
Winter 2022 - Dan Calderone

LTI & LTV Systems
Linear System Theory
Major sources:



CLTI System - Autonomous

LTI Scalar ODE
<latexit sha1_base64="/jFCGmjr+hlQ6PHS/4KuIP+qluU=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UwABsVLIwF0YfURpXjOq1Vx4lsB6hCP4WFAYRY+RI2PoUNJ+0ALUeydHTOvbrHx485U9pxvqzC0vLK6lpxvbSxubW9Y5d3mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR5eZ37qjUrFI3OpxTL0QDwQLGMHaSD27/IBQlwnUDbEe+n56M+nZFafq5ECLxJ2Ryvl3kKPesz+7/YgkIRWacKxUx3Vi7aVYakY4nZS6iaIxJiM8oB1DBQ6p8tI8+gQdGqWPgkiaJzTK1d8bKQ6VGoe+mcwSqnkvE//zOokOzryUiTjRVJDpoSDhSEco6wH1maRE87EhmEhmsiIyxBITbdoqmRLc+S8vkuZx1T2putdupXYBUxRhHw7gCFw4hRpcQR0aQOAenuAFXq1H69l6s96nowVrtrMHf2B9/ABJh5cT</latexit>

x 2 R

<latexit sha1_base64="7Iy4oSPWJxKxSR5te/xpdFi9gYA=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAlCghh2LdRGWLSxjGAekMRldjJJhsw+mLkrCUsaG3/Aj7CxUMTWf7DL3zh5FJp4YOBwzj3cuceLBFdgWSMjtbS8srqWXs9sbG5t75i7exUVxpKyMg1FKGseUUzwgJWBg2C1SDLie4JVvd712K8+MKl4GNzBIGJNn3QC3uaUgJZc87CfhwK+xOw+aQgda5E8nIBrFYZ913LNnFW0JsCLxJ6RnJNtHD+PnEHJNb8brZDGPguACqJU3bYiaCZEAqeCDTONWLGI0B7psLqmAfGZaiaTK4b4SCst3A6lfgHgifo7kRBfqYHv6UmfQFfNe2PxP68eQ/uimfAgioEFdLqoHQsMIR5XgltcMgpioAmhkuu/YtolklDQxWV0Cfb8yYukclq0z4r2rZ1zrtAUaXSAsiiPbHSOHHSDSqiMKHpEL+gNvRtPxqvxYXxOR1PGLLOP/sD4+gEReZoD</latexit>

x(t) = e�(t�t0)x0

…for
<latexit sha1_base64="TUHInwHblq4xUgdoL+xBix78+6U=">AAAB9XicbVDJSgNBFHzjmsQt6tFLYxAEIcx4UC9C0IvHCGbBZAxvenqSJj0L3T1qCPkPPXhQxGv+xZtfo53loIkFDUVVPd7r8hLBlbbtL2thcWl5ZTWTza2tb2xu5bd3qipOJWUVGotY1j1UTPCIVTTXgtUTyTD0BKt53cuRX7tnUvE4utG9hLkhtiMecIraSHdNYaI+knOCRx5v5Qt20R6DzBNnSgqlbPJ8O3z8Lrfyn00/pmnIIk0FKtVw7ES7fZSaU8EGuWaqWIK0i23WMDTCkCm3P756QA6M4pMgluZFmozV3xN9DJXqhZ5Jhqg7atYbif95jVQHZ26fR0mqWUQni4JUEB2TUQXE55JRLXqGIJXc3EpoByVSbYrKmRKc2S/Pk+px0TkpOtdOoXQBE2RgD/bhEBw4hRJcQRkqQEHCE7zCm/VgvVjv1sckumBNZ3bhD6zhDz39lWw=</latexit>

� = a+ bi

<latexit sha1_base64="phGP8axOQz+ppWKf+FXBvfwZNIY=">AAAB7HicbZC7SgNBFIbPxluMt6hgY7MYBKuwa6E2QoiNZQJuEkiWMDuZTYbMzi4zZ4Ww5BlsLBSxtfMtfAI7G5/FyaXQxB8GPv7/HOacEySCa3ScLyu3srq2vpHfLGxt7+zuFfcPGjpOFWUejUWsWgHRTHDJPOQoWCtRjESBYM1geDPJm/dMaR7LOxwlzI9IX/KQU4LG8rDrXDvdYskpO1PZy+DOoVQ5qn/z9+pHrVv87PRimkZMIhVE67brJOhnRCGngo0LnVSzhNAh6bO2QUkipv1sOuzYPjVOzw5jZZ5Ee+r+7shIpPUoCkxlRHCgF7OJ+V/WTjG88jMukxSZpLOPwlTYGNuTze0eV4yiGBkgVHEzq00HRBGK5j4FcwR3ceVlaJyX3YuyW3dLlSrMlIdjOIEzcOESKnALNfCAAocHeIJnS1qP1ov1OivNWfOeQ/gj6+0H1k2RwA==</latexit>

t0 = 0assume (WLOG)

<latexit sha1_base64="kL7JeeCW3eEllDHuM7YSpqLMdqM=">AAACFHicbVDLSgMxFM34dnyNunQTLEJFKDMu1E1RdONSwWqhreVOJrWhmQfJHaEM8xFu/AE/wo0LRcSdCzfi35i2Ctp6IOHcc88lucdPpNDoup/W2PjE5NT0zKw9N7+wuOQsr5zrOFWMV1gsY1X1QXMpIl5BgZJXE8Uh9CW/8DtHvf7FNVdaxNEZdhPeCOEqEi3BAI3UdLb4ZVaXxh8AxZyWqamLsOWLzZ8KMDe38DFvOgW35PZBR4n3TQr7r3Y5ufuwT5rOez2IWRryCJkErWuem2AjA4WCSZ7b9VTzBFgHrnjN0AhCrhtZf6mcbhgloK1YmRMh7au/JzIIte6GvnGGgG093OuJ//VqKbb2GpmIkhR5xAYPtVJJMaa9hGggFGcou4YAU8L8lbI2KGBocrRNCN7wyqPkfLvk7ZS8U69wcEgGmCFrZJ0UiUd2yQE5JiekQhi5IffkkTxZt9aD9Wy9DKxj1vfMKvkD6+0LttGhBA==</latexit>

e�t = e(a+bi)t = eateibt

<latexit sha1_base64="EwHlxULSLyztrrrrcI4SGktK4PQ=">AAACA3icbVC7SgNBFJ31GeMraqfNYBBiE3ZF1EIhaGMZxTwgu4TZyU0yZPbBzF0xLAEbf8XGQhFbf8LOv3HyKDTxwMDhnHu4c48fS6HRtr+tufmFxaXlzEp2dW19YzO3tV3VUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v3c19Gv3oLSIwjvsx+AFrBOKtuAMjdTM7boID5jewqDgShNrsUN6QRk9p3Yzl7eL9gh0ljgTkicTlJu5L7cV8SSAELlkWjccO0YvZQoFlzDIuomGmPEe60DD0JAFoL10dMOAHhilRduRMi9EOlJ/J1IWaN0PfDMZMOzqaW8o/uc1EmyfeakI4wQh5ONF7URSjOiwENoSCjjKviGMK2H+SnmXKcbR1JY1JTjTJ8+S6lHROSk6N8f50uWkjgzZI/ukQBxySkrkmpRJhXDySJ7JK3mznqwX6936GI/OWZPMDvkD6/MHgICWHQ==</latexit>

Re(�) = a < 0
<latexit sha1_base64="4EP7v8Yz+RozUHJwt5r1Jq5besc=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoMQm7ArojZC0MYyinlAdgmzk5tkyOyDmbtiWAI2/oqNhSK2/oSdf+PkUWjigQuHc+5h5h4/lkKjbX9bmYXFpeWV7GpubX1jcyu/vVPTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v3818uv3oLSIwjscxOAFrBuKjuAMjdTK77kID5jewrDoShNrsyN6QZkZu5Uv2CV7DDpPnCkpkCkqrfyX2454EkCIXDKtm44do5cyhYJLGObcREPMeJ91oWloyALQXjq+YUgPjdKmnUiZCZGO1d+JlAVaDwLfbAYMe3rWG4n/ec0EO+deKsI4QQj55KFOIilGdFQIbQsFHOXAEMaVMH+lvMcU42hqy5kSnNmT50ntuOSclpybk0L5clpHluyTA1IkDjkjZXJNKqRKOHkkz+SVvFlP1ov1bn1MVjPWNLNL/sD6/AGCBpYe</latexit>

Re(�) = a = 0
<latexit sha1_base64="DPqINcAGW88a1XHZDUS8hw6FdTw=">AAACA3icbVC7SgNBFJ31GeMraqfNYBBiE3ZF1EYJ2lhGMQ/ILmF2cpMMmX0wc1cMS8DGX7GxUMTWn7Dzb5w8Ck08MHA45x7u3OPHUmi07W9rbn5hcWk5s5JdXVvf2MxtbVd1lCgOFR7JSNV9pkGKECooUEI9VsACX0LN710N/do9KC2i8A77MXgB64SiLThDIzVzuy7CA6a3MCi40sRa7JCeU0YvqN3M5e2iPQKdJc6E5MkE5Wbuy21FPAkgRC6Z1g3HjtFLmULBJQyybqIhZrzHOtAwNGQBaC8d3TCgB0Zp0XakzAuRjtTfiZQFWvcD30wGDLt62huK/3mNBNtnXirCOEEI+XhRO5EUIzoshLaEAo6ybwjjSpi/Ut5linE0tWVNCc70ybOkelR0TorOzXG+dDmpI0P2yD4pEIeckhK5JmVSIZw8kmfySt6sJ+vFerc+xqNz1iSzQ/7A+vwBg4yWHw==</latexit>

Re(�) = a > 0

LTI = linear time invariant 

Solution:

Stability:

Exponentially Stable 
Marginally Stable

Unstable

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="AU7WyuyJBM7+uWKFF4A64/uBI6o=">AAAB/HicbVC7TsMwFL3hWcIr0JHFokJiqhIGYKmoYGEsEn1IbVQ5jtNadR6yHdQoKr/CAAMIsfIL7CyIv8F9DNByJEtH59xjXx8v4Uwq2/42lpZXVtfWCxvm5tb2zq61t9+QcSoIrZOYx6LlYUk5i2hdMcVpKxEUhx6nTW9wNfabd1RIFke3KkuoG+JexAJGsNJS1yp2/FjlwxGqoA7XMR+jYdcq2WV7ArRInBkpXXyYleTxy6x1rU99C0lDGinCsZRtx06Um2OhGOF0ZHZSSRNMBrhH25pGOKTSzSfLj9CRVnwUxEKfSKGJ+juR41DKLPT0ZIhVX857Y/E/r52q4NzNWZSkikZk+lCQcqRiNG4C+UxQonimCSaC6V0R6WOBidJ9mboEZ/7Li6RxUnZOy86NU6pewhQFOIBDOAYHzqAK11CDOhDI4AGe4cW4N56MV+NtOrpkzDJF+APj/QdXspeS</latexit>

ẋ = �x

<latexit sha1_base64="gC+hnV7looGsbgsVtxtEAksdn/4=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJiLosduOygn1AE8pkMmmHTiZhZiKU0I2/4saFIm79DHf+jZM2C209MHA451zm3hOknCntON/Wyura+sZmZau6vbO7t28fHHZUkklC2yThiewFWFHOBG1rpjntpZLiOOC0G4ybhd99pFKxRDzoSUr9GA8FixjB2kgD+9jjJhxihDwmkBdjPQqCvDkd2DWn7syAlolbkhqUaA3sLy9MSBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfzw6YojOjhChKpHlCo5n6eyLHsVKTODDJYkO16BXif14/09GNnzORZpoKMv8oyjjSCSraQCGTlGg+MQQTycyuiIywxESbzqqmBHfx5GXSuai7V3X3/rLWuC3rqMAJnMI5uHANDbiDFrSBwBSe4RXerCfrxXq3PubRFaucOYI/sD5/ANNTlew=</latexit>

� 2 C

<latexit sha1_base64="EifhcNJklo7uHNsXv2uGCwymIHg=">AAAB7XicbVA9TwJBEJ3DL8Av1NLmIjGxIncWakm0scREPiIQsrfswcre7mV3zkgu/AcbC4yxtfS/2PlrdPkoFHzJJC/vzeTNTBALbtDzvpzMyura+kY2l9/c2t7ZLezt14xKNGVVqoTSjYAYJrhkVeQoWCPWjESBYPVgcDXx6w9MG67kLQ5j1o5IT/KQU4JWqrWQR8x0CkWv5E3hLhN/TorlXDy++3j8rnQKn62uoknEJFJBjGn6XoztlGjkVLBRvpUYFhM6ID3WtFQSG9JOp9uO3GOrdN1QaVsS3an6eyIlkTHDKLCdEcG+WfQm4n9eM8Hwop1yGSfIJJ0FhYlwUbmT090u14yiGFpCqOZ2V5f2iSYU7YPy9gn+4snLpHZa8s9K/o1fLF/CDFk4hCM4AR/OoQzXUIEqULiHJxjDi6OcZ+fVeZu1Zpz5zAH8gfP+A9emkwk=</latexit>⇥

<latexit sha1_base64="+YO3j8qF91t0qus/8Eh93wsBZLo=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRpmJ2eTMbMzy8ysEJa8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MyVRSqVHKpGiHRwJmAqmGGQyNRQOKQQz3sX47y+j0ozaS4MYMEgph0BYsYJcZaNbjNiBm2C0Wv5I2F58GfQvH8wz1L3r7cSrvw2epImsYgDOVE66bvJSbIiDKMchi6rVRDQmifdKFpUZAYdJCNpx3iA+t0cCSVfcLgsfu7IyOx1oM4tJUxMT09m43M/7JmaqLTIGMiSQ0IOvkoSjk2Eo9Wxx2mgBo+sECoYnZWTHtEEWrsgVx7BH925XmoHZX845J/7RfLF2iiPNpD++gQ+egEldEVqqAqougOPaAn9OxI59F5cV4npTln2rOL/sh5/wEzU5KK</latexit>

eat
<latexit sha1_base64="ghVTUdT8Dkl6qw706VsqINyIakA=">AAAB63icbZC7TsMwFIZPyq2UW4GRxaJCYqoSBmCCChbGItGL1EaV4zqtVduJbAcpivoKLAwgxMoLsfEobDhpB2j5JUuf/v8c+ZwTxJxp47pfTmlldW19o7xZ2dre2d2r7h+0dZQoQlsk4pHqBlhTziRtGWY47caKYhFw2gkmt3neeaRKs0g+mDSmvsAjyUJGsMktjK7cQbXm1t1CaBm8OdSuv8NCzUH1sz+MSCKoNIRjrXueGxs/w8owwum00k80jTGZ4BHtWZRYUO1nxaxTdGKdIQojZZ80qHB/d2RYaJ2KwFYKbMZ6McvN/7JeYsJLP2MyTgyVZPZRmHBkIpQvjoZMUWJ4agETxeysiIyxwsTY81TsEbzFlZehfVb3zuvevVdr3MBMZTiCYzgFDy6gAXfQhBYQGMMTvMCrI5xn5815n5WWnHnPIfyR8/ED6J+RMA==</latexit>

a > 0

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="tNWYNAT9kFydmpcd+P5vX8CYZpA=">AAACA3icbZC7SgNBFIZn4y3GW9ROm8UgJE3YtVDLoI1lFHOBbAyzk7PJkNkLM2fFuARsrG19gjQWitj6Ena+jZNLoYk/DHz85xzOnN+NBFdoWd9GamFxaXklvZpZW9/Y3Mpu71RVGEsGFRaKUNZdqkDwACrIUUA9kkB9V0DN7Z2P6rVbkIqHwTX2I2j6tBNwjzOK2mpl9xyEO0yuYOC4vJOHm4S7OOZCK5uzitZY5jzYU8iVCk/3UXr4XG5lv5x2yGIfAmSCKtWwrQibCZXImYBBxokVRJT1aAcaGgPqg2om4xsG5qF22qYXSv0CNMfu74mE+kr1fVd3+hS7arY2Mv+rNWL0TpsJD6IYIWCTRV4sTAzNUSBmm0tgKPoaKJNc/9VkXSopQx1bRodgz548D9Wjon1ctC/tXOmMTJQm++SA5IlNTkiJXJAyqRBGHsiQvJI349F4Md6Nj0lrypjO7JI/Mj5/AIT5mxE=</latexit>

Re
�
eibt

�

<latexit sha1_base64="YKipjNxUcrss2PehRY/QtUKPszQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOEgtN/GHg4//PYc45fiK40o7zZeWWlldW1/Lr9sbm1vZOYXevoeJUMqyzWMSy5VOFgkdY11wLbCUSaegLbPrDq0nevEOpeBzd6FGCXkj7EQ84o9pYtXK3UHRKzlRkEdwfKF682+Xk7dOudgsfnV7M0hAjzQRVqu06ifYyKjVnAsd2J1WYUDakfWwbjGiIysumg47JkXF6JIileZEmU/d3R0ZDpUahbypDqgdqPpuY/2XtVAfnXsajJNUYsdlHQSqIjslka9LjEpkWIwOUSW5mJWxAJWXa3MY2R3DnV16ExknJPS25NbdYuYSZ8nAAh3AMLpxBBa6hCnVggHAPj/Bk3VoP1rP1MivNWT89+/BH1us37pyQBQ==</latexit>=

<latexit sha1_base64="/reoK/9YT62y5GDFydJsfmZsoPs=">AAACCXicbVC7TgJBFJ3FF+ILtbSZSEygIbsWakm0sUQjj4RFMjtcYMLsIzN3jbihtbGw9QusbCw0xtY/sPNvHB6FoieZ5OSce3LnHi+SQqNtf1mpufmFxaX0cmZldW19I7u5VdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvfzLya1egtAiDCxxE0PRZNxAdwRkaqZWlLsI1JucwdD3RzcNl4kqTbjOKY6XQyubsoj0G/UucKcmVCvc3UfrxodzKfrrtkMc+BMgl07rh2BE2E6ZQcAnDjBtriBjvsy40DA2YD7qZjC8Z0j2jtGknVOYFSMfqz0TCfK0HvmcmfYY9PeuNxP+8Roydo2YigihGCPhkUSeWFEM6qoW2hQKOcmAI40qYv1LeY4pxNOVlTAnO7Ml/SXW/6BwUnTMnVzomE6TJDtkleeKQQ1Iip6RMKoSTW/JEXsirdWc9W2/W+2Q0ZU0z2+QXrI9vyXqdXw==</latexit>

Re
�
e�t

�

<latexit sha1_base64="EifhcNJklo7uHNsXv2uGCwymIHg=">AAAB7XicbVA9TwJBEJ3DL8Av1NLmIjGxIncWakm0scREPiIQsrfswcre7mV3zkgu/AcbC4yxtfS/2PlrdPkoFHzJJC/vzeTNTBALbtDzvpzMyura+kY2l9/c2t7ZLezt14xKNGVVqoTSjYAYJrhkVeQoWCPWjESBYPVgcDXx6w9MG67kLQ5j1o5IT/KQU4JWqrWQR8x0CkWv5E3hLhN/TorlXDy++3j8rnQKn62uoknEJFJBjGn6XoztlGjkVLBRvpUYFhM6ID3WtFQSG9JOp9uO3GOrdN1QaVsS3an6eyIlkTHDKLCdEcG+WfQm4n9eM8Hwop1yGSfIJJ0FhYlwUbmT090u14yiGFpCqOZ2V5f2iSYU7YPy9gn+4snLpHZa8s9K/o1fLF/CDFk4hCM4AR/OoQzXUIEqULiHJxjDi6OcZ+fVeZu1Zpz5zAH8gfP+A9emkwk=</latexit>⇥

<latexit sha1_base64="+YO3j8qF91t0qus/8Eh93wsBZLo=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRpmJ2eTMbMzy8ysEJa8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MyVRSqVHKpGiHRwJmAqmGGQyNRQOKQQz3sX47y+j0ozaS4MYMEgph0BYsYJcZaNbjNiBm2C0Wv5I2F58GfQvH8wz1L3r7cSrvw2epImsYgDOVE66bvJSbIiDKMchi6rVRDQmifdKFpUZAYdJCNpx3iA+t0cCSVfcLgsfu7IyOx1oM4tJUxMT09m43M/7JmaqLTIGMiSQ0IOvkoSjk2Eo9Wxx2mgBo+sECoYnZWTHtEEWrsgVx7BH925XmoHZX845J/7RfLF2iiPNpD++gQ+egEldEVqqAqougOPaAn9OxI59F5cV4npTln2rOL/sh5/wEzU5KK</latexit>

eat
<latexit sha1_base64="n6o2q/6aZUO7RBasq0iJQmfjhLM=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcFUmLtRNsejGZUV7gXYomTTThmYyQ5IRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzgkRwbTzv28ktLa+sruXX3Y3Nre2dwu5eXcepoqxGYxGrZkA0E1yymuFGsGaiGIkCwRrB4GqcN+6Z0jyWd2aYMD8iPclDTomx1i0pe51C0St5E6FFwDMoXny45eTty612Cp/tbkzTiElDBdG6hb3E+BlRhlPBRm471SwhdEB6rGVRkohpP5uMOkJH1umiMFb2SYMm7u+OjERaD6PAVkbE9PV8Njb/y1qpCc/9jMskNUzS6UdhKpCJ0Xhv1OWKUSOGFghV3M6KaJ8oQo29jmuPgOdXXoT6SQmflvANLlYuYao8HMAhHAOGM6jANVShBhR68ABP8OwI59F5cV6npTln1rMPf+S8/wAVR5Cq</latexit>

a = 0
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="tNWYNAT9kFydmpcd+P5vX8CYZpA=">AAACA3icbZC7SgNBFIZn4y3GW9ROm8UgJE3YtVDLoI1lFHOBbAyzk7PJkNkLM2fFuARsrG19gjQWitj6Ena+jZNLoYk/DHz85xzOnN+NBFdoWd9GamFxaXklvZpZW9/Y3Mpu71RVGEsGFRaKUNZdqkDwACrIUUA9kkB9V0DN7Z2P6rVbkIqHwTX2I2j6tBNwjzOK2mpl9xyEO0yuYOC4vJOHm4S7OOZCK5uzitZY5jzYU8iVCk/3UXr4XG5lv5x2yGIfAmSCKtWwrQibCZXImYBBxokVRJT1aAcaGgPqg2om4xsG5qF22qYXSv0CNMfu74mE+kr1fVd3+hS7arY2Mv+rNWL0TpsJD6IYIWCTRV4sTAzNUSBmm0tgKPoaKJNc/9VkXSopQx1bRodgz548D9Wjon1ctC/tXOmMTJQm++SA5IlNTkiJXJAyqRBGHsiQvJI349F4Md6Nj0lrypjO7JI/Mj5/AIT5mxE=</latexit>

