ODE A=R"*" 1 cR"
jj _ A;Ij +Bu .CIZ‘(t()) = T a(t) b(t) T
Solution:
r(t) = eA(t—t0) g +/ AUT) Bu(r) dr
autonomous affect of all
“drift” term control inputs

Checking solution:

1. Derivative

_ da — db T
€ — AeAMtt0)gy + A [} et Bu(r) dr +e4) Bu(t) Aa =g At ab= g At
2. Initial Cond. dArea _ it ) it )da °®) i) ;
dt ¢ dt /(t) !

z(tg) = et g 4 [0 A=) Bu(r) dr



CLTI System - with controls

LTI = linear time Iinvariant

LTI vector ODE A=Rxn 2 c R™

v = Ar +Bu x(tO) — &0
Solution:
z(t) = eAt=to) g, +/ AT Bu(r) dr
autonomous affect of all
“drift” term

control inputs

Checking solution:

1. Derivative

Z_f — AedAlt—t0)g, + Aftto e Bu(r) dr +¢)Bu(t)

= Az(t) + Bu(t)

2. Initial Cond. ] O

m(t()): /to)xo—l—fto A _T)BU(T) dr = Xg

l

Leibniz Rule

f(t,7)

a(t) b(t) T

I db

__ da
ACL — %At

dArea da b(2) -
i =g~ feag s [ a0 ar



CLTI System - with controls Lelbniz Rule

f¢,7)
LTI = linear time invariant o
LTIvector ODE 4 _ gnxn 5 ¢ R™ o
i = Az +Bu  z(to) = o i) b(t) T
Solution: t
x(t) = eAt—to) o 4 / e=T) By (1) dr
autonomous ’ affect of all

udrify control inputs \

...effect of control input at time 7 € [tg, ] &b
on state at time t z(t) Aa = GrAt Ab=gat T
t
Effect fto eA(t_T)Bu(T)
. b
of all inputs | .| dArea f(t, )_ — f(t,a) % da 2 df (t,7) -
added up input at T dt it " at) @

propagated forward

from time 7 to ¢. Input matrix



DLTI System - with controls metbniz Rule

f(t,7)

LTI = linear time Iinvariant

LTI Discrete Update Eqn Ap € R r € R"

x|k + 1] = Aax|k] + Baulk] z|0] = xg a(t) b(t) T

Discrete Time Matrices
AN = eABt Ba = fOAt eABL—T) B dr
assuming u|k| constant over At

Approximations for small At
AA = T + AAL BA ~ BAt

N
Computation Aa = At Ab= At T

x|0] = xg
:,1:1 — AAxo + BAU[O]

+f2] = Anal] + Baull] = Ao + AaBauld + Baull threa o [ ag g
a7

xg — AAZCQ + BAUQ — A?)Agjo +A2ABAU[O: —I—AABAUD] —|—BAU[2] dt ( )_ o f(t a) dt )



DLTI System - with controls

LTI = linear time Iinvariant

LTI Discrete Update Eqgn Ap € R r € R"

x[k -+ 1] = AAQZ‘[]{J] -+ BAu[k] x[()] — X

Discrete Time Matrices

AN = eABt Ba = fOAt eABL—T) B dr
assuming u|k| constant over At
Solutions
k—1
wlk] = ARwo + Y  ARTTF Baulk
k=0
AAZIZ‘() -+ [AkA_lBA A/\B/\ BA} _
S—
U
G U

ul0]
k-2
k1

Reachability/Controllability
...Where can you drive the system to?

reachable space = range of ¢

Reaching a particular state: *des

...Solve Tdes — AAZO =GU for U

Minimum norm solution:

U* = GT(GGT) ™ (24es — AR 20)
= GITw—1 (:13 des AAxO)
DT Controllability Grammian: W = GGT
W = Z AKX BABL AK”
k’=0 FBT gk—1T"
:{Az_lBA .-« AABA BA} :
BAAR
BA

If G is fat, then W is invertible
if and only if G has full row rank




DLTI System - Reachability

LTI = linear time Iinvariant

LTI Discrete Update Eqgn Ap € R r € R"

x[k -+ 1] = AAQT[]{J] -+ BAu[k] x[()] — X

Discrete Time Matrices

AAZBAAt BA—fAt A(At— T)BdT
assuming u|k| constant over At
Solutions
k—1
wlk] = ARwo + Y  ARTTF Baulk

k=0

= Alwo + | AX'Ba AsBa Ba)
H/_/

~

G

~

ul0]
k-2
k1

Reachability/Controllability
...Where can you drive the system to?

reachable space = range of ¢

Reaching a particular state: *des

...Solve Tdes — AAx() =GU for U

Minimum norm solution:

U* =GH(GGH)™! ($des — AALI’JQ)
= G'W~— (:13 dos — A’Zwo)
by Cayley-Hamilton
R(G) = R([ AT'By oo AaBa BAD

..since AKX = 8,1 A7 -+ B1AN + Bol

for k' >n—1



CLTI System - Reachability

LTI = linear time Iinvariant

Reachability/Controllability

...Where can you drive the system to?

LTI vector ODE A=R"" o c R? reachable space = range of G(:) = fti) eAU=T)B(.) dr

Reaching a particular state: x4, attimet

v = Axr +Bu  (to) = xo

...solve Tges — €270 pg = G(u) for u
Solution:

t
x(t) = eA(t=t0) po 4 / e=T) By (1) dr
to

Minimum norm solution:

...works with infinite-dimensional operators too!

k—1

eAlt—to) g0 + G(ulty, t]) Lrecall DT U*=GTW ! (zg4es — Akzo) W=Y AXBABEAK

k’=0

Operator cT  Controllability Grammian:

- infinite-dimensional input  ©|to, t|

1 — ft GA(t_T)BBT€AT(t_T) dr € RN XM
- . dimensional output to

Solution:

t
G( ) — / eA(t_T)B(.) dT 1 (7_) _ BT6AT(t_T)V~V_1(ZCdeS . €A(t_tO)CE())

to