Re
�
eibt

�

<latexit sha1_base64="YKipjNxUcrss2PehRY/QtUKPszQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOEgtN/GHg4//PYc45fiK40o7zZeWWlldW1/Lr9sbm1vZOYXevoeJUMqyzWMSy5VOFgkdY11wLbCUSaegLbPrDq0nevEOpeBzd6FGCXkj7EQ84o9pYtXK3UHRKzlRkEdwfKF682+Xk7dOudgsfnV7M0hAjzQRVqu06ifYyKjVnAsd2J1WYUDakfWwbjGiIysumg47JkXF6JIileZEmU/d3R0ZDpUahbypDqgdqPpuY/2XtVAfnXsajJNUYsdlHQSqIjslka9LjEpkWIwOUSW5mJWxAJWXa3MY2R3DnV16ExknJPS25NbdYuYSZ8nAAh3AMLpxBBa6hCnVggHAPj/Bk3VoP1rP1MivNWT89+/BH1us37pyQBQ==</latexit>=

<latexit sha1_base64="/reoK/9YT62y5GDFydJsfmZsoPs=">AAACCXicbVC7TgJBFJ3FF+ILtbSZSEygIbsWakm0sUQjj4RFMjtcYMLsIzN3jbihtbGw9QusbCw0xtY/sPNvHB6FoieZ5OSce3LnHi+SQqNtf1mpufmFxaX0cmZldW19I7u5VdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvfzLya1egtAiDCxxE0PRZNxAdwRkaqZWlLsI1JucwdD3RzcNl4kqTbjOKY6XQyubsoj0G/UucKcmVCvc3UfrxodzKfrrtkMc+BMgl07rh2BE2E6ZQcAnDjBtriBjvsy40DA2YD7qZjC8Z0j2jtGknVOYFSMfqz0TCfK0HvmcmfYY9PeuNxP+8Roydo2YigihGCPhkUSeWFEM6qoW2hQKOcmAI40qYv1LeY4pxNOVlTAnO7Ml/SXW/6BwUnTMnVzomE6TJDtkleeKQQ1Iip6RMKoSTW/JEXsirdWc9W2/W+2Q0ZU0z2+QXrI9vyXqdXw==</latexit>

Re
�
e�t

�

<latexit sha1_base64="EifhcNJklo7uHNsXv2uGCwymIHg=">AAAB7XicbVA9TwJBEJ3DL8Av1NLmIjGxIncWakm0scREPiIQsrfswcre7mV3zkgu/AcbC4yxtfS/2PlrdPkoFHzJJC/vzeTNTBALbtDzvpzMyura+kY2l9/c2t7ZLezt14xKNGVVqoTSjYAYJrhkVeQoWCPWjESBYPVgcDXx6w9MG67kLQ5j1o5IT/KQU4JWqrWQR8x0CkWv5E3hLhN/TorlXDy++3j8rnQKn62uoknEJFJBjGn6XoztlGjkVLBRvpUYFhM6ID3WtFQSG9JOp9uO3GOrdN1QaVsS3an6eyIlkTHDKLCdEcG+WfQm4n9eM8Hwop1yGSfIJJ0FhYlwUbmT090u14yiGFpCqOZ2V5f2iSYU7YPy9gn+4snLpHZa8s9K/o1fLF/CDFk4hCM4AR/OoQzXUIEqULiHJxjDi6OcZ+fVeZu1Zpz5zAH8gfP+A9emkwk=</latexit>⇥

<latexit sha1_base64="+YO3j8qF91t0qus/8Eh93wsBZLo=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRpmJ2eTMbMzy8ysEJa8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MyVRSqVHKpGiHRwJmAqmGGQyNRQOKQQz3sX47y+j0ozaS4MYMEgph0BYsYJcZaNbjNiBm2C0Wv5I2F58GfQvH8wz1L3r7cSrvw2epImsYgDOVE66bvJSbIiDKMchi6rVRDQmifdKFpUZAYdJCNpx3iA+t0cCSVfcLgsfu7IyOx1oM4tJUxMT09m43M/7JmaqLTIGMiSQ0IOvkoSjk2Eo9Wxx2mgBo+sECoYnZWTHtEEWrsgVx7BH925XmoHZX845J/7RfLF2iiPNpD++gQ+egEldEVqqAqougOPaAn9OxI59F5cV4npTln2rOL/sh5/wEzU5KK</latexit>

eat

<latexit sha1_base64="lRaCxNzOIFm4VwJBEghr/mEaZ0s=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7C7UQDNpYRjQfkBxhbzOXLNnbO3b3hHDkJ9hYKGLrL7Lzp9i5uaTQ6AsLD+87w85MkAiujet+OoWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoepq3HlBpHst7M07Qj+hA8pAzaqx1Ry/cXrniVt1c5C94c6hcfoW56r3yR7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7FiWNUPtZPuqEHFmnT8JY2ScNyd2fHRmNtB5Hga2MqBnqxWxq/pd1UhOe+xmXSWpQstlHYSqIicl0b9LnCpkRYwuUKW5nJWxIFWXGXqdkj+AtrvwXmidV77Tq3XqV2hXMVIQDOIRj8OAManADdWgAgwE8wjO8OMJ5cl6dt1lpwZn37MMvOe/fj4yRBA==</latexit>

a < 0

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="tNWYNAT9kFydmpcd+P5vX8CYZpA=">AAACA3icbZC7SgNBFIZn4y3GW9ROm8UgJE3YtVDLoI1lFHOBbAyzk7PJkNkLM2fFuARsrG19gjQWitj6Ena+jZNLoYk/DHz85xzOnN+NBFdoWd9GamFxaXklvZpZW9/Y3Mpu71RVGEsGFRaKUNZdqkDwACrIUUA9kkB9V0DN7Z2P6rVbkIqHwTX2I2j6tBNwjzOK2mpl9xyEO0yuYOC4vJOHm4S7OOZCK5uzitZY5jzYU8iVCk/3UXr4XG5lv5x2yGIfAmSCKtWwrQibCZXImYBBxokVRJT1aAcaGgPqg2om4xsG5qF22qYXSv0CNMfu74mE+kr1fVd3+hS7arY2Mv+rNWL0TpsJD6IYIWCTRV4sTAzNUSBmm0tgKPoaKJNc/9VkXSopQx1bRodgz548D9Wjon1ctC/tXOmMTJQm++SA5IlNTkiJXJAyqRBGHsiQvJI349F4Md6Nj0lrypjO7JI/Mj5/AIT5mxE=</latexit>

Re
�
eibt

�

<latexit sha1_base64="YKipjNxUcrss2PehRY/QtUKPszQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOEgtN/GHg4//PYc45fiK40o7zZeWWlldW1/Lr9sbm1vZOYXevoeJUMqyzWMSy5VOFgkdY11wLbCUSaegLbPrDq0nevEOpeBzd6FGCXkj7EQ84o9pYtXK3UHRKzlRkEdwfKF682+Xk7dOudgsfnV7M0hAjzQRVqu06ifYyKjVnAsd2J1WYUDakfWwbjGiIysumg47JkXF6JIileZEmU/d3R0ZDpUahbypDqgdqPpuY/2XtVAfnXsajJNUYsdlHQSqIjslka9LjEpkWIwOUSW5mJWxAJWXa3MY2R3DnV16ExknJPS25NbdYuYSZ8nAAh3AMLpxBBa6hCnVggHAPj/Bk3VoP1rP1MivNWT89+/BH1us37pyQBQ==</latexit>=

<latexit sha1_base64="/reoK/9YT62y5GDFydJsfmZsoPs=">AAACCXicbVC7TgJBFJ3FF+ILtbSZSEygIbsWakm0sUQjj4RFMjtcYMLsIzN3jbihtbGw9QusbCw0xtY/sPNvHB6FoieZ5OSce3LnHi+SQqNtf1mpufmFxaX0cmZldW19I7u5VdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvfzLya1egtAiDCxxE0PRZNxAdwRkaqZWlLsI1JucwdD3RzcNl4kqTbjOKY6XQyubsoj0G/UucKcmVCvc3UfrxodzKfrrtkMc+BMgl07rh2BE2E6ZQcAnDjBtriBjvsy40DA2YD7qZjC8Z0j2jtGknVOYFSMfqz0TCfK0HvmcmfYY9PeuNxP+8Roydo2YigihGCPhkUSeWFEM6qoW2hQKOcmAI40qYv1LeY4pxNOVlTAnO7Ml/SXW/6BwUnTMnVzomE6TJDtkleeKQQ1Iip6RMKoSTW/JEXsirdWc9W2/W+2Q0ZU0z2+QXrI9vyXqdXw==</latexit>

Re
�
e�t

�

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im
<latexit sha1_base64="52aFEB5+2OswW6E4ZKtEYTSHXH0=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIsQm7ImphEbSxjGIekF3C7OQmGTL7YOauGNYU/oqNhSK2/oadf+PkUWjigYHDOfdw7xw/lkKjbX9bmYXFpeWV7GpubX1jcyu/vVPTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v3818uv3oLSIwjscxOAFrBuKjuAMjdTK77kID5jewrDoShNrsyN6Qe1WvmCX7DHoPHGmpECmqLTyX2474kkAIXLJtG46doxeyhQKLmGYcxMNMeN91oWmoSELQHvp+P4hPTRKm3YiZV6IdKz+TqQs0HoQ+GYyYNjTs95I/M9rJtg591IRxglCyCeLOomkGNFRGbQtFHCUA0MYV8LcSnmPKcbRVJYzJTizX54nteOSc1pybk4K5ctpHVmyTw5IkTjkjJTJNamQKuHkkTyTV/JmPVkv1rv1MRnNWNPMLvkD6/MHe0CVFw==</latexit>

Re(�) < 0
OLHP 
Exp.
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region
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Marginally


Stable

Region




<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1
<latexit sha1_base64="YKipjNxUcrss2PehRY/QtUKPszQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOEgtN/GHg4//PYc45fiK40o7zZeWWlldW1/Lr9sbm1vZOYXevoeJUMqyzWMSy5VOFgkdY11wLbCUSaegLbPrDq0nevEOpeBzd6FGCXkj7EQ84o9pYtXK3UHRKzlRkEdwfKF682+Xk7dOudgsfnV7M0hAjzQRVqu06ifYyKjVnAsd2J1WYUDakfWwbjGiIysumg47JkXF6JIileZEmU/d3R0ZDpUahbypDqgdqPpuY/2XtVAfnXsajJNUYsdlHQSqIjslka9LjEpkWIwOUSW5mJWxAJWXa3MY2R3DnV16ExknJPS25NbdYuYSZ8nAAh3AMLpxBBa6hCnVggHAPj/Bk3VoP1rP1MivNWT89+/BH1us37pyQBQ==</latexit>=

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1
<latexit sha1_base64="YKipjNxUcrss2PehRY/QtUKPszQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOEgtN/GHg4//PYc45fiK40o7zZeWWlldW1/Lr9sbm1vZOYXevoeJUMqyzWMSy5VOFgkdY11wLbCUSaegLbPrDq0nevEOpeBzd6FGCXkj7EQ84o9pYtXK3UHRKzlRkEdwfKF682+Xk7dOudgsfnV7M0hAjzQRVqu06ifYyKjVnAsd2J1WYUDakfWwbjGiIysumg47JkXF6JIileZEmU/d3R0ZDpUahbypDqgdqPpuY/2XtVAfnXsajJNUYsdlHQSqIjslka9LjEpkWIwOUSW5mJWxAJWXa3MY2R3DnV16ExknJPS25NbdYuYSZ8nAAh3AMLpxBBa6hCnVggHAPj/Bk3VoP1rP1MivNWT89+/BH1us37pyQBQ==</latexit>=

<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1
<latexit sha1_base64="YKipjNxUcrss2PehRY/QtUKPszQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOEgtN/GHg4//PYc45fiK40o7zZeWWlldW1/Lr9sbm1vZOYXevoeJUMqyzWMSy5VOFgkdY11wLbCUSaegLbPrDq0nevEOpeBzd6FGCXkj7EQ84o9pYtXK3UHRKzlRkEdwfKF682+Xk7dOudgsfnV7M0hAjzQRVqu06ifYyKjVnAsd2J1WYUDakfWwbjGiIysumg47JkXF6JIileZEmU/d3R0ZDpUahbypDqgdqPpuY/2XtVAfnXsajJNUYsdlHQSqIjslka9LjEpkWIwOUSW5mJWxAJWXa3MY2R3DnV16ExknJPS25NbdYuYSZ8nAAh3AMLpxBBa6hCnVggHAPj/Bk3VoP1rP1MivNWT89+/BH1us37pyQBQ==</latexit>=

<latexit sha1_base64="d9jMDh922JBGq2Rdm1gD8vpWVD8=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUoQAsYKGBiLRB9SEyLHcVqrjhPZDlIVurDwKywMIMTKP7DxNzhpBmg5kqWjc+7R9T1+wqhUlvVtVBYWl5ZXqqu1tfWNzS1ze6cj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90mfvdeyIkjfmtGifEjdCA05BipLTkmfuOTwcPDtOJAHnOFWEKwUK7G9U8s241rAJwntglqYMSLc/8coIYpxHhCjMkZd+2EuVmSCiKGZnUnFSSBOERGpC+phxFRLpZccUEHmolgGEs9OMKFurvRIYiKceRrycjpIZy1svF/7x+qsJzN6M8SRXheLooTBlUMcwrgQEVBCs21gRhQfVfIR4igbDSxeUl2LMnz5POccM+bdg3J/XmRVlHFeyBA3AEbHAGmuAatEAbYPAInsEreDOejBfj3fiYjlaMMrML/sD4/AHs4Zgy</latexit>����

��k

<latexit sha1_base64="d9jMDh922JBGq2Rdm1gD8vpWVD8=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUoQAsYKGBiLRB9SEyLHcVqrjhPZDlIVurDwKywMIMTKP7DxNzhpBmg5kqWjc+7R9T1+wqhUlvVtVBYWl5ZXqqu1tfWNzS1ze6cj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90mfvdeyIkjfmtGifEjdCA05BipLTkmfuOTwcPDtOJAHnOFWEKwUK7G9U8s241rAJwntglqYMSLc/8coIYpxHhCjMkZd+2EuVmSCiKGZnUnFSSBOERGpC+phxFRLpZccUEHmolgGEs9OMKFurvRIYiKceRrycjpIZy1svF/7x+qsJzN6M8SRXheLooTBlUMcwrgQEVBCs21gRhQfVfIR4igbDSxeUl2LMnz5POccM+bdg3J/XmRVlHFeyBA3AEbHAGmuAatEAbYPAInsEreDOejBfj3fiYjlaMMrML/sD4/AHs4Zgy</latexit>����

��k

<latexit sha1_base64="d9jMDh922JBGq2Rdm1gD8vpWVD8=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUoQAsYKGBiLRB9SEyLHcVqrjhPZDlIVurDwKywMIMTKP7DxNzhpBmg5kqWjc+7R9T1+wqhUlvVtVBYWl5ZXqqu1tfWNzS1ze6cj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90mfvdeyIkjfmtGifEjdCA05BipLTkmfuOTwcPDtOJAHnOFWEKwUK7G9U8s241rAJwntglqYMSLc/8coIYpxHhCjMkZd+2EuVmSCiKGZnUnFSSBOERGpC+phxFRLpZccUEHmolgGEs9OMKFurvRIYiKceRrycjpIZy1svF/7x+qsJzN6M8SRXheLooTBlUMcwrgQEVBCs21gRhQfVfIR4igbDSxeUl2LMnz5POccM+bdg3J/XmRVlHFeyBA3AEbHAGmuAatEAbYPAInsEreDOejBfj3fiYjlaMMrML/sD4/AHs4Zgy</latexit>����

��k

<latexit sha1_base64="x9Craf2VLpZTIXb3eyVeUYdyZfY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6sJFURcuK9gHNCFMJpN26GQSZiZCid258VfcuFDErb/gzr9xkmahrQcGDufcw517/IRRqSzr26gsLC4tr1RXa2vrG5tb5vZOR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+6Cr3u/dESBrzOzVOiBuhAachxUhpyTP3HZ8OHhymEwHynGvCFIKFBi+gXfPMutWwCsB5YpekDkq0PPPLCWKcRoQrzJCUfdtKlJshoShmZFJzUkkShEdoQPqachQR6WbFHRN4qJUAhrHQjytYqL8TGYqkHEe+noyQGspZLxf/8/qpCs/djPIkVYTj6aIwZVDFMC8FBlQQrNhYE4QF1X+FeIgEwkpXl5dgz548TzrHDfu0Yd+e1JuXZR1VsAcOwBGwwRloghvQAm2AwSN4Bq/gzXgyXox342M6WjHKzC74A+PzByCemCo=</latexit>����

�� < 1

<latexit sha1_base64="Kc7zHovmF/s6wCUsjRGxEfHt4xI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6kYo6sJlBfuAJoTJZNIOnUzCzEQosSs3/oobF4q49Rvc+TdO0iy09cDA4Zx7uHOPnzAqlWV9G5WFxaXllepqbW19Y3PL3N7pyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNcfXeV+954ISWN+p8YJcSM04DSkGCkteea+49PBg8N0IkCec02YQrDQ4IVV88y61bAKwHlil6QOSrQ888sJYpxGhCvMkJR920qUmyGhKGZkUnNSSRKER2hA+ppyFBHpZsUZE3iolQCGsdCPK1iovxMZiqQcR76ejJAaylkvF//z+qkKz92M8iRVhOPpojBlUMUw7wQGVBCs2FgThAXVf4V4iATCSjeXl2DPnjxPOscN+7Rh357Um5dlHVWwBw7AEbDBGWiCG9ACbYDBI3gGr+DNeDJejHfjYzpaMcrMLvgD4/MHwKOYAA==</latexit>����

�� = 0

<latexit sha1_base64="VviU9/sgjwgl3QOhkx+NefWX4vo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6kqKunBZwT6gCWEymbRDJ5MwMxFK7M6Nv+LGhSJu/QV3/o2TNAttPTBwOOce7tzjJ4xKZVnfRmVhcWl5pbpaW1vf2Nwyt3c6Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHV7nfvSdC0pjfqXFC3AgNOA0pRkpLnrnv+HTw4DCdCJDnXBOmECw0eAHtmmfWrYZVAM4TuyR1UKLlmV9OEOM0IlxhhqTs21ai3AwJRTEjk5qTSpIgPEID0teUo4hINyvumMBDrQQwjIV+XMFC/Z3IUCTlOPL1ZITUUM56ufif109VeO5mlCepIhxPF4UpgyqGeSkwoIJgxcaaICyo/ivEQyQQVrq6vAR79uR50jlu2KcN+/ak3rws66iCPXAAjoANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH9PRilFmdsEfGJ8/I6yYLA==</latexit>����

�� > 1

<latexit sha1_base64="IEKvEt36HjSLb3uPBZwQjq6462c=">AAACDXicbVC7SgNBFJ31GeMrammzGIXYhF0RtQxqYRnFPCAbl9nJTTJk9sHMXTEs+QEbf8XGQhFbezv/xtlkC008MHA45x7u3ONFgiu0rG9jbn5hcWk5t5JfXVvf2CxsbddVGEsGNRaKUDY9qkDwAGrIUUAzkkB9T0DDG1ykfuMepOJhcIvDCNo+7QW8yxlFLbmFfQfhAZMbGDke75UcoaMd6jqXIJDeDVLxMO8WilbZGsOcJXZGiiRD1S18OZ2QxT4EyARVqmVbEbYTKpEzAaO8EyuIKBvQHrQ0DagPqp2MrxmZB1rpmN1Q6hegOVZ/JxLqKzX0PT3pU+yraS8V//NaMXbP2gkPohghYJNF3ViYGJppNWaHS2AohppQJrn+q8n6VFKGusC0BHv65FlSPyrbJ2X7+rhYOc/qyJFdskdKxCanpEKuSJXUCCOP5Jm8kjfjyXgx3o2PyeickWV2yB8Ynz8WzJuL</latexit>

Re
�
�k
�

�

<latexit sha1_base64="IEKvEt36HjSLb3uPBZwQjq6462c=">AAACDXicbVC7SgNBFJ31GeMrammzGIXYhF0RtQxqYRnFPCAbl9nJTTJk9sHMXTEs+QEbf8XGQhFbezv/xtlkC008MHA45x7u3ONFgiu0rG9jbn5hcWk5t5JfXVvf2CxsbddVGEsGNRaKUDY9qkDwAGrIUUAzkkB9T0DDG1ykfuMepOJhcIvDCNo+7QW8yxlFLbmFfQfhAZMbGDke75UcoaMd6jqXIJDeDVLxMO8WilbZGsOcJXZGiiRD1S18OZ2QxT4EyARVqmVbEbYTKpEzAaO8EyuIKBvQHrQ0DagPqp2MrxmZB1rpmN1Q6hegOVZ/JxLqKzX0PT3pU+yraS8V//NaMXbP2gkPohghYJNF3ViYGJppNWaHS2AohppQJrn+q8n6VFKGusC0BHv65FlSPyrbJ2X7+rhYOc/qyJFdskdKxCanpEKuSJXUCCOP5Jm8kjfjyXgx3o2PyeickWV2yB8Ynz8WzJuL</latexit>

Re
�
�k
�

�

<latexit sha1_base64="IEKvEt36HjSLb3uPBZwQjq6462c=">AAACDXicbVC7SgNBFJ31GeMrammzGIXYhF0RtQxqYRnFPCAbl9nJTTJk9sHMXTEs+QEbf8XGQhFbezv/xtlkC008MHA45x7u3ONFgiu0rG9jbn5hcWk5t5JfXVvf2CxsbddVGEsGNRaKUDY9qkDwAGrIUUAzkkB9T0DDG1ykfuMepOJhcIvDCNo+7QW8yxlFLbmFfQfhAZMbGDke75UcoaMd6jqXIJDeDVLxMO8WilbZGsOcJXZGiiRD1S18OZ2QxT4EyARVqmVbEbYTKpEzAaO8EyuIKBvQHrQ0DagPqp2MrxmZB1rpmN1Q6hegOVZ/JxLqKzX0PT3pU+yraS8V//NaMXbP2gkPohghYJNF3ViYGJppNWaHS2AohppQJrn+q8n6VFKGusC0BHv65FlSPyrbJ2X7+rhYOc/qyJFdskdKxCanpEKuSJXUCCOP5Jm8kjfjyXgx3o2PyeickWV2yB8Ynz8WzJuL</latexit>

Re
�
�k
�

�

<latexit sha1_base64="EifhcNJklo7uHNsXv2uGCwymIHg=">AAAB7XicbVA9TwJBEJ3DL8Av1NLmIjGxIncWakm0scREPiIQsrfswcre7mV3zkgu/AcbC4yxtfS/2PlrdPkoFHzJJC/vzeTNTBALbtDzvpzMyura+kY2l9/c2t7ZLezt14xKNGVVqoTSjYAYJrhkVeQoWCPWjESBYPVgcDXx6w9MG67kLQ5j1o5IT/KQU4JWqrWQR8x0CkWv5E3hLhN/TorlXDy++3j8rnQKn62uoknEJFJBjGn6XoztlGjkVLBRvpUYFhM6ID3WtFQSG9JOp9uO3GOrdN1QaVsS3an6eyIlkTHDKLCdEcG+WfQm4n9eM8Hwop1yGSfIJJ0FhYlwUbmT090u14yiGFpCqOZ2V5f2iSYU7YPy9gn+4snLpHZa8s9K/o1fLF/CDFk4hCM4AR/OoQzXUIEqULiHJxjDi6OcZ+fVeZu1Zpz5zAH8gfP+A9emkwk=</latexit>⇥
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="aNH9qVVkqIFCjC5jOBUCVMAlE7I=">AAACDXicbVC7TsNAEDzzDOFloKQ5EZBCE9kIAWUEFJQBkYcUm+h82SSnnB+6WyMiKz9Aw6/QUIAQLT0df4OTuICEkVYazexqd8eLpNBoWd/G3PzC4tJybiW/ura+sWlubdd0GCsOVR7KUDU8pkGKAKooUEIjUsB8T0Ld61+M/Po9KC3C4BYHEbg+6waiIzjDVGqZ+w7CAyY3MHQ80S1SuEuE13cuQSKjOBYP8y2zYJWsMegssTNSIBkqLfPLaYc89iFALpnWTduK0E2YQsElDPNOrCFivM+60ExpwHzQbjL+ZkgPUqVNO6FKK0A6Vn9PJMzXeuB7aafPsKenvZH4n9eMsXPmJiKIYoSATxZ1YkkxpKNoaFso4CgHKWFcifRWyntMMY5pgKMQ7OmXZ0ntqGSflOzr40L5PIsjR3bJHikSm5ySMrkiFVIlnDySZ/JK3own48V4Nz4mrXNGNrND/sD4/AGxD5tL</latexit>

Re
�
eibk�t

�

<latexit sha1_base64="EifhcNJklo7uHNsXv2uGCwymIHg=">AAAB7XicbVA9TwJBEJ3DL8Av1NLmIjGxIncWakm0scREPiIQsrfswcre7mV3zkgu/AcbC4yxtfS/2PlrdPkoFHzJJC/vzeTNTBALbtDzvpzMyura+kY2l9/c2t7ZLezt14xKNGVVqoTSjYAYJrhkVeQoWCPWjESBYPVgcDXx6w9MG67kLQ5j1o5IT/KQU4JWqrWQR8x0CkWv5E3hLhN/TorlXDy++3j8rnQKn62uoknEJFJBjGn6XoztlGjkVLBRvpUYFhM6ID3WtFQSG9JOp9uO3GOrdN1QaVsS3an6eyIlkTHDKLCdEcG+WfQm4n9eM8Hwop1yGSfIJJ0FhYlwUbmT090u14yiGFpCqOZ2V5f2iSYU7YPy9gn+4snLpHZa8s9K/o1fLF/CDFk4hCM4AR/OoQzXUIEqULiHJxjDi6OcZ+fVeZu1Zpz5zAH8gfP+A9emkwk=</latexit>⇥
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="aNH9qVVkqIFCjC5jOBUCVMAlE7I=">AAACDXicbVC7TsNAEDzzDOFloKQ5EZBCE9kIAWUEFJQBkYcUm+h82SSnnB+6WyMiKz9Aw6/QUIAQLT0df4OTuICEkVYazexqd8eLpNBoWd/G3PzC4tJybiW/ura+sWlubdd0GCsOVR7KUDU8pkGKAKooUEIjUsB8T0Ld61+M/Po9KC3C4BYHEbg+6waiIzjDVGqZ+w7CAyY3MHQ80S1SuEuE13cuQSKjOBYP8y2zYJWsMegssTNSIBkqLfPLaYc89iFALpnWTduK0E2YQsElDPNOrCFivM+60ExpwHzQbjL+ZkgPUqVNO6FKK0A6Vn9PJMzXeuB7aafPsKenvZH4n9eMsXPmJiKIYoSATxZ1YkkxpKNoaFso4CgHKWFcifRWyntMMY5pgKMQ7OmXZ0ntqGSflOzr40L5PIsjR3bJHikSm5ySMrkiFVIlnDySZ/JK3own48V4Nz4mrXNGNrND/sD4/AGxD5tL</latexit>

Re
�
eibk�t

�

<latexit sha1_base64="EifhcNJklo7uHNsXv2uGCwymIHg=">AAAB7XicbVA9TwJBEJ3DL8Av1NLmIjGxIncWakm0scREPiIQsrfswcre7mV3zkgu/AcbC4yxtfS/2PlrdPkoFHzJJC/vzeTNTBALbtDzvpzMyura+kY2l9/c2t7ZLezt14xKNGVVqoTSjYAYJrhkVeQoWCPWjESBYPVgcDXx6w9MG67kLQ5j1o5IT/KQU4JWqrWQR8x0CkWv5E3hLhN/TorlXDy++3j8rnQKn62uoknEJFJBjGn6XoztlGjkVLBRvpUYFhM6ID3WtFQSG9JOp9uO3GOrdN1QaVsS3an6eyIlkTHDKLCdEcG+WfQm4n9eM8Hwop1yGSfIJJ0FhYlwUbmT090u14yiGFpCqOZ2V5f2iSYU7YPy9gn+4snLpHZa8s9K/o1fLF/CDFk4hCM4AR/OoQzXUIEqULiHJxjDi6OcZ+fVeZu1Zpz5zAH8gfP+A9emkwk=</latexit>⇥
<latexit sha1_base64="/XIqlR1oxoScaIl5siM0T1uCU8w=">AAAB5HicbZA9SwNBEIbn4lc8v6KtzWIQrMKdhdqIQRvLCOYDkiPsbeaSNXt7x+6eEI78AhsLxVbwx9jbiP/GTWKhiS8sPLzvDDszYSq4Np735RSWlldW14rr7sbm1vZOyd1t6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4Ncmb96g0T+StGaUYxLQvecQZNda68bulslfxpiKL4P9A+eLdPU/fPt1at/TR6SUsi1EaJqjWbd9LTZBTZTgTOHY7mcaUsiHtY9uipDHqIJ8OOiaH1umRKFH2SUOm7u+OnMZaj+LQVsbUDPR8NjH/y9qZic6CnMs0MyjZ7KMoE8QkZLI16XGFzIiRBcoUt7MSNqCKMmNv49oj+PMrL0LjuOKfVPxy9RJmKsI+HMAR+HAKVbiGGtSBAcIDPMGzc+c8Oi+zwoLz07EHf+S8fgNl9o7S</latexit>

1

<latexit sha1_base64="aNH9qVVkqIFCjC5jOBUCVMAlE7I=">AAACDXicbVC7TsNAEDzzDOFloKQ5EZBCE9kIAWUEFJQBkYcUm+h82SSnnB+6WyMiKz9Aw6/QUIAQLT0df4OTuICEkVYazexqd8eLpNBoWd/G3PzC4tJybiW/ura+sWlubdd0GCsOVR7KUDU8pkGKAKooUEIjUsB8T0Ld61+M/Po9KC3C4BYHEbg+6waiIzjDVGqZ+w7CAyY3MHQ80S1SuEuE13cuQSKjOBYP8y2zYJWsMegssTNSIBkqLfPLaYc89iFALpnWTduK0E2YQsElDPNOrCFivM+60ExpwHzQbjL+ZkgPUqVNO6FKK0A6Vn9PJMzXeuB7aafPsKenvZH4n9eMsXPmJiKIYoSATxZ1YkkxpKNoaFso4CgHKWFcifRWyntMMY5pgKMQ7OmXZ0ntqGSflOzr40L5PIsjR3bJHikSm5ySMrkiFVIlnDySZ/JK3own48V4Nz4mrXNGNrND/sD4/AGxD5tL</latexit>

Re
�
eibk�t

�

DLTI System - Autonomous

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="AU7WyuyJBM7+uWKFF4A64/uBI6o=">AAAB/HicbVC7TsMwFL3hWcIr0JHFokJiqhIGYKmoYGEsEn1IbVQ5jtNadR6yHdQoKr/CAAMIsfIL7CyIv8F9DNByJEtH59xjXx8v4Uwq2/42lpZXVtfWCxvm5tb2zq61t9+QcSoIrZOYx6LlYUk5i2hdMcVpKxEUhx6nTW9wNfabd1RIFke3KkuoG+JexAJGsNJS1yp2/FjlwxGqoA7XMR+jYdcq2WV7ArRInBkpXXyYleTxy6x1rU99C0lDGinCsZRtx06Um2OhGOF0ZHZSSRNMBrhH25pGOKTSzSfLj9CRVnwUxEKfSKGJ+juR41DKLPT0ZIhVX857Y/E/r52q4NzNWZSkikZk+lCQcqRiNG4C+UxQonimCSaC6V0R6WOBidJ9mboEZ/7Li6RxUnZOy86NU6pewhQFOIBDOAYHzqAK11CDOhDI4AGe4cW4N56MV+NtOrpkzDJF+APj/QdXspeS</latexit>

ẋ = �x

LTI = linear time invariant 

Stability:

<latexit sha1_base64="FXBV2nIqJZi8y6pb4v6YPrkIUmU=">AAACOHicbVBLS0JBFJ5rL7OX1bLNkARGJPdGVJtAqkW7DDIDNZk7HnVw7oOZcyO5+LPa9DPaRZsWRbTtFzQ+CtMODHx8D86czw2l0Gjbz1Zianpmdi45n1pYXFpeSa+uXesgUhyKPJCBunGZBil8KKJACTehAua5Ekpu+7Snl+5AaRH4V9gJoeqxpi8agjM0VC19cZ/FncoZSGQUt+kxhdu4Ik2+zkYEumvErrH2HKkRy2/yR6ylM3bO7g+dBM4QZMhwCrX0U6Ue8MgDH7lkWpcdO8RqzBQKLqGbqkQaQsbbrAllA33mga7G/cO7dMswddoIlHk+0j47moiZp3XHc43TY9jS41qP/E8rR9g4qsbCDyMEnw8WNSJJMaC9FmldKOAoOwYwroT5K+UtphhH03XKlOCMnzwJrvdyzkHOudzP5E+GdSTJBtkkWeKQQ5In56RAioSTB/JC3si79Wi9Wh/W58CasIaZdfJnrK9v0bqoyg==</latexit>

x(t+�t) = e�(t+�t�t)x(t) = e�(�t)x(t) =

…discrete time index 

LTI Discrete Update Eqn
<latexit sha1_base64="INhwI8l63Bl2dc7GjXlWnknw4t0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIIQklE1I1Q1IXLCvYBSQiTyU07dPJgZiKW0I0bf8WNC0Xc+g/u/Bunj4W2Hhg4nHMPd+4JMs6ksqxvY25+YXFpubRSXl1b39g0t7abMs0FhQZNeSraAZHAWQINxRSHdiaAxAGHVtC7GvqtexCSpcmd6mfgxaSTsIhRorTkm3sPTu/I9vAFdrlOhcR3r4ErgrXu+WbFqloj4FliT0gFTVD3zS83TGkeQ6IoJ1I6tpUpryBCMcphUHZzCRmhPdIBR9OExCC9YnTFAB9oJcRRKvRLFB6pvxMFiaXsx4GejInqymlvKP7nObmKzr2CJVmuIKHjRVHOsUrxsBIcMgFU8b4mhAqm/4pplwhClS6urEuwp0+eJc3jqn1atW9PKrXLSR0ltIv20SGy0RmqoRtURw1E0SN6Rq/ozXgyXox342M8OmdMMjvoD4zPH460l1o=</latexit>

x[k + 1] = ��x[k]

<latexit sha1_base64="nfwhCMTk8L5o8FmqVTg+ca3d6OU=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhQQi7IupFCOrBYwTzgM0SZiezyZDZBzO9krDk6sVf8eJBEa/+gTf/xskmB00saCiquunu8mLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4HriNx+YVDwK72EUMzcgvZD7nBLQUsfEQ2fg4ks8LA3aN0wAwYCPMXSsciZCuWMWrYqVAS8Se0aKaIZax/xqdyOaBCwEKohSjm3F4KZEAqeCjQvtRLGY0AHpMUfTkARMuWn2yRgfaaWL/UjqCgFn6u+JlARKjQJPdwYE+mrem4j/eU4C/oWb8jBOgIV0ushPBIYIT2LBXS4ZBTHShFDJ9a2Y9okkFHR4BR2CPf/yImmcVOyzin13WqxezeLIowN0iErIRueoim5RDdURRY/oGb2iN+PJeDHejY9pa86YzeyjPzA+fwDc75c/</latexit>

x[k] = x(k�t+ t0) = x(t)

<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="G4BMpIzQWDZzkj2oe23rg+4Ep+8=">AAACLXicbZBLSwMxEMez9VXra9Wjl2ARPJVdEfUiFO3BYwX7gLaWbDptQ7MPklmhLP1CXvwqInioiFe/hmm7SG0dCPznNzNM5u9FUmh0nLGVWVldW9/Ibua2tnd29+z9g6oOY8WhwkMZqrrHNEgRQAUFSqhHCpjvSah5g9tJvfYESosweMBhBC2f9QLRFZyhQW271JSmucPazRJIZPSawmOSMpoyHM3wHDCZ8H6ztp13Cs406LJwU5EnaZTb9luzE/LYhwC5ZFo3XCfCVsIUCi5hlGvGGiLGB6wHDSMD5oNuJdNrR/TEkA7thsq8AOmUzk8kzNd66Hum02fY14u1Cfyv1oixe9VKRBDFCAGfLerGkmJIJ9bRjlDAUQ6NYFwJ81fK+0wxjsbgnDHBXTx5WVTPCu5Fwb0/zxdvUjuy5Igck1PikktSJHekTCqEk2fySsbkw3qx3q1P62vWmrHSmUPyJ6zvH1o/p50=</latexit>

�� = e��t = ea�teib�t

<latexit sha1_base64="3yvSseUQpHMBqRZZFyyU0GF5vGc=">AAACRnicbVC7SgNBFL0b3/EVtbQZDIJV2BVRG0HUwjKCiUJ2DbOTmzg4+2DmrhDWfJ2NtZ2fYGOhiK2TZAs1XhjmcB7cmROmShpy3RenNDU9Mzs3v1BeXFpeWa2srTdNkmmBDZGoRF+H3KCSMTZIksLrVCOPQoVX4d3pUL+6R21kEl9SP8Ug4r1YdqXgZKl2JfBD2XvwlU10eNs/Q0WcjTh2VB7feJMXOit0Gkxa/hO9dqXq1tzRsEngFaAKxdTblWe/k4gswpiE4sa0PDelIOeapFA4KPuZwZSLO97DloUxj9AE+aiGAdu2TId1E21PTGzE/kzkPDKmH4XWGXG6NX+1Ifmf1sqoexjkMk4zwliMF3UzxShhw05ZR2oUpPoWcKGlfSsTt1xzQbb5si3B+/vlSdDcrXn7Ne9ir3p8UtQxD5uwBTvgwQEcwznUoQECHuEV3uHDeXLenE/na2wtOUVmA35NCb4B2e2vgA==</latexit>����

�� =
��e��t

�� =
��ea�t

�� = 1

Exponentially Stable 
Marginally Stable

Unstable

<latexit sha1_base64="aaE+aLm5l46XCTa7TNTBJ+yodnM=">AAACRnicbVA7SzNBFL0b3+sramkzGASrsCvyfRYKohaWCkaF7BpmJzdxcPbBzF0hrPl1NtZ2/gQbC0VsnSRbqPHCMIfz4M6cKFPSkOc9O5WJyanpmdk5d35hcWm5urJ6YdJcC2yIVKX6KuIGlUywQZIUXmUaeRwpvIxujwb65R1qI9PknHoZhjHvJrIjBSdLtaphEMnufaBsos1bwTEq4mzIsX13dON1Ueqs1Kk/bhkX91y/Va15dW84bBz4JahBOaet6lPQTkUeY0JCcWOavpdRWHBNUijsu0FuMOPilnexaWHCYzRhMayhzzYt02adVNuTEBuy3xMFj43pxZF1xpxuzG9tQP6lNXPq7IaFTLKcMBGjRZ1cMUrZoFPWlhoFqZ4FXGhp38rEDddckG3etSX4v788Di626/6/un+2Uzs4LOuYhXXYgC3w4T8cwAmcQgMEPMALvMG78+i8Oh/O58haccrMGvyYCnwB2Gevfw==</latexit>����

�� =
��e��t

�� =
��ea�t

�� < 1

<latexit sha1_base64="BHdKoC/fmaa/hgt4kbYl9p3WAv4=">AAACRnicbVA7SzNBFL0b3+sramkzGASrsCvyfTaKqIWlglEhu4bZyU0cnH0wc1cIa36djbWdP8HGQhFbJ8kWarwwzOE8uDMnypQ05HnPTmVicmp6ZnbOnV9YXFqurqxemDTXAhsiVam+irhBJRNskCSFV5lGHkcKL6Pbo4F+eYfayDQ5p16GYcy7iexIwclSrWoYRLJ7HyibaPNWcIyKOBtybM8d3XhdlDordeqPW8bFfddvVWte3RsOGwd+CWpQzmmr+hS0U5HHmJBQ3Jim72UUFlyTFAr7bpAbzLi45V1sWpjwGE1YDGvos03LtFkn1fYkxIbs90TBY2N6cWSdMacb81sbkH9pzZw6u2EhkywnTMRoUSdXjFI26JS1pUZBqmcBF1ratzJxwzUXZJt3bQn+7y+Pg4vtuv+v7p/t1A4OyzpmYR02YAt8+A8HcAKn0AABD/ACb/DuPDqvzofzObJWnDKzBj+mAl/bc6+B</latexit>����

�� =
��e��t

�� =
��ea�t

�� > 1

…evolution over a time step

<latexit sha1_base64="/jFCGmjr+hlQ6PHS/4KuIP+qluU=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UwABsVLIwF0YfURpXjOq1Vx4lsB6hCP4WFAYRY+RI2PoUNJ+0ALUeydHTOvbrHx485U9pxvqzC0vLK6lpxvbSxubW9Y5d3mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR5eZ37qjUrFI3OpxTL0QDwQLGMHaSD27/IBQlwnUDbEe+n56M+nZFafq5ECLxJ2Ryvl3kKPesz+7/YgkIRWacKxUx3Vi7aVYakY4nZS6iaIxJiM8oB1DBQ6p8tI8+gQdGqWPgkiaJzTK1d8bKQ6VGoe+mcwSqnkvE//zOokOzryUiTjRVJDpoSDhSEco6wH1maRE87EhmEhmsiIyxBITbdoqmRLc+S8vkuZx1T2putdupXYBUxRhHw7gCFw4hRpcQR0aQOAenuAFXq1H69l6s96nowVrtrMHf2B9/ABJh5cT</latexit>

x 2 R<latexit sha1_base64="gC+hnV7looGsbgsVtxtEAksdn/4=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJiLosduOygn1AE8pkMmmHTiZhZiKU0I2/4saFIm79DHf+jZM2C209MHA451zm3hOknCntON/Wyura+sZmZau6vbO7t28fHHZUkklC2yThiewFWFHOBG1rpjntpZLiOOC0G4ybhd99pFKxRDzoSUr9GA8FixjB2kgD+9jjJhxihDwmkBdjPQqCvDkd2DWn7syAlolbkhqUaA3sLy9MSBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfzw6YojOjhChKpHlCo5n6eyLHsVKTODDJYkO16BXif14/09GNnzORZpoKMv8oyjjSCSraQCGTlGg+MQQTycyuiIywxESbzqqmBHfx5GXSuai7V3X3/rLWuC3rqMAJnMI5uHANDbiDFrSBwBSe4RXerCfrxXq3PubRFaucOYI/sD5/ANNTlew=</latexit>

� 2 C

<latexit sha1_base64="3Z9qBKT632YU7b5f/8MES11H8Xc=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQxCbMKuiFoGtbCMYB6QxDA7uZsMmX0wc1cMS7DxV2wsFLH1K+z8GyfJFpp4YOBwzrncuceNpNBo299WZmFxaXklu5pbW9/Y3Mpv79R0GCsOVR7KUDVcpkGKAKooUEIjUsB8V0LdHVyO/fo9KC3C4BaHEbR91guEJzhDI3Xye3CXtKTJdxltXYFERnFEH4p41MkX7JI9AZ0nTkoKJEWlk/9qdUMe+xAgl0zrpmNH2E6YQsEljHKtWEPE+ID1oGlowHzQ7WRywogeGqVLvVCZFyCdqL8nEuZrPfRdk/QZ9vWsNxb/85oxeuftRARRjBDw6SIvlhRDOu6DdoUCjnJoCONKmL9S3meKcTSt5UwJzuzJ86R2XHJOS87NSaF8kdaRJfvkgBSJQ85ImVyTCqkSTh7JM3klb9aT9WK9Wx/TaMZKZ3bJH1ifP+1Blno=</latexit>

e��tx(t)

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im
Unit Circle 

Interior 
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Stable
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Marginally


Stable
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LTI Scalar ODE

<latexit sha1_base64="gu3tZ5hH5UjRizqmPNXZmwhz3pU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZBR75YpbdWegy8TLSYXkqPfKX91+zNMIFHLJjOl4boJ+xjQKLmFS6qYGEsZHbAAdSxWLwPjZ7N4JPbFKn4axtqWQztTfExmLjBlHge2MGA7NojcV//M6KYZXfiZUkiIoPl8UppJiTKfP077QwFGOLWFcC3sr5UOmGUcbUcmG4C2+vEyaZ1Xvourdn1dq13kcRXJEjskp8cglqZE7UicNwokkz+SVvDmPzovz7nzMWwtOPnNI/sD5/AGRbY+q</latexit>

�t



LTI Discrete Update Eqn
<latexit sha1_base64="G4BMpIzQWDZzkj2oe23rg+4Ep+8=">AAACLXicbZBLSwMxEMez9VXra9Wjl2ARPJVdEfUiFO3BYwX7gLaWbDptQ7MPklmhLP1CXvwqInioiFe/hmm7SG0dCPznNzNM5u9FUmh0nLGVWVldW9/Ibua2tnd29+z9g6oOY8WhwkMZqrrHNEgRQAUFSqhHCpjvSah5g9tJvfYESosweMBhBC2f9QLRFZyhQW271JSmucPazRJIZPSawmOSMpoyHM3wHDCZ8H6ztp13Cs406LJwU5EnaZTb9luzE/LYhwC5ZFo3XCfCVsIUCi5hlGvGGiLGB6wHDSMD5oNuJdNrR/TEkA7thsq8AOmUzk8kzNd66Hum02fY14u1Cfyv1oixe9VKRBDFCAGfLerGkmJIJ9bRjlDAUQ6NYFwJ81fK+0wxjsbgnDHBXTx5WVTPCu5Fwb0/zxdvUjuy5Igck1PikktSJHekTCqEk2fySsbkw3qx3q1P62vWmrHSmUPyJ6zvH1o/p50=</latexit>

�� = e��t = ea�teib�t

LTI System - CT vs. DT Stability

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="AU7WyuyJBM7+uWKFF4A64/uBI6o=">AAAB/HicbVC7TsMwFL3hWcIr0JHFokJiqhIGYKmoYGEsEn1IbVQ5jtNadR6yHdQoKr/CAAMIsfIL7CyIv8F9DNByJEtH59xjXx8v4Uwq2/42lpZXVtfWCxvm5tb2zq61t9+QcSoIrZOYx6LlYUk5i2hdMcVpKxEUhx6nTW9wNfabd1RIFke3KkuoG+JexAJGsNJS1yp2/FjlwxGqoA7XMR+jYdcq2WV7ArRInBkpXXyYleTxy6x1rU99C0lDGinCsZRtx06Um2OhGOF0ZHZSSRNMBrhH25pGOKTSzSfLj9CRVnwUxEKfSKGJ+juR41DKLPT0ZIhVX857Y/E/r52q4NzNWZSkikZk+lCQcqRiNG4C+UxQonimCSaC6V0R6WOBidJ9mboEZ/7Li6RxUnZOy86NU6pewhQFOIBDOAYHzqAK11CDOhDI4AGe4cW4N56MV+NtOrpkzDJF+APj/QdXspeS</latexit>

ẋ = �x

LTI = linear time invariant 

Stability:

<latexit sha1_base64="INhwI8l63Bl2dc7GjXlWnknw4t0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIIQklE1I1Q1IXLCvYBSQiTyU07dPJgZiKW0I0bf8WNC0Xc+g/u/Bunj4W2Hhg4nHMPd+4JMs6ksqxvY25+YXFpubRSXl1b39g0t7abMs0FhQZNeSraAZHAWQINxRSHdiaAxAGHVtC7GvqtexCSpcmd6mfgxaSTsIhRorTkm3sPTu/I9vAFdrlOhcR3r4ErgrXu+WbFqloj4FliT0gFTVD3zS83TGkeQ6IoJ1I6tpUpryBCMcphUHZzCRmhPdIBR9OExCC9YnTFAB9oJcRRKvRLFB6pvxMFiaXsx4GejInqymlvKP7nObmKzr2CJVmuIKHjRVHOsUrxsBIcMgFU8b4mhAqm/4pplwhClS6urEuwp0+eJc3jqn1atW9PKrXLSR0ltIv20SGy0RmqoRtURw1E0SN6Rq/ozXgyXox342M8OmdMMjvoD4zPH460l1o=</latexit>

x[k + 1] = ��x[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="3yvSseUQpHMBqRZZFyyU0GF5vGc=">AAACRnicbVC7SgNBFL0b3/EVtbQZDIJV2BVRG0HUwjKCiUJ2DbOTmzg4+2DmrhDWfJ2NtZ2fYGOhiK2TZAs1XhjmcB7cmROmShpy3RenNDU9Mzs3v1BeXFpeWa2srTdNkmmBDZGoRF+H3KCSMTZIksLrVCOPQoVX4d3pUL+6R21kEl9SP8Ug4r1YdqXgZKl2JfBD2XvwlU10eNs/Q0WcjTh2VB7feJMXOit0Gkxa/hO9dqXq1tzRsEngFaAKxdTblWe/k4gswpiE4sa0PDelIOeapFA4KPuZwZSLO97DloUxj9AE+aiGAdu2TId1E21PTGzE/kzkPDKmH4XWGXG6NX+1Ifmf1sqoexjkMk4zwliMF3UzxShhw05ZR2oUpPoWcKGlfSsTt1xzQbb5si3B+/vlSdDcrXn7Ne9ir3p8UtQxD5uwBTvgwQEcwznUoQECHuEV3uHDeXLenE/na2wtOUVmA35NCb4B2e2vgA==</latexit>����

�� =
��e��t

�� =
��ea�t

�� = 1

Exponentially Stable 
Marginally Stable

Unstable

<latexit sha1_base64="aaE+aLm5l46XCTa7TNTBJ+yodnM=">AAACRnicbVA7SzNBFL0b3+sramkzGASrsCvyfRYKohaWCkaF7BpmJzdxcPbBzF0hrPl1NtZ2/gQbC0VsnSRbqPHCMIfz4M6cKFPSkOc9O5WJyanpmdk5d35hcWm5urJ6YdJcC2yIVKX6KuIGlUywQZIUXmUaeRwpvIxujwb65R1qI9PknHoZhjHvJrIjBSdLtaphEMnufaBsos1bwTEq4mzIsX13dON1Ueqs1Kk/bhkX91y/Va15dW84bBz4JahBOaet6lPQTkUeY0JCcWOavpdRWHBNUijsu0FuMOPilnexaWHCYzRhMayhzzYt02adVNuTEBuy3xMFj43pxZF1xpxuzG9tQP6lNXPq7IaFTLKcMBGjRZ1cMUrZoFPWlhoFqZ4FXGhp38rEDddckG3etSX4v788Di626/6/un+2Uzs4LOuYhXXYgC3w4T8cwAmcQgMEPMALvMG78+i8Oh/O58haccrMGvyYCnwB2Gevfw==</latexit>����

�� =
��e��t

�� =
��ea�t

�� < 1

<latexit sha1_base64="BHdKoC/fmaa/hgt4kbYl9p3WAv4=">AAACRnicbVA7SzNBFL0b3+sramkzGASrsCvyfTaKqIWlglEhu4bZyU0cnH0wc1cIa36djbWdP8HGQhFbJ8kWarwwzOE8uDMnypQ05HnPTmVicmp6ZnbOnV9YXFqurqxemDTXAhsiVam+irhBJRNskCSFV5lGHkcKL6Pbo4F+eYfayDQ5p16GYcy7iexIwclSrWoYRLJ7HyibaPNWcIyKOBtybM8d3XhdlDordeqPW8bFfddvVWte3RsOGwd+CWpQzmmr+hS0U5HHmJBQ3Jim72UUFlyTFAr7bpAbzLi45V1sWpjwGE1YDGvos03LtFkn1fYkxIbs90TBY2N6cWSdMacb81sbkH9pzZw6u2EhkywnTMRoUSdXjFI26JS1pUZBqmcBF1ratzJxwzUXZJt3bQn+7y+Pg4vtuv+v7p/t1A4OyzpmYR02YAt8+A8HcAKn0AABD/ACb/DuPDqvzofzObJWnDKzBj+mAl/bc6+B</latexit>����

�� =
��e��t

�� =
��ea�t

�� > 1

<latexit sha1_base64="/jFCGmjr+hlQ6PHS/4KuIP+qluU=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UwABsVLIwF0YfURpXjOq1Vx4lsB6hCP4WFAYRY+RI2PoUNJ+0ALUeydHTOvbrHx485U9pxvqzC0vLK6lpxvbSxubW9Y5d3mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR5eZ37qjUrFI3OpxTL0QDwQLGMHaSD27/IBQlwnUDbEe+n56M+nZFafq5ECLxJ2Ryvl3kKPesz+7/YgkIRWacKxUx3Vi7aVYakY4nZS6iaIxJiM8oB1DBQ6p8tI8+gQdGqWPgkiaJzTK1d8bKQ6VGoe+mcwSqnkvE//zOokOzryUiTjRVJDpoSDhSEco6wH1maRE87EhmEhmsiIyxBITbdoqmRLc+S8vkuZx1T2putdupXYBUxRhHw7gCFw4hRpcQR0aQOAenuAFXq1H69l6s96nowVrtrMHf2B9/ABJh5cT</latexit>

x 2 R<latexit sha1_base64="gC+hnV7looGsbgsVtxtEAksdn/4=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJiLosduOygn1AE8pkMmmHTiZhZiKU0I2/4saFIm79DHf+jZM2C209MHA451zm3hOknCntON/Wyura+sZmZau6vbO7t28fHHZUkklC2yThiewFWFHOBG1rpjntpZLiOOC0G4ybhd99pFKxRDzoSUr9GA8FixjB2kgD+9jjJhxihDwmkBdjPQqCvDkd2DWn7syAlolbkhqUaA3sLy9MSBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfzw6YojOjhChKpHlCo5n6eyLHsVKTODDJYkO16BXif14/09GNnzORZpoKMv8oyjjSCSraQCGTlGg+MQQTycyuiIywxESbzqqmBHfx5GXSuai7V3X3/rLWuC3rqMAJnMI5uHANDbiDFrSBwBSe4RXerCfrxXq3PubRFaucOYI/sD5/ANNTlew=</latexit>

� 2 C

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im

Unit Circle 
Interior 

Exp. Stable region


Unit Circle 
Boundary 
Marginally


Stable Region


<latexit sha1_base64="EwHlxULSLyztrrrrcI4SGktK4PQ=">AAACA3icbVC7SgNBFJ31GeMraqfNYBBiE3ZF1EIhaGMZxTwgu4TZyU0yZPbBzF0xLAEbf8XGQhFbf8LOv3HyKDTxwMDhnHu4c48fS6HRtr+tufmFxaXlzEp2dW19YzO3tV3VUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v3c19Gv3oLSIwjvsx+AFrBOKtuAMjdTM7boID5jewqDgShNrsUN6QRk9p3Yzl7eL9gh0ljgTkicTlJu5L7cV8SSAELlkWjccO0YvZQoFlzDIuomGmPEe60DD0JAFoL10dMOAHhilRduRMi9EOlJ/J1IWaN0PfDMZMOzqaW8o/uc1EmyfeakI4wQh5ONF7URSjOiwENoSCjjKviGMK2H+SnmXKcbR1JY1JTjTJ8+S6lHROSk6N8f50uWkjgzZI/ukQBxySkrkmpRJhXDySJ7JK3mznqwX6936GI/OWZPMDvkD6/MHgICWHQ==</latexit>

Re(�) = a < 0
<latexit sha1_base64="4EP7v8Yz+RozUHJwt5r1Jq5besc=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoMQm7ArojZC0MYyinlAdgmzk5tkyOyDmbtiWAI2/oqNhSK2/oSdf+PkUWjigQuHc+5h5h4/lkKjbX9bmYXFpeWV7GpubX1jcyu/vVPTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v3818uv3oLSIwjscxOAFrBuKjuAMjdTK77kID5jewrDoShNrsyN6QZkZu5Uv2CV7DDpPnCkpkCkqrfyX2454EkCIXDKtm44do5cyhYJLGObcREPMeJ91oWloyALQXjq+YUgPjdKmnUiZCZGO1d+JlAVaDwLfbAYMe3rWG4n/ec0EO+deKsI4QQj55KFOIilGdFQIbQsFHOXAEMaVMH+lvMcU42hqy5kSnNmT50ntuOSclpybk0L5clpHluyTA1IkDjkjZXJNKqRKOHkkz+SVvFlP1ov1bn1MVjPWNLNL/sD6/AGCBpYe</latexit>

Re(�) = a = 0
<latexit sha1_base64="DPqINcAGW88a1XHZDUS8hw6FdTw=">AAACA3icbVC7SgNBFJ31GeMraqfNYBBiE3ZF1EYJ2lhGMQ/ILmF2cpMMmX0wc1cMS8DGX7GxUMTWn7Dzb5w8Ck08MHA45x7u3OPHUmi07W9rbn5hcWk5s5JdXVvf2MxtbVd1lCgOFR7JSNV9pkGKECooUEI9VsACX0LN710N/do9KC2i8A77MXgB64SiLThDIzVzuy7CA6a3MCi40sRa7JCeU0YvqN3M5e2iPQKdJc6E5MkE5Wbuy21FPAkgRC6Z1g3HjtFLmULBJQyybqIhZrzHOtAwNGQBaC8d3TCgB0Zp0XakzAuRjtTfiZQFWvcD30wGDLt62huK/3mNBNtnXirCOEEI+XhRO5EUIzoshLaEAo6ybwjjSpi/Ut5linE0tWVNCc70ybOkelR0TorOzXG+dDmpI0P2yD4pEIeckhK5JmVSIZw8kmfySt6sJ+vFerc+xqNz1iSzQ/7A+vwBg4yWHw==</latexit>

Re(�) = a > 0

Stability:

Exponentially Stable 
Marginally Stable

Unstable

<latexit sha1_base64="HncpTNfcdUn3uYya98I3GGpDNYc=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa9eKxiP6QNZbOdtEt3N2F3IpbQX+HFgyJe/Tne/Ddu2xy09cHA470ZZuaFieAGPe/bWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+H1xG8+gjY8Vvc4SiCQtK94xBlFKz10EJ4wu4Nxt1T2Kt4U7iLxc1ImOWrd0lenF7NUgkImqDFt30swyKhGzgSMi53UQELZkPahbamiEkyQTQ8eu8dW6blRrG0pdKfq74mMSmNGMrSdkuLAzHsT8T+vnWJ0GWRcJSmCYrNFUSpcjN3J926Pa2AoRpZQprm91WUDqilDm1HRhuDPv7xIGqcV/7zi356Vq1d5HAVySI7ICfHJBamSG1IjdcKIJM/klbw52nlx3p2PWeuSk88ckD9wPn8AMF6Qqg==</latexit>

Re

<latexit sha1_base64="oDddi44xtPe59OLKwF2puYSIHDE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUREPRa96K2C/ZA2lM120i7d3YTdiVhCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqBnUWi1i3QmpAcAV15CiglWigMhTQDIfXE7/5CNrwWN3jKIFA0r7iEWcUrfTQQXjC7FaOu6WyV/GmcBeJn5MyyVHrlr46vZilEhQyQY1p+16CQUY1ciZgXOykBhLKhrQPbUsVlWCCbHrw2D22Ss+NYm1LoTtVf09kVBozkqHtlBQHZt6biP957RSjyyDjKkkRFJstilLhYuxOvnd7XANDMbKEMs3trS4bUE0Z2oyKNgR//uVF0jit+OcV/+6sXL3K4yiQQ3JETohPLkiV3JAaqRNGJHkmr+TN0c6L8+58zFqXnHzmgPyB8/kDLtCQqQ==</latexit>

Im
<latexit sha1_base64="52aFEB5+2OswW6E4ZKtEYTSHXH0=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIsQm7ImphEbSxjGIekF3C7OQmGTL7YOauGNYU/oqNhSK2/oadf+PkUWjigYHDOfdw7xw/lkKjbX9bmYXFpeWV7GpubX1jcyu/vVPTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1v3818uv3oLSIwjscxOAFrBuKjuAMjdTK77kID5jewrDoShNrsyN6Qe1WvmCX7DHoPHGmpECmqLTyX2474kkAIXLJtG46doxeyhQKLmGYcxMNMeN91oWmoSELQHvp+P4hPTRKm3YiZV6IdKz+TqQs0HoQ+GYyYNjTs95I/M9rJtg591IRxglCyCeLOomkGNFRGbQtFHCUA0MYV8LcSnmPKcbRVJYzJTizX54nteOSc1pybk4K5ctpHVmyTw5IkTjkjJTJNamQKuHkkTyTV/JmPVkv1rv1MRnNWNPMLvkD6/MHe0CVFw==</latexit>

Re(�) < 0
OLHP 
Exp.


Stable

region


Imag Axis 
Marginally


Stable Region

<latexit sha1_base64="PIBwkfNoR3gLZag2W1eGTa4Z7Zs=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrsiaiMEtbCMYB6QxDA7ezcZMvtg5q4QlnyBjb9iY6GIrbWdf+Mk2UITDwwczjmXO/e4sRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GjhLFoc4jGamWyzRIEUIdBUpoxQpY4EpousOrid98AKVFFN7hKIZuwPqh8AVnaKResdyRJuyxXucaJDJ6QeE+zTSaaTjuFUt2xZ6CLhInIyWSodYrfnW8iCcBhMgl07rt2DF2U6ZQcAnjQifREDM+ZH1oGxqyAHQ3nZ4zpmWjeNSPlHkh0qn6eyJlgdajwDXJgOFAz3sT8T+vnaB/3k1FGCcIIZ8t8hNJMaKTbqgnFHCUI0MYV8L8lfIBU4yjabBgSnDmT14kjeOKc1pxbk9K1cusjjw5IIfkiDjkjFTJDamROuHkkTyTV/JmPVkv1rv1MYvmrGxmn/yB9fkDAuObdA==</latexit>

�� = e��t

<latexit sha1_base64="O4cBLKeTC8tY0lYSi9xFESEo9ak=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUREXRbrwmUF+4AmlMl00g6dTMLMjVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOecy954gEVyD43xbS8srq2vrpY3y5tb2zq69t9/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYzqud9+YErzWN7DOGF+RAaSh5wSMFLPPvKECfdJz7thAgj2uMReRGAYBFl90rMrTtWZAi8StyAVVKDRs7+8fkzTiEmggmjddZ0E/Iwo4FSwSdlLNUsIHZEB6xoqScS0n03PmOATo/RxGCvzJOCp+nsiI5HW4ygwyXxDPe/l4n9eN4Xwys+4TFJgks4+ClOBIcZ5J7jPFaMgxoYQqrjZFdMhUYSCaa5sSnDnT14krbOqe1F1784rteuijhI6RMfoFLnoEtXQLWqgJqLoET2jV/RmPVkv1rv1MYsuWcXMAfoD6/MHwjSYrQ==</latexit>

�� 2 C<latexit sha1_base64="DnuZ+TdqxmN9MvnbwWcbKSc9dO0=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLosduOygn1AE8pkMmmHTiZhZiKU2IW/4saFIm79DXf+jdM2C209MHA491zumROknCntON9WaWV1bX2jvFnZ2t7Z3bP3D9oqySShLZLwRHYDrChngrY005x2U0lxHHDaCUaN6bzzQKViibjX45T6MR4IFjGCtZH69pHHjTnEyGMCeTHWwyDIG5O+XXVqzgxombgFqUKBZt/+8sKEZDEVmnCsVM91Uu3nWGpGOJ1UvEzRFJMRHtCeoQLHVPn5LP8EnRolRFEizRMazdTfGzmOlRrHgXFOE6rF2VT8b9bLdHTt50ykmaaCzA9FGUc6QdMyUMgkJZqPDcFEMpMVkSGWmGhTWcWU4C5+eZm0z2vuZc29u6jWb4o6ynAMJ3AGLlxBHW6hCS0g8AjP8Apv1pP1Yr1bH3NrySp2DuEPrM8feQmVwg==</latexit>

� 2 C

LTI Scalar ODE



CLTI System - Autonomous

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

<latexit sha1_base64="0OeHkC3cefgMl3gh5LTkhsZ79DU=">AAACAHicbVC7SgNBFJ2NrxhfUQsLmyFBSBDDroXaCFEbywjmAcm6zE4myZDZBzN3JWHZxm/wD2wsFLH1M+zyN04ehSYeuHA4517uvccNBVdgmiMjtbS8srqWXs9sbG5t72R392oqiCRlVRqIQDZcopjgPqsCB8EaoWTEcwWru/2bsV9/ZFLxwL+HYchsj3R93uGUgJac7MGgAEV8idlDfFWAE3DMYoIHjulk82bJnAAvEmtG8uVc6/h5VB5WnOx3qx3QyGM+UEGUalpmCHZMJHAqWJJpRYqFhPZJlzU19YnHlB1PHkjwkVbauBNIXT7gifp7IiaeUkPP1Z0egZ6a98bif14zgs6FHXM/jID5dLqoEwkMAR6ngdtcMgpiqAmhkutbMe0RSSjozDI6BGv+5UVSOy1ZZyXrzsqXr9EUaXSIcqiALHSOyugWVVAVUZSgF/SG3o0n49X4MD6nrSljNrOP/sD4+gGUb5d1</latexit>

x(t) = eA(t�t0)x0

… eigenvalues control decay/expansion 
and oscillation for eigensubspaces 

matrix

exponential

For diagonalizable A:
<latexit sha1_base64="N7E3f+NLpKiaPqces1sQJaJ8pzo=">AAAB83icbVDLSgMxFM34rOOr6tJNsAhuLBMX6qZYHwuXFey00I4lk2ba0EwmJBmhDP0NNy4Udet3uHcj/o3pY6GtBy4czrmXe+8JJWfaeN63Mze/sLi0nFtxV9fWNzbzW9u+TlJFaJUkPFH1EGvKmaBVwwyndakojkNOa2HvcujX7qnSLBG3pi9pEOOOYBEj2FipeQ5L0L/y77JDNGjlC17RGwHOEjQhhbMPtyRfv9xKK//ZbCckjakwhGOtG8iTJsiwMoxwOnCbqaYSkx7u0IalAsdUB9no5gHct0obRomyJQwcqb8nMhxr3Y9D2xlj09XT3lD8z2ukJjoNMiZkaqgg40VRyqFJ4DAA2GaKEsP7lmCimL0Vki5WmBgbk2tDQNMvzxL/qIiOi+gGFcoXYIwc2AV74AAgcALK4BpUQBUQIMEDeALPTuo8Oi/O27h1zpnM7IA/cN5/AFmXk5g=</latexit>

A = V DV �1

<latexit sha1_base64="rWKFjyjGPLJ0YOJAvuNjGRUxrk0=">AAAB+XicbVDJSgNBEO1xjXEb9eilSRAiQpjxoF6EUS8eI5gFknHo6XSSJj0L3TUhw5C/8OjFgyJe/RNv+Rs7y0ETHxQ83quiqp4fC67AssbGyura+sZmbiu/vbO7t28eHNZUlEjKqjQSkWz4RDHBQ1YFDoI1YslI4AtW9/t3E78+YFLxKHyENGZuQLoh73BKQEueaQ5LcIqvMXvKbmA09CzPLFplawq8TOw5KTqF1tnz2Ekrnvndakc0CVgIVBClmrYVg5sRCZwKNsq3EsViQvuky5qahiRgys2ml4/wiVbauBNJXSHgqfp7IiOBUmng686AQE8tehPxP6+ZQOfKzXgYJ8BCOlvUSQSGCE9iwG0uGQWRakKo5PpWTHtEEgo6rLwOwV58eZnUzsv2Rdl+sIvOLZohh45RAZWQjS6Rg+5RBVURRQP0gt7Qu5EZr8aH8TlrXTHmM0foD4yvH/KHlY4=</latexit>

x(t) = eAtx0

<latexit sha1_base64="qfPmL9sNAXNCz3bIS2rAb1/SsA0=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcVeoB1KJs20oZlkSM4oZehjuHGhSLe+h3s34tuYXhba+kPg4//PIeecMBHcgOd9O7ml5ZXVtfy6u7G5tb1T2N2rGZVqyqpUCaUbITFMcMmqwEGwRqIZiUPB6mH/epzXH5g2XMl7GCQsiElX8ohTAtZqtu54twdEa/XYLhS9kjcRXgR/BsXLD/ciGX25lXbhs9VRNI2ZBCqIMU3fSyDIiAZOBRu6rdSwhNA+6bKmRUliZoJsMvIQH1mngyOl7ZOAJ+7vjozExgzi0FbGBHpmPhub/2XNFKLzIOMySYFJOv0oSgUGhcf74w7XjIIYWCBUczsrpj2iCQV7JdcewZ9feRFqJyX/tOTf+sXyFZoqjw7QITpGPjpDZXSDKqiKKFLoCb2gVwecZ+fNGU1Lc86sZx/9kfP+A/LqlLE=</latexit>)

<latexit sha1_base64="2BP+1Su0NZT6HKERAWWrkJVez0Q=">AAACAHicbVC7SgNBFJ2NrxhfUQsLmyFBiIhh10JthKAWlhHMJpAXs5NJMmT2wcxdybJs4zf4BzYWitj6GXb5GyePQhMPXDiccy/33uMEgiswzZGRWlpeWV1Lr2c2Nre2d7K7e7byQ0lZhfrClzWHKCa4xyrAQbBaIBlxHcGqzuBm7FcfmVTc9x4gCljTJT2PdzkloKV29mBYgGN8hW3Wim8hsVvxqZUM22Y7mzeL5gR4kVgzki/lGifPo1JUbme/Gx2fhi7zgAqiVN0yA2jGRAKngiWZRqhYQOiA9FhdU4+4TDXjyQMJPtJKB3d9qcsDPFF/T8TEVSpyHd3pEuireW8s/ufVQ+heNmPuBSEwj04XdUOBwcfjNHCHS0ZBRJoQKrm+FdM+kYSCziyjQ7DmX14k9lnROi9a91a+dI2mSKNDlEMFZKELVEJ3qIwqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/AEJg3</latexit>

x(t) = V eDtV �1x0
<latexit sha1_base64="fp8rE1erR/3C9QYr7rUiPi6zs/g=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAlCRAy7FmojBLWwjGAekGzC7GSSDJl9MHNXXJY0Nv6AH2FjoYit/2CXv3HyKDTxwIXDOfdy7z1uKLgCyxoaqYXFpeWV9GpmbX1jc8vc3qmoIJKUlWkgAllziWKC+6wMHASrhZIRzxWs6vavRn71nknFA/8O4pA5Hun6vMMpAS21zP1KMzm2Bw95OMQXmDWTaxhMpZbVMnNWwRoDzxN7SnLFbOPoeViMSy3zu9EOaOQxH6ggStVtKwQnIRI4FWyQaUSKhYT2SZfVNfWJx5STjL8Y4AOttHEnkLp8wGP190RCPKViz9WdHoGemvVG4n9ePYLOuZNwP4yA+XSyqBMJDAEeRYLbXDIKItaEUMn1rZj2iCQUdHAZHYI9+/I8qZwU7NOCfWvnipdogjTaQ1mURzY6Q0V0g0qojCh6RC/oDb0bT8ar8WF8TlpTxnRmF/2B8fUDOlWaHQ==</latexit>

V �1x(t) = eDtV �1x0
<latexit sha1_base64="yjy5tsDQLI6xjxrmQMXJ9GCu6uI=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWoVdC7UJBm0sI5gLJEuYnUySIbOzw8ysJCx5CBsLRSxsfBN7G/FtnFwKTfxh4OP/z2HOOaHkTBvP+3YyS8srq2vZdXdjc2t7J7e7V9VxogitkJjHqh5iTTkTtGKY4bQuFcVRyGkt7F+P89o9VZrF4s4MJQ0i3BWswwg21qoNUBFVB8etXN4reBOhRfBnkL/8cIvy7cstt3KfzXZMkogKQzjWuuF70gQpVoYRTkduM9FUYtLHXdqwKHBEdZBOxh2hI+u0USdW9gmDJu7vjhRHWg+j0FZG2PT0fDY2/8saielcBCkTMjFUkOlHnYQjE6Px7qjNFCWGDy1gopidFZEeVpgYeyHXHsGfX3kRqqcF/6zg3/r50hVMlYUDOIQT8OEcSnADZagAgT48wBM8O9J5dF6c12lpxpn17MMfOe8/XGqR7g==</latexit>

x = V x0

<latexit sha1_base64="qfPmL9sNAXNCz3bIS2rAb1/SsA0=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcVeoB1KJs20oZlkSM4oZehjuHGhSLe+h3s34tuYXhba+kPg4//PIeecMBHcgOd9O7ml5ZXVtfy6u7G5tb1T2N2rGZVqyqpUCaUbITFMcMmqwEGwRqIZiUPB6mH/epzXH5g2XMl7GCQsiElX8ohTAtZqtu54twdEa/XYLhS9kjcRXgR/BsXLD/ciGX25lXbhs9VRNI2ZBCqIMU3fSyDIiAZOBRu6rdSwhNA+6bKmRUliZoJsMvIQH1mngyOl7ZOAJ+7vjozExgzi0FbGBHpmPhub/2XNFKLzIOMySYFJOv0oSgUGhcf74w7XjIIYWCBUczsrpj2iCQV7JdcewZ9feRFqJyX/tOTf+sXyFZoqjw7QITpGPjpDZXSDKqiKKFLoCb2gVwecZ+fNGU1Lc86sZx/9kfP+A/LqlLE=</latexit>)
<latexit sha1_base64="s7Ial/AuHsvP9Zgac9Ro/6rm/fA=">AAAB+3icbVDLSgNBEJyNrxhfazx6GRIkESHselAvwqIePEYwD0jWMDuZJENmH8z0SpYlf+HZiwdFvPoj3vI3ThIPmljQUFR1093lRYIrsKyJkVlZXVvfyG7mtrZ3dvfM/XxdhbGkrEZDEcqmRxQTPGA14CBYM5KM+J5gDW94PfUbj0wqHgb3kETM9Uk/4D1OCWipY+ZHpTIc40vMHtIbGI9KHatjFq2KNQNeJvYPKTqF9snTxEmqHfOr3Q1p7LMAqCBKtWwrAjclEjgVbJxrx4pFhA5Jn7U0DYjPlJvObh/jI610cS+UugLAM/X3REp8pRLf050+gYFa9Kbif14rht6Fm/IgioEFdL6oFwsMIZ4GgbtcMgoi0YRQyfWtmA6IJBR0XDkdgr348jKpn1bss4p9ZxedKzRHFh2iAiojG50jB92iKqohikboGb2iN2NsvBjvxse8NWP8zBygPzA+vwG/iJXz</latexit>

x0(t) = eDtx0
0

<latexit sha1_base64="zLbbFN4ijRuCC6MM6SqPeFuDtMY=">AAACCnicbVC7TgJBFJ3FF+ILtbQZIUaICdmxUBsToo0lJvJIADezw4ATZh+ZuWskG2obS3/DxkJjbP0CO/7GYaFQ8CSTnJxzT+7c44ZSaLDtkZVaWFxaXkmvZtbWNza3sts7NR1EivEqC2SgGi7VXAqfV0GA5I1Qceq5ktfd/uXYr99zpUXg38Ag5G2P9nzRFYyCkZzs/sOhQwpQxOcZfhu3pEl2qEMwDHHi2EUnm7dLdgI8T8iU5Mu51tHzqDyoONnvVidgkcd9YJJq3SR2CO2YKhBM8mGmFWkeUtanPd401Kce1+04OWWID4zSwd1AmecDTtTfiZh6Wg8810x6FO70rDcW//OaEXTP2rHwwwi4zyaLupHEEOBxL7gjFGcgB4ZQpoT5K2Z3VFEGpr2MKYHMnjxPasclclIi1yRfvkATpNEeyqECIugUldEVqqAqYugRvaA39G49Wa/Wh/U5GU1Z08wu+gPr6wfZ3prO</latexit>

x0
1(t) = e�1tx0

1(0)

<latexit sha1_base64="81uQMKDwll62GyUXPiLeN/DJcwg=">AAACCnicbVC7TgJBFJ3FF+ILtbQZIUaICdm1UBsToo0lJvJIADezw4ATZmc3M3eNZENtY+lv2FhojK1fYMffOCwUCp5kkpNz7smde7xQcA22PbJSC4tLyyvp1cza+sbmVnZ7p6aDSFFWpYEIVMMjmgkuWRU4CNYIFSO+J1jd61+O/fo9U5oH8gYGIWv7pCd5l1MCRnKz+w+HrixAEZ9n2G3cEibZIa7EMMSJYxfdbN4u2QnwPHGmJF/OtY6eR+VBxc1+tzoBjXwmgQqiddOxQ2jHRAGngg0zrUizkNA+6bGmoZL4TLfj5JQhPjBKB3cDZZ4EnKi/EzHxtR74npn0CdzpWW8s/uc1I+ietWMuwwiYpJNF3UhgCPC4F9zhilEQA0MIVdz8FdM7oggF017GlODMnjxPascl56TkXDv58gWaII32UA4VkINOURldoQqqIooe0Qt6Q+/Wk/VqfVifk9GUNc3soj+wvn4A+YibhQ==</latexit>

x0
n(t) = e�ntx0

n(0)

<latexit sha1_base64="LEfOd/6PjCaG/KjyFuI+jrEbAYw=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRJmZ2eTMbMzy8xZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8JUcAOe9+UUFhaXlleKq+7a+sbmVml7p2FUpimrUyWUboXEMMElqwMHwVqpZiQJBWuGg8tx3rxj2nAlb2CYsiAhPcljTglYq9GhkQLTLZW9ijcRngf/B8rn7+5Z+vrp1rqlj06kaJYwCVQQY9q+l0KQEw2cCjZyO5lhKaED0mNti5IkzAT5ZNoRPrBOhGOl7ZOAJ+7vjpwkxgyT0FYmBPpmNhub/2XtDOLTIOcyzYBJOv0ozgQGhcer44hrRkEMLRCquZ0V0z7RhII9kGuP4M+uPA+No4p/XPGv/XL1Ak1VRHtoHx0iH52gKrpCNVRHFN2ie/SInhzlPDjPzsu0tOD89OyiP3LevgEQNZJz</latexit> ··
·

Quiver Plot & Trajectory:
Solution:

LTI Vector ODE

LTI = linear time invariant 

<latexit sha1_base64="Wxmw/EMJsZZssMA9Y5CvRF72/dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+q5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMJI2l</latexit>x0Initial Conditions

Trajectory
<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)
<latexit sha1_base64="pP6UkvNk4KspXjNVrBGmO/CdmcE=">AAACFXicbVDLSsNAFJ3UV42vqks3g0VwISURUTdC0Y3LCvYBTQiT6W07dDIJMxOxhP6EG3/FjQtF3Aru/BsnbUFtPTDD4Zx7ufeeMOFMacf5sgoLi0vLK8VVe219Y3OrtL3TUHEqKdRpzGPZCokCzgTUNdMcWokEEoUcmuHgKvebdyAVi8WtHibgR6QnWJdRoo0UlI4agYsvbC+EHhNZGBEt2f3IdrHnmc/2QHR+1KBUdirOGHieuFNSRlPUgtKn14lpGoHQlBOl2q6TaD8jUjPKYWR7qYKE0AHpQdtQQSJQfja+aoQPjNLB3ViaJzQeq787MhIpNYxCU2kW7KtZLxf/89qp7p77GRNJqkHQyaBuyrGOcR4R7jAJVPOhIYRKZnbFtE8kodoEmYfgzp48TxrHFfe04t6clKuX0ziKaA/to0PkojNURdeohuqIogf0hF7Qq/VoPVtv1vuktGBNe3bRH1gf30ZCnQo=</latexit>

V1 =


1
1

�

<latexit sha1_base64="6bG4j3CVsydGvfjK2SWvF0i67ps=">AAACFnicbVDLSsNAFJ3UV42vqEs3g0Vw05IUUTdC0Y3LCvYBTSiT6W07dDIJMxOxhH6FG3/FjQtF3Io7/8bpA9TWAxcO59zLvfeECWdKu+6XlVtaXlldy6/bG5tb2zvO7l5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U6y3y/jC9kPoMZGFEdGS3Y/sood93/aw7YPo/Mhtp+CW3AnwIvFmpIBmqLadT78T0zQCoSknSrU8N9FBRqRmlMPI9lMFCaED0oOWoYJEoIJs8tYIHxmlg7uxNCU0nqi/JzISKTWMQtNpDuyreW8s/ue1Ut09DzImklSDoNNF3ZRjHeNxRrjDJFDNh4YQKpm5FdM+kYRqk+Q4BG/+5UVSL5e805J3c1KoXM7iyKMDdIiOkYfOUAVdoyqqIYoe0BN6Qa/Wo/VsvVnv09acNZvZR39gfXwDvQKdQg==</latexit>

V2 =


�1
1

�

<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax
<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0

<latexit sha1_base64="W/I6exjMqSSUWiUsCyLBZw6RmqM="></latexit>2

4
| |
V1 V2

| |

3

5

<latexit sha1_base64="tqqFcCqV0NNBe35bRz+CoYiKU1M=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1qSIupGKLpxWcE+oA1hMpm2QyeTMDMRauiXuHGhiFs/xZ1/47TNQlsPDBzOOZd75wQJZ0o7zrdVWFldW98obpa2tnd2y/befkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh26rcfqVQsFg96nFAvwgPB+oxgbSTfLve4CYfYd9E1Oqud+nbFqTozoGXi5qQCORq+/dULY5JGVGjCsVJd10m0l2GpGeF0UuqliiaYjPCAdg0VOKLKy2aHT9CxUULUj6V5QqOZ+nsiw5FS4ygwyQjroVr0puJ/XjfV/SsvYyJJNRVkvqifcqRjNG0BhUxSovnYEEwkM7ciMsQSE226KpkS3MUvL5NWrepeVN3780r9Jq+jCIdwBCfgwiXU4Q4a0AQCKTzDK7xZT9aL9W59zKMFK585gD+wPn8AZO2RnA==</latexit>

�1 = �2,
<latexit sha1_base64="EED7/pT0cWqyNAVqP9b3cd1Eny8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgxpKUom6EohuXFewD2lgmk0k7dDIJMxOlhP6HGxeKuPVf3Pk3TtostPXAwOGcc7l3jhdzprRtf1uFldW19Y3iZmlre2d3r7x/0FZRIgltkYhHsuthRTkTtKWZ5rQbS4pDj9OON77J/M4jlYpF4l5PYuqGeChYwAjWRnrocxP18aCGrtBZfVCu2FV7BrRMnJxUIEdzUP7q+xFJQio04VipnmPH2k2x1IxwOi31E0VjTMZ4SHuGChxS5aazq6foxCg+CiJpntBopv6eSHGo1CT0TDLEeqQWvUz8z+slOrh0UybiRFNB5ouChCMdoawC5DNJieYTQzCRzNyKyAhLTLQpqmRKcBa/vEzatapzXnXu6pXGdV5HEY7gGE7BgQtowC00oQUEJDzDK7xZT9aL9W59zKMFK585hD+wPn8AheOROA==</latexit>

�2 = �4

<latexit sha1_base64="/v0hzX6GibAEnVCt4ZaGmfHPZQ8=">AAACGnicbZDLSgMxFIYzXut4q7p0EyyKG8tERN0IRTcuK9gLdErJpKdtaCYzJBmxDH0ON76KGxeKuBM3vo2ZtqC2Hgh8/P855Jw/iAXXxvO+nLn5hcWl5dyKu7q2vrGZ39qu6ihRDCosEpGqB1SD4BIqhhsB9VgBDQMBtaB/lfm1O1CaR/LWDGJohrQreYczaqzUypML1w+gy2UahNQofj90CT7ARwT7/ogIdn2Q7R+7lS94RW9UeBbIBApoUuVW/sNvRywJQRomqNYN4sWmmVJlOBMwdP1EQ0xZn3ahYVHSEHQzHZ02xPtWaeNOpOyTBo/U3xMpDbUehIHttAv29LSXif95jcR0zpspl3FiQLLxR51EYBPhLCfc5gqYEQMLlClud8WsRxVlxqaZhUCmT56F6nGRnBbJzUmhdDmJI4d20R46RASdoRK6RmVUQQw9oCf0gl6dR+fZeXPex61zzmRmB/0p5/Mbt4KdkQ==</latexit>

=


1 �1
1 1

�

<latexit sha1_base64="2zlv5wdu+LC6/VVDcY2gYc91mWk=">AAACHXicbZDLSgMxFIYz9VbHW9Wlm2BR3LTM2KJuhKoblxXsBTqlZNLTNjSTGZKMWIa+iBtfxY0LRVy4Ed/G9AJq64HAx/+fQ875/YgzpR3ny0otLC4tr6RX7bX1jc2tzPZOVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPn9q5FfuwOpWChu9SCCZkC6gnUYJdpIrUzxAp9j2/Ohy0TiB0RLdj+0cwV8iF3sebZrIFewPRDtH7uVyTp5Z1x4HtwpZNG0yq3Mh9cOaRyA0JQTpRquE+lmQqRmlMPQ9mIFEaF90oWGQUECUM1kfN0QHxiljTuhNE9oPFZ/TyQkUGoQ+KbTLNhTs95I/M9rxLpz1kyYiGINgk4+6sQc6xCPosJtJoFqPjBAqGRmV0x7RBKqTaCjENzZk+ehepx3T/LuTTFbupzGkUZ7aB8dIRedohK6RmVUQRQ9oCf0gl6tR+vZerPeJ60pazqzi/6U9fkNH7ueQQ==</latexit>

A =


�3 1
1 �3

�

…in eigenvector coordinates
<latexit sha1_base64="oYgmxEVQdyjgN4vTftZVpCQiyqs="></latexit>2

64
x0
1(t)
...

x0
n(t)

3

75 =

2

64
e�1t · · · 0
...

...
0 · · · e�nt

3

75

2

64
x0
1(0)
...

x0
n(0)

3

75 <latexit sha1_base64="qfPmL9sNAXNCz3bIS2rAb1/SsA0=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcVeoB1KJs20oZlkSM4oZehjuHGhSLe+h3s34tuYXhba+kPg4//PIeecMBHcgOd9O7ml5ZXVtfy6u7G5tb1T2N2rGZVqyqpUCaUbITFMcMmqwEGwRqIZiUPB6mH/epzXH5g2XMl7GCQsiElX8ohTAtZqtu54twdEa/XYLhS9kjcRXgR/BsXLD/ciGX25lXbhs9VRNI2ZBCqIMU3fSyDIiAZOBRu6rdSwhNA+6bKmRUliZoJsMvIQH1mngyOl7ZOAJ+7vjozExgzi0FbGBHpmPhub/2XNFKLzIOMySYFJOv0oSgUGhcf74w7XjIIYWCBUczsrpj2iCQV7JdcewZ9feRFqJyX/tOTf+sXyFZoqjw7QITpGPjpDZXSDKqiKKFLoCb2gVwecZ+fNGU1Lc86sZx/9kfP+A/LqlLE=</latexit>)

Example: 
<latexit sha1_base64="5oreVFieJdzgtBV4+YAOyzWUz8g=">AAACBnicbVA9SwNBEJ2LXzF+RS1FWAyCVbhLoXZGbSyjmA/InWFvs5cs2ds7dveEcKSy8a/YWChi62+w86fYubmk0MQHA4/3ZpiZ58ecKW3bX1ZuYXFpeSW/Wlhb39jcKm7vNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpDy7HfvOeSsUicauHMfVC3BMsYARrI3WK++fIZQK5IdZ9309vRndpBbmahVShyqhTLNllOwOaJ86UlM6+gwy1TvHT7UYkCanQhGOl2o4day/FUjPC6ajgJorGmAxwj7YNFdjs8dLsjRE6NEoXBZE0JTTK1N8TKQ6VGoa+6Ryfq2a9sfif1050cOqlTMSJpoJMFgUJRzpC40xQl0lKNB8agolk5lZE+lhiok1yBROCM/vyPGlUys5x2bl2StULmCAPe3AAR+DACVThCmpQBwIP8AQv8Go9Ws/Wm/U+ac1Z05ld+APr4weqiZus</latexit>

A 2 R2⇥2

Eigenvalues

Eigenvectors



<latexit sha1_base64="cQGpun8jGsCNbzzuoU9JT2/OnDI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEkIupGqI+Fywr2AWkIk+lNO3TyYGYiltiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPn3AmlWV9G4W5+YXFpeJyaWV1bX3D3NxqyDgVFOo05rFo+UQCZxHUFVMcWokAEvocmn7/auQ370FIFkd3apCAG5JuxAJGidKSZ+48OP1D28Xn+MJrXwNXBGvF9cyyVbHGwLPEzkkZ5ah55le7E9M0hEhRTqR0bCtRbkaEYpTDsNROJSSE9kkXHE0jEoJ0s/H9Q7yvlQ4OYqErUnis/p7ISCjlIPR1Z0hUT057I/E/z0lVcOZmLEpSBRGdLApSjlWMR2HgDhNAFR9oQqhg+lZMe0QQqnRkJR2CPf3yLGkcVeyTin17XK5e5nEU0S7aQwfIRqeoim5QDdURRY/oGb2iN+PJeDHejY9Ja8HIZ7bRHxifP7aOlKI=</latexit>

x[k + 1] = A�x[k]

<latexit sha1_base64="O9j0tns9q9egUSI3i4FzyfnXAg0=">AAACE3icbVC7SgNBFJ2N7/iKWtoMBiFRDLsiaiP4KiwVjAkka5id3CRDZh/M3BXDkn+w8VdsLBSxtbHzb5zELTTxwMDhnHO5c48XSaHRtr+szMTk1PTM7Fx2fmFxaTm3snqjw1hxKPNQhqrqMQ1SBFBGgRKqkQLmexIqXvds4FfuQGkRBtfYi8D1WTsQLcEZGqmR27ov4Hb9HCQyikV6ROE2Ofkl0R2kxb4JFWkjl7dL9hB0nDgpyZMUl43cZ70Z8tiHALlkWtccO0I3YQoFl9DP1mMNEeNd1oaaoQHzQbvJ8KY+3TRKk7ZCZV6AdKj+nkiYr3XP90zSZ9jRo95A/M+rxdg6dBMRRDFCwH8WtWJJMaSDgmhTKOAoe4YwroT5K+UdphhHU2PWlOCMnjxObnZLzn7JudrLH5+mdcySdbJBCsQhB+SYXJBLUiacPJAn8kJerUfr2Xqz3n+iGSudWSN/YH18AwKgmxg=</latexit>

x(t+�t) = eA(t+�t�t)x(t)

DLTI System - Autonomous

<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

…in eigenvector coordinates

<latexit sha1_base64="LEfOd/6PjCaG/KjyFuI+jrEbAYw=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRJmZ2eTMbMzy8xZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8JUcAOe9+UUFhaXlleKq+7a+sbmVml7p2FUpimrUyWUboXEMMElqwMHwVqpZiQJBWuGg8tx3rxj2nAlb2CYsiAhPcljTglYq9GhkQLTLZW9ijcRngf/B8rn7+5Z+vrp1rqlj06kaJYwCVQQY9q+l0KQEw2cCjZyO5lhKaED0mNti5IkzAT5ZNoRPrBOhGOl7ZOAJ+7vjpwkxgyT0FYmBPpmNhub/2XtDOLTIOcyzYBJOv0ozgQGhcer44hrRkEMLRCquZ0V0z7RhII9kGuP4M+uPA+No4p/XPGv/XL1Ak1VRHtoHx0iH52gKrpCNVRHFN2ie/SInhzlPDjPzsu0tOD89OyiP3LevgEQNZJz</latexit> ··
·

<latexit sha1_base64="qfPmL9sNAXNCz3bIS2rAb1/SsA0=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcVeoB1KJs20oZlkSM4oZehjuHGhSLe+h3s34tuYXhba+kPg4//PIeecMBHcgOd9O7ml5ZXVtfy6u7G5tb1T2N2rGZVqyqpUCaUbITFMcMmqwEGwRqIZiUPB6mH/epzXH5g2XMl7GCQsiElX8ohTAtZqtu54twdEa/XYLhS9kjcRXgR/BsXLD/ciGX25lXbhs9VRNI2ZBCqIMU3fSyDIiAZOBRu6rdSwhNA+6bKmRUliZoJsMvIQH1mngyOl7ZOAJ+7vjozExgzi0FbGBHpmPhub/2XNFKLzIOMySYFJOv0oSgUGhcf74w7XjIIYWCBUczsrpj2iCQV7JdcewZ9feRFqJyX/tOTf+sXyFZoqjw7QITpGPjpDZXSDKqiKKFLoCb2gVwecZ+fNGU1Lc86sZx/9kfP+A/LqlLE=</latexit>)
<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0

LTI Vector ODE

LTI = linear time invariant 

Example: Quiver Plot & Trajectory:<latexit sha1_base64="5oreVFieJdzgtBV4+YAOyzWUz8g=">AAACBnicbVA9SwNBEJ2LXzF+RS1FWAyCVbhLoXZGbSyjmA/InWFvs5cs2ds7dveEcKSy8a/YWChi62+w86fYubmk0MQHA4/3ZpiZ58ecKW3bX1ZuYXFpeSW/Wlhb39jcKm7vNFSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpDy7HfvOeSsUicauHMfVC3BMsYARrI3WK++fIZQK5IdZ9309vRndpBbmahVShyqhTLNllOwOaJ86UlM6+gwy1TvHT7UYkCanQhGOl2o4day/FUjPC6ajgJorGmAxwj7YNFdjs8dLsjRE6NEoXBZE0JTTK1N8TKQ6VGoa+6Ryfq2a9sfif1050cOqlTMSJpoJMFgUJRzpC40xQl0lKNB8agolk5lZE+lhiok1yBROCM/vyPGlUys5x2bl2StULmCAPe3AAR+DACVThCmpQBwIP8AQv8Go9Ws/Wm/U+ac1Z05ld+APr4weqiZus</latexit>

A 2 R2⇥2

Eigenvalues

Eigenvectors

<latexit sha1_base64="Wxmw/EMJsZZssMA9Y5CvRF72/dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+q5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMJI2l</latexit>x0Initial Conditions

Trajectory
<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)
<latexit sha1_base64="tqqFcCqV0NNBe35bRz+CoYiKU1M=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1qSIupGKLpxWcE+oA1hMpm2QyeTMDMRauiXuHGhiFs/xZ1/47TNQlsPDBzOOZd75wQJZ0o7zrdVWFldW98obpa2tnd2y/befkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh26rcfqVQsFg96nFAvwgPB+oxgbSTfLve4CYfYd9E1Oqud+nbFqTozoGXi5qQCORq+/dULY5JGVGjCsVJd10m0l2GpGeF0UuqliiaYjPCAdg0VOKLKy2aHT9CxUULUj6V5QqOZ+nsiw5FS4ygwyQjroVr0puJ/XjfV/SsvYyJJNRVkvqifcqRjNG0BhUxSovnYEEwkM7ciMsQSE226KpkS3MUvL5NWrepeVN3780r9Jq+jCIdwBCfgwiXU4Q4a0AQCKTzDK7xZT9aL9W59zKMFK585gD+wPn8AZO2RnA==</latexit>

�1 = �2,
<latexit sha1_base64="EED7/pT0cWqyNAVqP9b3cd1Eny8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgxpKUom6EohuXFewD2lgmk0k7dDIJMxOlhP6HGxeKuPVf3Pk3TtostPXAwOGcc7l3jhdzprRtf1uFldW19Y3iZmlre2d3r7x/0FZRIgltkYhHsuthRTkTtKWZ5rQbS4pDj9OON77J/M4jlYpF4l5PYuqGeChYwAjWRnrocxP18aCGrtBZfVCu2FV7BrRMnJxUIEdzUP7q+xFJQio04VipnmPH2k2x1IxwOi31E0VjTMZ4SHuGChxS5aazq6foxCg+CiJpntBopv6eSHGo1CT0TDLEeqQWvUz8z+slOrh0UybiRFNB5ouChCMdoawC5DNJieYTQzCRzNyKyAhLTLQpqmRKcBa/vEzatapzXnXu6pXGdV5HEY7gGE7BgQtowC00oQUEJDzDK7xZT9aL9W59zKMFK585hD+wPn8AheOROA==</latexit>

�2 = �4

<latexit sha1_base64="W/I6exjMqSSUWiUsCyLBZw6RmqM="></latexit>2

4
| |
V1 V2

| |

3

5

<latexit sha1_base64="/v0hzX6GibAEnVCt4ZaGmfHPZQ8=">AAACGnicbZDLSgMxFIYzXut4q7p0EyyKG8tERN0IRTcuK9gLdErJpKdtaCYzJBmxDH0ON76KGxeKuBM3vo2ZtqC2Hgh8/P855Jw/iAXXxvO+nLn5hcWl5dyKu7q2vrGZ39qu6ihRDCosEpGqB1SD4BIqhhsB9VgBDQMBtaB/lfm1O1CaR/LWDGJohrQreYczaqzUypML1w+gy2UahNQofj90CT7ARwT7/ogIdn2Q7R+7lS94RW9UeBbIBApoUuVW/sNvRywJQRomqNYN4sWmmVJlOBMwdP1EQ0xZn3ahYVHSEHQzHZ02xPtWaeNOpOyTBo/U3xMpDbUehIHttAv29LSXif95jcR0zpspl3FiQLLxR51EYBPhLCfc5gqYEQMLlClud8WsRxVlxqaZhUCmT56F6nGRnBbJzUmhdDmJI4d20R46RASdoRK6RmVUQQw9oCf0gl6dR+fZeXPex61zzmRmB/0p5/Mbt4KdkQ==</latexit>

=


1 �1
1 1

�

<latexit sha1_base64="pP6UkvNk4KspXjNVrBGmO/CdmcE=">AAACFXicbVDLSsNAFJ3UV42vqks3g0VwISURUTdC0Y3LCvYBTQiT6W07dDIJMxOxhP6EG3/FjQtF3Aru/BsnbUFtPTDD4Zx7ufeeMOFMacf5sgoLi0vLK8VVe219Y3OrtL3TUHEqKdRpzGPZCokCzgTUNdMcWokEEoUcmuHgKvebdyAVi8WtHibgR6QnWJdRoo0UlI4agYsvbC+EHhNZGBEt2f3IdrHnmc/2QHR+1KBUdirOGHieuFNSRlPUgtKn14lpGoHQlBOl2q6TaD8jUjPKYWR7qYKE0AHpQdtQQSJQfja+aoQPjNLB3ViaJzQeq787MhIpNYxCU2kW7KtZLxf/89qp7p77GRNJqkHQyaBuyrGOcR4R7jAJVPOhIYRKZnbFtE8kodoEmYfgzp48TxrHFfe04t6clKuX0ziKaA/to0PkojNURdeohuqIogf0hF7Qq/VoPVtv1vuktGBNe3bRH1gf30ZCnQo=</latexit>

V1 =


1
1

�

<latexit sha1_base64="6bG4j3CVsydGvfjK2SWvF0i67ps=">AAACFnicbVDLSsNAFJ3UV42vqEs3g0Vw05IUUTdC0Y3LCvYBTSiT6W07dDIJMxOxhH6FG3/FjQtF3Io7/8bpA9TWAxcO59zLvfeECWdKu+6XlVtaXlldy6/bG5tb2zvO7l5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U6y3y/jC9kPoMZGFEdGS3Y/sood93/aw7YPo/Mhtp+CW3AnwIvFmpIBmqLadT78T0zQCoSknSrU8N9FBRqRmlMPI9lMFCaED0oOWoYJEoIJs8tYIHxmlg7uxNCU0nqi/JzISKTWMQtNpDuyreW8s/ue1Ut09DzImklSDoNNF3ZRjHeNxRrjDJFDNh4YQKpm5FdM+kYRqk+Q4BG/+5UVSL5e805J3c1KoXM7iyKMDdIiOkYfOUAVdoyqqIYoe0BN6Qa/Wo/VsvVnv09acNZvZR39gfXwDvQKdQg==</latexit>

V2 =


�1
1

�

<latexit sha1_base64="2zlv5wdu+LC6/VVDcY2gYc91mWk=">AAACHXicbZDLSgMxFIYz9VbHW9Wlm2BR3LTM2KJuhKoblxXsBTqlZNLTNjSTGZKMWIa+iBtfxY0LRVy4Ed/G9AJq64HAx/+fQ875/YgzpR3ny0otLC4tr6RX7bX1jc2tzPZOVYWxpFChIQ9l3ScKOBNQ0UxzqEcSSOBzqPn9q5FfuwOpWChu9SCCZkC6gnUYJdpIrUzxAp9j2/Ohy0TiB0RLdj+0cwV8iF3sebZrIFewPRDtH7uVyTp5Z1x4HtwpZNG0yq3Mh9cOaRyA0JQTpRquE+lmQqRmlMPQ9mIFEaF90oWGQUECUM1kfN0QHxiljTuhNE9oPFZ/TyQkUGoQ+KbTLNhTs95I/M9rxLpz1kyYiGINgk4+6sQc6xCPosJtJoFqPjBAqGRmV0x7RBKqTaCjENzZk+ehepx3T/LuTTFbupzGkUZ7aB8dIRedohK6RmVUQRQ9oCf0gl6tR+vZerPeJ60pazqzi/6U9fkNH7ueQQ==</latexit>

A =


�3 1
1 �3

�

…discrete time index 
<latexit sha1_base64="nfwhCMTk8L5o8FmqVTg+ca3d6OU=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhQQi7IupFCOrBYwTzgM0SZiezyZDZBzO9krDk6sVf8eJBEa/+gTf/xskmB00saCiquunu8mLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4HriNx+YVDwK72EUMzcgvZD7nBLQUsfEQ2fg4ks8LA3aN0wAwYCPMXSsciZCuWMWrYqVAS8Se0aKaIZax/xqdyOaBCwEKohSjm3F4KZEAqeCjQvtRLGY0AHpMUfTkARMuWn2yRgfaaWL/UjqCgFn6u+JlARKjQJPdwYE+mrem4j/eU4C/oWb8jBOgIV0ushPBIYIT2LBXS4ZBTHShFDJ9a2Y9okkFHR4BR2CPf/yImmcVOyzin13WqxezeLIowN0iErIRueoim5RDdURRY/oGb2iN+PJeDHejY9pa86YzeyjPzA+fwDc75c/</latexit>

x[k] = x(k�t+ t0) = x(t)

…evolution over a time step
<latexit sha1_base64="gu3tZ5hH5UjRizqmPNXZmwhz3pU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZBR75YpbdWegy8TLSYXkqPfKX91+zNMIFHLJjOl4boJ+xjQKLmFS6qYGEsZHbAAdSxWLwPjZ7N4JPbFKn4axtqWQztTfExmLjBlHge2MGA7NojcV//M6KYZXfiZUkiIoPl8UppJiTKfP077QwFGOLWFcC3sr5UOmGUcbUcmG4C2+vEyaZ1Xvourdn1dq13kcRXJEjskp8cglqZE7UicNwokkz+SVvDmPzovz7nzMWwtOPnNI/sD5/AGRbY+q</latexit>

�t
<latexit sha1_base64="ynt5hm7yVsEkUiYwwMGbxk8GiDc=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKgXIS4HjxHMAkkMPZ1K0qRnobtGDGMO/ooXD4p49Te8+Td2loMmPih4vFdFVT0vkkKj43xbqbn5hcWl9HJmZXVtfcPe3CrrMFYcSjyUoap6TIMUAZRQoIRqpID5noSK17sc+pV7UFqEwS32I2j4rBOItuAMjdS0d+gZhbvkvH4FEhlFOnjI4QFt2lkn74xAZ4k7IVkyQbFpf9VbIY99CJBLpnXNdSJsJEyh4BIGmXqsIWK8xzpQMzRgPuhGMrp/QPeN0qLtUJkKkI7U3xMJ87Xu+57p9Bl29bQ3FP/zajG2TxuJCKIYIeDjRe1YUgzpMAzaEgo4yr4hjCthbqW8yxTjaCLLmBDc6ZdnSfkw7x7n3ZujbOFiEkea7JI9kiMuOSEFck2KpEQ4eSTP5JW8WU/Wi/VufYxbU9ZkZpv8gfX5A053lF0=</latexit>

= eA�tx(t)

LTI Discrete Update Eqn
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="4GharkQBFpVN4ryHmxjjMlxScFI=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8BR2RdSLkKgHjxHMA5IYZiedZMjsg5leISzx4q948aCIV//Cm3/jJNmDJhY01FR1M93lRVJodJxvK7OwuLS8kl3Nra1vbG7Z2ztVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ8wZXY7/2AEqLMLjDYQQtn/UC0RWcoZHa9l6p3bwGiYxeULhPSukDR2077xScCeg8cVOSJynKbfur2Ql57EOAXDKtG64TYSthCgWXMMo1Yw0R4wPWg4ahAfNBt5LJBSN6aJQO7YbKVIB0ov6eSJiv9dD3TKfPsK9nvbH4n9eIsXveSkQQxQgBn37UjSXFkI7joB2hgKMcGsK4EmZXyvtMMY4mtJwJwZ09eZ5UjwvuacG9PckXL9M4smSfHJAj4pIzUiQ3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjpTO75A+szx/QL5Xa</latexit>

A� = eA�t

<latexit sha1_base64="qfPmL9sNAXNCz3bIS2rAb1/SsA0=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcVeoB1KJs20oZlkSM4oZehjuHGhSLe+h3s34tuYXhba+kPg4//PIeecMBHcgOd9O7ml5ZXVtfy6u7G5tb1T2N2rGZVqyqpUCaUbITFMcMmqwEGwRqIZiUPB6mH/epzXH5g2XMl7GCQsiElX8ohTAtZqtu54twdEa/XYLhS9kjcRXgR/BsXLD/ciGX25lXbhs9VRNI2ZBCqIMU3fSyDIiAZOBRu6rdSwhNA+6bKmRUliZoJsMvIQH1mngyOl7ZOAJ+7vjozExgzi0FbGBHpmPhub/2XNFKLzIOMySYFJOv0oSgUGhcf74w7XjIIYWCBUczsrpj2iCQV7JdcewZ9feRFqJyX/tOTf+sXyFZoqjw7QITpGPjpDZXSDKqiKKFLoCb2gVwecZ+fNGU1Lc86sZx/9kfP+A/LqlLE=</latexit>)
<latexit sha1_base64="yjy5tsDQLI6xjxrmQMXJ9GCu6uI=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWoVdC7UJBm0sI5gLJEuYnUySIbOzw8ysJCx5CBsLRSxsfBN7G/FtnFwKTfxh4OP/z2HOOaHkTBvP+3YyS8srq2vZdXdjc2t7J7e7V9VxogitkJjHqh5iTTkTtGKY4bQuFcVRyGkt7F+P89o9VZrF4s4MJQ0i3BWswwg21qoNUBFVB8etXN4reBOhRfBnkL/8cIvy7cstt3KfzXZMkogKQzjWuuF70gQpVoYRTkduM9FUYtLHXdqwKHBEdZBOxh2hI+u0USdW9gmDJu7vjhRHWg+j0FZG2PT0fDY2/8saielcBCkTMjFUkOlHnYQjE6Px7qjNFCWGDy1gopidFZEeVpgYeyHXHsGfX3kRqqcF/6zg3/r50hVMlYUDOIQT8OEcSnADZagAgT48wBM8O9J5dF6c12lpxpn17MMfOe8/XGqR7g==</latexit>

x = V x0

<latexit sha1_base64="qfPmL9sNAXNCz3bIS2rAb1/SsA0=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcVeoB1KJs20oZlkSM4oZehjuHGhSLe+h3s34tuYXhba+kPg4//PIeecMBHcgOd9O7ml5ZXVtfy6u7G5tb1T2N2rGZVqyqpUCaUbITFMcMmqwEGwRqIZiUPB6mH/epzXH5g2XMl7GCQsiElX8ohTAtZqtu54twdEa/XYLhS9kjcRXgR/BsXLD/ciGX25lXbhs9VRNI2ZBCqIMU3fSyDIiAZOBRu6rdSwhNA+6bKmRUliZoJsMvIQH1mngyOl7ZOAJ+7vjozExgzi0FbGBHpmPhub/2XNFKLzIOMySYFJOv0oSgUGhcf74w7XjIIYWCBUczsrpj2iCQV7JdcewZ9feRFqJyX/tOTf+sXyFZoqjw7QITpGPjpDZXSDKqiKKFLoCb2gVwecZ+fNGU1Lc86sZx/9kfP+A/LqlLE=</latexit>)

<latexit sha1_base64="hERbsi1JjIuJ+OsltWWXkl6ZXu8=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURUTdCfSxcVrAPSGOYTKftkMmDmYm0xC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nv8hDOpLOvbmJtfWFxaLqwUV9fWNzbNre26jFNBaI3EPBZNH0vKWURriilOm4mgOPQ5bfjB1chvPFAhWRzdqUFC3RB3I9ZhBCsteeZu3wlcdI4uvNY15QrfB6jvWcgzS1bZGgPNEjsnJchR9cyvVjsmaUgjRTiW0rGtRLkZFooRTofFVippgkmAu9TRNMIhlW42vn+IDrTSRp1Y6IoUGqu/JzIcSjkIfd0ZYtWT095I/M9zUtU5czMWJamiEZks6qQcqRiNwkBtJihRfKAJJoLpWxHpYYGJ0pEVdQj29MuzpH5Utk/K9u1xqXKZx1GAPdiHQ7DhFCpwA1WoAYFHeIZXeDOejBfj3fiYtM4Z+cwO/IHx+QOxQ5Sb</latexit>

x[k] = Ak
�x0

<latexit sha1_base64="rcnTHKVIHKFQGW4wYdKsfdrxHpc=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR3FgSEXUjFO3CZQWbFto0TKaTdujkwcyNWEI2/oobF4q49TPc+TdOHwttPXDhcM693HuPnwiuwLK+jYXFpeWV1cJacX1jc2vb3Nl1VJxKyuo0FrFs+kQxwSNWBw6CNRPJSOgL1vAHNyO/8cCk4nF0D8OEuSHpRTzglICWPHP/CjtVr11lAkhngJ1OdmLnj57lmSWrbI2B54k9JSU0Rc0zv9rdmKYhi4AKolTLthJwMyKBU8HyYjtVLCF0QHqspWlEQqbcbPxAjo+00sVBLHVFgMfq74mMhEoNQ193hgT6atYbif95rRSCSzfjUZICi+hkUZAKDDEepYG7XDIKYqgJoZLrWzHtE0ko6MyKOgR79uV54pyW7fOyfXdWqlxP4yigA3SIjpGNLlAF3aIaqiOKcvSMXtGb8WS8GO/Gx6R1wZjO7KE/MD5/AKlzlS0=</latexit>

= V Dk
�V

�1x0

<latexit sha1_base64="8iVtezHva5RcAw1lQw0ycekyrYk=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAInsKuiHoRgubgMYJ5QLKG2UknGTL7YKZXCEu8+CtePCji1b/w5t84SfagiQUNNVXdTHf5sRQaHefbWlhcWl5Zza3l1zc2t7btnd2ajhLFocojGamGzzRIEUIVBUpoxApY4Euo+4PrsV9/AKVFFN7hMAYvYL1QdAVnaKS2vV9ut8ogkdFLCvdpOXvgqG0XnKIzAZ0nbkYKJEOlbX+1OhFPAgiRS6Z103Vi9FKmUHAJo3wr0RAzPmA9aBoasgC0l04uGNEjo3RoN1KmQqQT9fdEygKth4FvOgOGfT3rjcX/vGaC3QsvFWGcIIR8+lE3kRQjOo6DdoQCjnJoCONKmF0p7zPFOJrQ8iYEd/bkeVI7KbpnRff2tFC6yuLIkQNySI6JS85JidyQCqkSTh7JM3klb9aT9WK9Wx/T1gUrm9kjf2B9/gDZp5Xg</latexit>

D� = eD�t

<latexit sha1_base64="n2DIVqA9l7OZdgsrt8WquaXUBfg=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwY0lE1I1QtAuXFewD0jRMppN2yGQSZiZiCV278VfcuFDErV/gzr9x2mahrQcuHM65l3vv8RNGpbKsb6OwsLi0vFJcLa2tb2xumds7TRmnApMGjlks2j6ShFFOGooqRtqJICjyGWn54fXYb90TIWnM79QwIW6E+pwGFCOlJc/cb3azY3v04IQuvIQ1r1MjTKFuCHPdszyzbFWsCeA8sXNSBjnqnvnV6cU4jQhXmCEpHdtKlJshoShmZFTqpJIkCIeoTxxNOYqIdLPJKyN4qJUeDGKhiys4UX9PZCiSchj5ujNCaiBnvbH4n+ekKrhwM8qTVBGOp4uClEEVw3EusEcFwYoNNUFYUH0rxAMkEFY6vZIOwZ59eZ40Tyr2WcW+PS1Xr/I4imAPHIAjYINzUAU3oA4aAINH8AxewZvxZLwY78bHtLVg5DO74A+Mzx+xmZkA</latexit>

V �1x[k] = Dk
�V

�1x0
<latexit sha1_base64="onTHnH0KRq4cC6BLRZSg+5Lmmv0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL1FVJRNSNULQLlxXsA9IYJtNJO2QyCTMTaQnd+CtuXCji1s9w5984bbPQ1gMXDufcy733+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29loxTgUkTxywWHR9JwignTUUVI51EEBT5jLT98Gbitx+JkDTm92qUEDdCfU4DipHSkmceDCtO6MIrWPe6dcIUegjhsOJZnlm2qtYUcJHYOSmDHA3P/Or2YpxGhCvMkJSObSXKzZBQFDMyLnVTSRKEQ9QnjqYcRUS62fSBMTzWSg8GsdDFFZyqvycyFEk5inzdGSE1kPPeRPzPc1IVXLoZ5UmqCMezRUHKoIrhJA3Yo4JgxUaaICyovhXiARIIK51ZSYdgz7+8SFqnVfu8at+dlWvXeRxFcAiOwAmwwQWogVvQAE2AwRg8g1fwZjwZL8a78TFrLRj5zD74A+PzByRXlNY=</latexit>

x0[k] = Dk
�x

0
0

Solution:
<latexit sha1_base64="I9dQIG+1yJGlEIolIx7pfHrkJ6U=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURUTdCfSxcVrAPSGOYTKftkMmDmRtpCQV/xY0LRdz6He78G6dtFtp64MLhnHu59x4/EVyBZX0bhYXFpeWV4mppbX1jc8vc3mmoOJWU1WksYtnyiWKCR6wOHARrJZKR0Bes6QfXY7/5yKTicXQPw4S5IelFvMspAS155t7ACVx8gS+99g0TQB4CPPAszyxbFWsCPE/snJRRjppnfrU7MU1DFgEVRCnHthJwMyKBU8FGpXaqWEJoQHrM0TQiIVNuNjl/hA+10sHdWOqKAE/U3xMZCZUahr7uDAn01aw3Fv/znBS6527GoyQFFtHpom4qMMR4nAXucMkoiKEmhEqub8W0TyShoBMr6RDs2ZfnSeO4Yp9W7LuTcvUqj6OI9tEBOkI2OkNVdItqqI4oytAzekVvxpPxYrwbH9PWgpHP7KI/MD5/AFSqlHE=</latexit>

x[k] = Ak
�x0

if diagonalizable 

<latexit sha1_base64="bJox7NS9RJmrOmFzuD1bp7W5PBg="></latexit>2

64
x1[k]
...

xn[k]

3

75 =

2

64
�1

k
� · · · 0
...

...
0 · · · �2

k
�

3

75

2

64
x1[0]
...

xn[0]

3

75

<latexit sha1_base64="+cynOMJIYKQ53pn1mek+U9Mfky0=">AAACFXicbVDLSgNBEJz1GeNr1aOXwSB4kLArol6EoB48RjAPSOIyO+kkQ2YfzPQKYclPePFXvHhQxKvgzb9xkiyoiQUDRVU1PV1+LIVGx/my5uYXFpeWcyv51bX1jU17a7uqo0RxqPBIRqruMw1ShFBBgRLqsQIW+BJqfv9y5NfuQWkRhbc4iKEVsG4oOoIzNJJnH6ZNadJt5rlDr3kFEhk9p3D3I9NMxWHeswtO0RmDzhI3IwWSoezZn812xJMAQuSSad1wnRhbKVMouIRhvploiBnvsy40DA1ZALqVjq8a0n2jtGknUuaFSMfq74mUBVoPAt8kA4Y9Pe2NxP+8RoKds1YqwjhBCPlkUSeRFCM6qoi2hQKOcmAI40qYv1LeY4pxNEWOSnCnT54l1aOie1J0b44LpYusjhzZJXvkgLjklJTINSmTCuHkgTyRF/JqPVrP1pv1PonOWdnMDvkD6+Mbq+6d3A==</latexit>

�1� = e�1�t
<latexit sha1_base64="LEfOd/6PjCaG/KjyFuI+jrEbAYw=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRJmZ2eTMbMzy8xZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8JUcAOe9+UUFhaXlleKq+7a+sbmVml7p2FUpimrUyWUboXEMMElqwMHwVqpZiQJBWuGg8tx3rxj2nAlb2CYsiAhPcljTglYq9GhkQLTLZW9ijcRngf/B8rn7+5Z+vrp1rqlj06kaJYwCVQQY9q+l0KQEw2cCjZyO5lhKaED0mNti5IkzAT5ZNoRPrBOhGOl7ZOAJ+7vjpwkxgyT0FYmBPpmNhub/2XtDOLTIOcyzYBJOv0ozgQGhcer44hrRkEMLRCquZ0V0z7RhII9kGuP4M+uPA+No4p/XPGv/XL1Ak1VRHtoHx0iH52gKrpCNVRHFN2ie/SInhzlPDjPzsu0tOD89OyiP3LevgEQNZJz</latexit>· · ·

<latexit sha1_base64="tTiZkS9KQzw1LLBJ1uifZ+Dt8Mo=">AAACFXicbVBNS8NAFNz4bf2KevSyWAQPUhIR9SKIevBYwarQ1rDZvNbFzSbsvggl5E948a948aCIV8Gb/8ZtG1CrAwvDzDzevglTKQx63qczNj4xOTU9M1uZm19YXHKXVy5MkmkODZ7IRF+FzIAUChooUMJVqoHFoYTL8Pa471/egTYiUefYS6Eds64SHcEZWilwt/KWtOmIBaoIWicgkdEDCtffMi1VLCqBW/Vq3gD0L/FLUiUl6oH70YoSnsWgkEtmTNP3UmznTKPgEopKKzOQMn7LutC0VLEYTDsfXFXQDatEtJNo+xTSgfpzImexMb04tMmY4Y0Z9frif14zw85+OxcqzRAUHy7qZJJiQvsV0Uho4Ch7ljCuhf0r5TdMM462yH4J/ujJf8nFds3frflnO9XDo7KOGbJG1skm8ckeOSSnpE4ahJN78kieyYvz4Dw5r87bMDrmlDOr5Bec9y9vnp5W</latexit>

�n� = e�n�t

<latexit sha1_base64="UvgqPaLr28GhNZU8vHxIcfxdgiQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqBchPg4eI5gHbJYwO+lNhszOLjO9Qgj5DC8eFPHq13jzb5wke9BoQUNR1U13V5hKYdB1v5zC0vLK6lpxvbSxubW9U97da5ok0xwaPJGJbofMgBQKGihQQjvVwOJQQisc3kz91iNoIxL1gKMUgpj1lYgEZ2gl/6rbuQWJjF7SbrniVt0Z6F/i5aRCctS75c9OL+FZDAq5ZMb4nptiMGYaBZcwKXUyAynjQ9YH31LFYjDBeHbyhB5ZpUejRNtSSGfqz4kxi40ZxaHtjBkOzKI3Ff/z/Ayji2AsVJohKD5fFGWSYkKn/9Oe0MBRjixhXAt7K+UDphlHm1LJhuAtvvyXNE+q3lnVuz+t1K7zOIrkgBySY+KRc1Ijd6ROGoSThDyRF/LqoPPsvDnv89aCk8/sk19wPr4B2ICQUQ==</latexit>

A� =
<latexit sha1_base64="c4lyXlj/RG0b2KVLR3WQTqeNELk=">AAACKnicbVBNS8NAFNz4WeNX1KOXxaJ4KomotbeqF48VbCs0pWy2r+3iZhN2N2IJ/T1e/CteelCKV3+ImzaIVgcWhpk37HsTxJwp7boTa2FxaXlltbBmr29sbm07O7sNFSWSQp1GPJL3AVHAmYC6ZprDfSyBhAGHZvBwnfnNR5CKReJOD2Noh6QvWI9Roo3UcS79APpMpEFItGRPI2y7pUrZPcNH2C25bqWMfd/OWSZlnu2D6H4nOk4x8zPgv8TLSRHlqHWcsd+NaBKC0JQTpVqeG+t2SqRmlMPI9hMFMaEPpA8tQwUJQbXT6akjfGiULu5F0jyh8VT9mUhJqNQwDMyk2W+g5r1M/M9rJbp30U6ZiBMNgs4+6iUc6whnveEuk0A1HxpCqGRmV0wHRBKqTbu2KcGbP/kvaZyUvPOSd3tarF7ldRTQPjpAx8hDZVRFN6iG6oiiZ/SK3tC79WKNrYn1MRtdsPLMHvoF6/MLSKqhsQ==</latexit>
0.9705 0.0097
0.0097 0.9705

�

<latexit sha1_base64="s4nN1SR3hlrLbYLKkyq2cyHN6NI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUiKaF0IRV24rGAf0IQwmUzboZNJmJkIJXTjxl9x40IRt/6DO//GSZuFth4YOJxzLnfuCRJGpbLtb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksugGShFFOWooqRrqJICgKGOkEo+vc7zwQIWnM79U4IV6EBpz2KUZKS755mLlMp0PkOxPfvSFMIXgJbeuibtcqvlm1LXsKuEicglRBgaZvfrlhjNOIcIUZkrLn2InyMiQUxYxMKm4qSYLwCA1IT1OOIiK9bHrFBB5rJYT9WOjHFZyqvycyFEk5jgKdjJAaynkvF//zeqnq172M8iRVhOPZon7KoIphXgkMqSBYsbEmCAuq/wrxEAmElS4uL8GZP3mRtGuWc2Y5d6fVxlVRRxkcgCNwAhxwDhrgFjRBC2DwCJ7BK3gznowX4934mEVLRjGzD/7A+PwBMciWaw==</latexit>

�1� = 0.9802
<latexit sha1_base64="nP1B+9DWpOjNT/A6pAriPtiawqU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchaRIrQuhqAuXFewDmhAmk0k7dDIJMxOhhC7c+CtuXCji1o9w5984bbPQ1gMDh3PO5c49QcqoVLb9baysrq1vbJa2yts7u3v75sFhRyaZwKSNE5aIXoAkYZSTtqKKkV4qCIoDRrrB6Hrqdx+IkDTh92qcEi9GA04jipHSkm9WcpfpdIj82sR3bwhTCF5C27qo2w3frNqWPQNcJk5BqqBAyze/3DDBWUy4wgxJ2XfsVHk5EopiRiZlN5MkRXiEBqSvKUcxkV4+O2ICT7QSwigR+nEFZ+rviRzFUo7jQCdjpIZy0ZuK/3n9TEUNL6c8zRTheL4oyhhUCZw2AkMqCFZsrAnCguq/QjxEAmGleyvrEpzFk5dJp2Y5dcu5O6s2r4o6SqACjsEpcMA5aIJb0AJtgMEjeAav4M14Ml6Md+NjHl0xipkj8AfG5w/8Y5Zc</latexit>

�2� = 0.9608

<latexit sha1_base64="EjXu/EbQQjJQv2PKBsERn2wYs6A=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuiHoRgnrwGME8IFnC7GQ2GTL7YKZXiEu+xIsHRbz6Kd78GyfJHjSxoOmiqpvpKT+RQqPjfFuFldW19Y3iZmlre2e3bO/tN3WcKsYbLJaxavtUcyki3kCBkrcTxWnoS97yRzdTv/XIlRZx9IDjhHshHUQiEIyikXp2uXvLJVKC5Io4Vcft2RXTZiDLxM1JBXLUe/ZXtx+zNOQRMkm17rhOgl5GFQom+aTUTTVPKBvRAe8YGtGQay+bHT4hx0bpkyBWpiIkM/X3RkZDrcehbyZDikO96E3F/7xOisGll4koSZFHbP5QkEqCMZmmQPpCcYZybAhlSphbCRtSRRmarEomBHfxy8ukeVp1z6vu/Vmldp3HUYRDOIITcOECanAHdWgAgxSe4RXerCfrxXq3PuajBSvfOYA/sD5/AAKZkV0=</latexit>

�t = 0.01Time step

<latexit sha1_base64="bcGGFi9KYPH2NrHuNr73UALI+ug=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XsqiQi6kYo6sJlBfuAJIbJZNIOmTyYmYgl9Bfc+CtuXCji1p07/8ZpmoW2Hhg4nHMud+7xUkaFNIxvrbKwuLS8Ul2tra1vbG7p2ztdkWQckw5OWML7HhKE0Zh0JJWM9FNOUOQx0vPCy4nfuydc0CS+laOUOBEaxDSgGEkluXrjwTUPrdCB5zCHNlODPnLNsWtfESYRvAthETAcV68bTaMAnCdmSeqgRNvVv2w/wVlEYokZEsIyjVQ6OeKSYkbGNTsTJEU4RANiKRqjiAgnLy4awwOl+DBIuHqxhIX6eyJHkRCjyFPJCMmhmPUm4n+elcngzMlpnGaSxHi6KMgYlAmc1AN9ygmWbKQIwpyqv0I8RBxhqUqsqRLM2ZPnSfeoaZ40zZvjeuuirKMK9sA+aAATnIIWuAZt0AEYPIJn8AretCftRXvXPqbRilbO7II/0D5/APpvmzo=</latexit>

x0
1[k] = �1

k
�x

0
1[0]

<latexit sha1_base64="sv6fZtkHY/U+rjj0J6ICw59GnGg=">AAACEXicbVC7TsMwFHXKq5RXgJHFokJ0qhKEgAWpAgbGItGHlITIcZ3WquNEtoOoov4CC7/CwgBCrGxs/A1umgFajmTp6JxzdX1PkDAqlWV9G6WFxaXllfJqZW19Y3PL3N5pyzgVmLRwzGLRDZAkjHLSUlQx0k0EQVHASCcYXk78zj0Rksb8Vo0S4kWoz2lIMVJa8s3ag88PnaEHz2EGXaYHe8jnY9+9IkwheDeEecDyfLNq1a0ccJ7YBamCAk3f/HJ7MU4jwhVmSErHthLlZUgoihkZV9xUkgThIeoTR1OOIiK9LL9oDA+00oNhLPTjCubq74kMRVKOokAnI6QGctabiP95TqrCMy+jPEkV4Xi6KEwZVDGc1AN7VBCs2EgThAXVf4V4gATCSpdY0SXYsyfPk/ZR3T6p2zfH1cZFUUcZ7IF9UAM2OAUNcA2aoAUweATP4BW8GU/Gi/FufEyjJaOY2QV/YHz+AB41m/E=</latexit>

x0
n[k] = �n

k
�x

0
n[0]



CLTI System - with controls

<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

autonomous

“drift” term

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="zYw+0Ukf3K4lYF0M2UtoDz8mXUw=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmXKjLUjcuK9gLtkPJpJk2NMkMSUYsQ1/BjQsvuHXtu7jzaTTTdqGtPwQ+/v8ccs4JYs60cd0vZ2l5ZXVtPZcvbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDyyxv3lGlWSRvzCimvsB9yUJGsMmsk2pS6BZLbtmdCC2CN4NSJR+/3H7cf9e6xc9OLyKJoNIQjrVue25s/BQrwwin40In0TTGZIj7tG1RYkG1n05mHaMj6/RQGCn7pEET93dHioXWIxHYSoHNQM9nmflf1k5MeOGnTMaJoZJMPwoTjkyEssVRjylKDB9ZwEQxOysiA6wwMfY82RG8+ZUXoXFa9s7K3rVXqlRhqhwcwCEcgwfnUIErqEEdCAzgAZ7g2RHOo/PqvE1Ll5xZzz78kfP+AyfOkWM=</latexit>

+Bu

affect of all

control inputs

Checking solution:  

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="E/QqQhMmYyRpj/SIfnKlv58H/hg=">AAAB8HicbZDLSsNAFIYnXmu9VV26GVqEilISF+oy6MZlBXuRJpTJdNIOnUzCzIkQQp9CFy4UcevjuOvbOL0stPWHgY//P4c55wSJ4Bpse2ytrK6tb2wWtorbO7t7+6WDw6aOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg7yVtPTGkeywfIEuZHpC95yCkBYz2GVTj3gKSn3VLFrtlT4WVw5lBxy97Zy9jN6t3St9eLaRoxCVQQrTuOnYCfEwWcCjYqeqlmCaFD0mcdg5JETPv5dOARPjFOD4exMk8Cnrq/O3ISaZ1FgamMCAz0YjYx/8s6KYTXfs5lkgKTdPZRmAoMMZ5sj3tcMQoiM0Co4mZWTAdEEQrmRkVzBGdx5WVoXtScy5pz71TcGzRTAR2jMqoiB10hF92hOmogiiL0jN7Qu6WsV+vD+pyVrljzniP0R9bXDwhPkuM=</latexit>

f(t, ⌧)

<latexit sha1_base64="g4Jo+DLa3aFzLVXm5D8EiX/vffo=">AAACG3icbVDLSgMxFM34rPVVdekmWIQWpMwUUTdC1Y3LCvYBnVoyaaYNzWSG5I5Yhv6HG3/FjQtFXAku/BszbRfaeiDkcM49JPd4keAabPvbWlhcWl5Zzaxl1zc2t7ZzO7t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gKvUb90xpHspbGEasHZCe5D6nBIzUyZVdYA+QXJjMCJ9jl0voJKQAxdFd4qUX9gtw5AKJi9jF3ZR0cnm7ZI+B54kzJXk0RbWT+3S7IY0DJoEKonXLsSNoJ0QBp4KNsm6sWUTogPRYy1BJAqbbyXi3ET40Shf7oTJHAh6rvxMJCbQeBp6ZDAj09ayXiv95rRj8s3bCZRQDk3TykB8LDCFOi8JdrhgFMTSEUMXNXzHtE0UomDqzpgRnduV5Ui+XnJOSc3Ocr1xO68igfXSACshBp6iCrlEV1RBFj+gZvaI368l6sd6tj8nogjXN7KE/sL5+APWIoBg=</latexit>

Area =

Z b(t)

a(t)
f(t, ⌧) d⌧

<latexit sha1_base64="Sa/V/4QDTyBcHN/TZenmFIjQTFY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9SIUvXisYD+gDWWz2bRLN5uwO1FLzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPz/ERwDY7zbS0tr6yurZc2yptb2zu7dmWvpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsfXU/89j1TmsfyDsYJ8yIykDzklICR+nalB6EiNAvwY54FkF/ivl11as4UeJG4BamiAo2+/dULYppGTAIVROuu6yTgZUQBp4Ll5V6qWULoiAxY11BJIqa9bHp6jo+MEuAwVqYk4Kn6eyIjkdbjyDedEYGhnvcm4n9eN4Xwwsu4TFJgks4WhanAEONJDjjgilEQY0MIVdzciumQmCjApFU2IbjzLy+S1knNPau5t6fV+lURRwkdoEN0jFx0juroBjVQE1H0gJ7RK3qznqwX6936mLUuWcXMPvoD6/MHHrST6A==</latexit>

dx
dt =

<latexit sha1_base64="a1V4R5iC7xz+Hqb4PlnUgoJmNRg=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoMQEcOMiHpM9OIxglkgGYeeTk/SpGehu0YShvkVLx4U8eqPePNv7CwHTXxQ8Hiviqp6Xiy4Asv6NnIrq2vrG/nNwtb2zu6euV9sqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNbyd+64lJxaPwAcYxcwLSD7nPKQEtuWaxxh7TWhnOwLVOspFr4VPXLFkVawq8TOw5KaE56q751e1FNAlYCFQQpTq2FYOTEgmcCpYVuoliMaFD0mcdTUMSMOWk09szfKyVHvYjqSsEPFV/T6QkUGoceLozIDBQi95E/M/rJOBfOykP4wRYSGeL/ERgiPAkCNzjklEQY00IlVzfiumASEJBx1XQIdiLLy+T5nnFvqzY9xel6s08jjw6REeojGx0haroDtVRA1E0Qs/oFb0ZmfFivBsfs9acMZ85QH9gfP4ArVSS6Q==</latexit>

AeA(t�t0)x0+
<latexit sha1_base64="l9yZhi4EFkgrrt1ORlYy+R3Qlhw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxripe/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fc32MtQ==</latexit>

+
<latexit sha1_base64="c4/DIg0inwuQoXjBk+nq63ePvU0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahRSyJiHqs9eKxgv2ANpbNdtMu3WzC7qRQQv+JFw+KePWfePPfuG1z0OqDgcd7M8zM82PBNTjOl5VbWV1b38hvFra2d3b37P2Dpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW2OmNI/kA0xi5oVkIHnAKQEj9Wz7lD2mNyU4g/K0lpSg3LOLTsWZA/8lbkaKKEO9Z392+xFNQiaBCqJ1x3Vi8FKigFPBpoVuollM6IgMWMdQSUKmvXR++RSfGKWPg0iZkoDn6s+JlIRaT0LfdIYEhnrZm4n/eZ0Egmsv5TJOgEm6WBQkAkOEZzHgPleMgpgYQqji5lZMh0QRCiasggnBXX75L2meV9zLint/UazWsjjy6AgdoxJy0RWqojtURw1E0Rg9oRf0aqXWs/VmvS9ac1Y2c4h+wfr4Bpy3klo=</latexit>

+eA(t�t)Bu(t)

Leibniz Rule

1. Derivative  

2. Initial Cond.
<latexit sha1_base64="GzATGWuXt+9dJ6YZVth0kMpYW9U="></latexit>

x(t0) = eA(t0�t0)x0 +

Z t0

t0

eA(t0�⌧)Bu(⌧) d⌧

<latexit sha1_base64="yvma0KluYSNPxoPBgVAp5zCemcA=">AAACFnicbZA9SwNBEIb3/DZ+RS1tFoMQi4Q7C7WM2lgqmETIxWNvM0kW9/aO3TkhHKn9AVr4V7SwUMRW7PwvFm4SCzW+sPDwzgyz84aJFAZd98OZmJyanpmdm88tLC4tr+RX12omTjWHKo9lrM9DZkAKBVUUKOE80cCiUEI9vDwa1OtXoI2I1Rn2EmhGrKNEW3CG1grypQPqC4VBhoHbv0AKF9lBEUs+snS7f5gWh0B92qIDCvIFt+wORcfB+4ZCxb29hgf1eRLk3/1WzNMIFHLJjGl4boLNjGkUXEI/56cGEsYvWQcaFhWLwDSz4Vl9umWdFm3H2j6FdOj+nMhYZEwvCm1nxLBr/tYG5n+1Rort/WYmVJIiKD5a1E4lxZgOMqItoYGj7FlgXAv7V8q7TDOONsmcDcH7e/I41HbK3m7ZO/UKlUMy0hzZIJukSDyyRyrkmJyQKuHkhtyTJ/Ls3DmPzovzOmqdcL5n1skvOW9fJouh4A==</latexit>

A
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="s2AW5rt35kJ5eEi3+xhDFcdcbQY="></latexit>

A
R t0
t0

eA(t0�⌧)Bu(⌧) d⌧

<latexit sha1_base64="mRVPV0Ph6GVRyjv3SCIq/PDoWcw=">AAACF3icbZDLSsNAFIYnXmu9VV26GSxCXVgSEXVZ68ZlBXuBpg2T6bQdOpmEmROhhLyFG1/FjQtF3OrOt3HSdqGtPwx8/OcczpzfjwTXYNvf1tLyyuraem4jv7m1vbNb2Ntv6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vRHN1m9+cCU5qG8h3HEOgEZSN7nlICxvEIZu1yCl4Bnp90EUsy6yXUJTl0g8UlajUsTwC7u4Yy8QtEu2xPhRXBmUEQz1bzCl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaEjMmBtg5IETHeSyV0pPjZOD/dDZZ4EPHF/TyQk0Hoc+KYzIDDU87XM/K/WjqF/1Um4jGJgkk4X9WOBIcRZSLjHFaMgxgYIVdz8FdMhUYSCiTJvQnDmT16ExlnZuSg7d+fFSnUWRw4doiNUQg66RBV0i2qojih6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6/MHBaWekA==</latexit>Z t

t0

eA(t�⌧)Bu(⌧) d⌧

LTI vector ODE

LTI = linear time invariant 

Solution:



CLTI System - with controls

<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

autonomous

“drift” term

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="zYw+0Ukf3K4lYF0M2UtoDz8mXUw=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmXKjLUjcuK9gLtkPJpJk2NMkMSUYsQ1/BjQsvuHXtu7jzaTTTdqGtPwQ+/v8ccs4JYs60cd0vZ2l5ZXVtPZcvbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDyyxv3lGlWSRvzCimvsB9yUJGsMmsk2pS6BZLbtmdCC2CN4NSJR+/3H7cf9e6xc9OLyKJoNIQjrVue25s/BQrwwin40In0TTGZIj7tG1RYkG1n05mHaMj6/RQGCn7pEET93dHioXWIxHYSoHNQM9nmflf1k5MeOGnTMaJoZJMPwoTjkyEssVRjylKDB9ZwEQxOysiA6wwMfY82RG8+ZUXoXFa9s7K3rVXqlRhqhwcwCEcgwfnUIErqEEdCAzgAZ7g2RHOo/PqvE1Ll5xZzz78kfP+AyfOkWM=</latexit>

+Bu

affect of all

control inputs

Checking solution:  

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="E/QqQhMmYyRpj/SIfnKlv58H/hg=">AAAB8HicbZDLSsNAFIYnXmu9VV26GVqEilISF+oy6MZlBXuRJpTJdNIOnUzCzIkQQp9CFy4UcevjuOvbOL0stPWHgY//P4c55wSJ4Bpse2ytrK6tb2wWtorbO7t7+6WDw6aOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg7yVtPTGkeywfIEuZHpC95yCkBYz2GVTj3gKSn3VLFrtlT4WVw5lBxy97Zy9jN6t3St9eLaRoxCVQQrTuOnYCfEwWcCjYqeqlmCaFD0mcdg5JETPv5dOARPjFOD4exMk8Cnrq/O3ISaZ1FgamMCAz0YjYx/8s6KYTXfs5lkgKTdPZRmAoMMZ5sj3tcMQoiM0Co4mZWTAdEEQrmRkVzBGdx5WVoXtScy5pz71TcGzRTAR2jMqoiB10hF92hOmogiiL0jN7Qu6WsV+vD+pyVrljzniP0R9bXDwhPkuM=</latexit>

f(t, ⌧)

<latexit sha1_base64="g4Jo+DLa3aFzLVXm5D8EiX/vffo=">AAACG3icbVDLSgMxFM34rPVVdekmWIQWpMwUUTdC1Y3LCvYBnVoyaaYNzWSG5I5Yhv6HG3/FjQtFXAku/BszbRfaeiDkcM49JPd4keAabPvbWlhcWl5Zzaxl1zc2t7ZzO7t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gKvUb90xpHspbGEasHZCe5D6nBIzUyZVdYA+QXJjMCJ9jl0voJKQAxdFd4qUX9gtw5AKJi9jF3ZR0cnm7ZI+B54kzJXk0RbWT+3S7IY0DJoEKonXLsSNoJ0QBp4KNsm6sWUTogPRYy1BJAqbbyXi3ET40Shf7oTJHAh6rvxMJCbQeBp6ZDAj09ayXiv95rRj8s3bCZRQDk3TykB8LDCFOi8JdrhgFMTSEUMXNXzHtE0UomDqzpgRnduV5Ui+XnJOSc3Ocr1xO68igfXSACshBp6iCrlEV1RBFj+gZvaI368l6sd6tj8nogjXN7KE/sL5+APWIoBg=</latexit>

Area =

Z b(t)

a(t)
f(t, ⌧) d⌧

<latexit sha1_base64="Sa/V/4QDTyBcHN/TZenmFIjQTFY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9SIUvXisYD+gDWWz2bRLN5uwO1FLzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPz/ERwDY7zbS0tr6yurZc2yptb2zu7dmWvpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsfXU/89j1TmsfyDsYJ8yIykDzklICR+nalB6EiNAvwY54FkF/ivl11as4UeJG4BamiAo2+/dULYppGTAIVROuu6yTgZUQBp4Ll5V6qWULoiAxY11BJIqa9bHp6jo+MEuAwVqYk4Kn6eyIjkdbjyDedEYGhnvcm4n9eN4Xwwsu4TFJgks4WhanAEONJDjjgilEQY0MIVdzciumQmCjApFU2IbjzLy+S1knNPau5t6fV+lURRwkdoEN0jFx0juroBjVQE1H0gJ7RK3qznqwX6936mLUuWcXMPvoD6/MHHrST6A==</latexit>

dx
dt =

<latexit sha1_base64="a1V4R5iC7xz+Hqb4PlnUgoJmNRg=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoMQEcOMiHpM9OIxglkgGYeeTk/SpGehu0YShvkVLx4U8eqPePNv7CwHTXxQ8Hiviqp6Xiy4Asv6NnIrq2vrG/nNwtb2zu6euV9sqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNbyd+64lJxaPwAcYxcwLSD7nPKQEtuWaxxh7TWhnOwLVOspFr4VPXLFkVawq8TOw5KaE56q751e1FNAlYCFQQpTq2FYOTEgmcCpYVuoliMaFD0mcdTUMSMOWk09szfKyVHvYjqSsEPFV/T6QkUGoceLozIDBQi95E/M/rJOBfOykP4wRYSGeL/ERgiPAkCNzjklEQY00IlVzfiumASEJBx1XQIdiLLy+T5nnFvqzY9xel6s08jjw6REeojGx0haroDtVRA1E0Qs/oFb0ZmfFivBsfs9acMZ85QH9gfP4ArVSS6Q==</latexit>

AeA(t�t0)x0+
<latexit sha1_base64="l9yZhi4EFkgrrt1ORlYy+R3Qlhw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxripe/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fc32MtQ==</latexit>

+
<latexit sha1_base64="c4/DIg0inwuQoXjBk+nq63ePvU0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahRSyJiHqs9eKxgv2ANpbNdtMu3WzC7qRQQv+JFw+KePWfePPfuG1z0OqDgcd7M8zM82PBNTjOl5VbWV1b38hvFra2d3b37P2Dpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW2OmNI/kA0xi5oVkIHnAKQEj9Wz7lD2mNyU4g/K0lpSg3LOLTsWZA/8lbkaKKEO9Z392+xFNQiaBCqJ1x3Vi8FKigFPBpoVuollM6IgMWMdQSUKmvXR++RSfGKWPg0iZkoDn6s+JlIRaT0LfdIYEhnrZm4n/eZ0Egmsv5TJOgEm6WBQkAkOEZzHgPleMgpgYQqji5lZMh0QRCiasggnBXX75L2meV9zLint/UazWsjjy6AgdoxJy0RWqojtURw1E0Rg9oRf0aqXWs/VmvS9ac1Y2c4h+wfr4Bpy3klo=</latexit>

+eA(t�t)Bu(t)

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=
<latexit sha1_base64="vlhytnsdExTHNLJaMyGA8gB1j/o=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBmJBdY9Qj4sUjJvJIYENmhwEmzD6c6SWSDd/hxYPGePVjvPk3DrAHBSvpdKWqO9NTXiSFRtv+tjIrq2vrG9nN3Nb2zu5efv+grsNYMV5joQxV06OaSxHwGgqUvBkpTn1P8oY3vJ36jRFXWoTBA44j7vq0H4ieYBSN5N48FfGUnJFKbHonX7BL9gxkmTgpKUCKaif/1e6GLPZ5gExSrVuOHaGbUIWCST7JtWPNI8qGtM9bhgbU59pNZkdPyIlRuqQXKlMBkpn6eyOhvtZj3zOTPsWBXvSm4n9eK8betZuIIIqRB2z+UC+WBEMyTYB0heIM5dgQypQwtxI2oIoyNDnlTAjO4peXSf285FyWnPuLQrmSxpGFIziGIjhwBWW4gyrUgMEjPMMrvFkj68V6tz7moxkr3TmEP7A+fwAnz5Bn</latexit>

Ax(t) +Bu(t)

Leibniz Rule

1. Derivative  

2. Initial Cond.
<latexit sha1_base64="GzATGWuXt+9dJ6YZVth0kMpYW9U="></latexit>

x(t0) = eA(t0�t0)x0 +

Z t0

t0

eA(t0�⌧)Bu(⌧) d⌧<latexit sha1_base64="IjB8lRTy+BI5L+HFQX8L/XbQ6Ww=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7bZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPGiZONeM+i2WsWyE1XArFfRQoeSvRnEah5M1wdDv1m49cGxGrBxwnPIjoQIm+YBSt5F+Tp67bLVfcqjsDWSZeTiqQo94tf3V6MUsjrpBJakzbcxMMMqpRMMknpU5qeELZiA5421JFI26CbHbshJxYpUf6sbalkMzU3xMZjYwZR6HtjCgOzaI3Ff/z2in2r4JMqCRFrth8UT+VBGMy/Zz0hOYM5dgSyrSwtxI2pJoytPmUbAje4svLpHFW9S6q3v15pXaTx1GEIziGU/DgEmpwB3XwgYGAZ3iFN0c5L8678zFvLTj5zCH8gfP5A+Q+jhY=</latexit>= x0

<latexit sha1_base64="yvma0KluYSNPxoPBgVAp5zCemcA=">AAACFnicbZA9SwNBEIb3/DZ+RS1tFoMQi4Q7C7WM2lgqmETIxWNvM0kW9/aO3TkhHKn9AVr4V7SwUMRW7PwvFm4SCzW+sPDwzgyz84aJFAZd98OZmJyanpmdm88tLC4tr+RX12omTjWHKo9lrM9DZkAKBVUUKOE80cCiUEI9vDwa1OtXoI2I1Rn2EmhGrKNEW3CG1grypQPqC4VBhoHbv0AKF9lBEUs+snS7f5gWh0B92qIDCvIFt+wORcfB+4ZCxb29hgf1eRLk3/1WzNMIFHLJjGl4boLNjGkUXEI/56cGEsYvWQcaFhWLwDSz4Vl9umWdFm3H2j6FdOj+nMhYZEwvCm1nxLBr/tYG5n+1Rort/WYmVJIiKD5a1E4lxZgOMqItoYGj7FlgXAv7V8q7TDOONsmcDcH7e/I41HbK3m7ZO/UKlUMy0hzZIJukSDyyRyrkmJyQKuHkhtyTJ/Ls3DmPzovzOmqdcL5n1skvOW9fJouh4A==</latexit>

A
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="s2AW5rt35kJ5eEi3+xhDFcdcbQY="></latexit>

A
R t0
t0

eA(t0�⌧)Bu(⌧) d⌧

<latexit sha1_base64="mRVPV0Ph6GVRyjv3SCIq/PDoWcw=">AAACF3icbZDLSsNAFIYnXmu9VV26GSxCXVgSEXVZ68ZlBXuBpg2T6bQdOpmEmROhhLyFG1/FjQtF3OrOt3HSdqGtPwx8/OcczpzfjwTXYNvf1tLyyuraem4jv7m1vbNb2Ntv6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vRHN1m9+cCU5qG8h3HEOgEZSN7nlICxvEIZu1yCl4Bnp90EUsy6yXUJTl0g8UlajUsTwC7u4Yy8QtEu2xPhRXBmUEQz1bzCl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaEjMmBtg5IETHeSyV0pPjZOD/dDZZ4EPHF/TyQk0Hoc+KYzIDDU87XM/K/WjqF/1Um4jGJgkk4X9WOBIcRZSLjHFaMgxgYIVdz8FdMhUYSCiTJvQnDmT16ExlnZuSg7d+fFSnUWRw4doiNUQg66RBV0i2qojih6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6/MHBaWekA==</latexit>Z t

t0

eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="71DMhHkJlS/olet9yA/9B1EuEMY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60VsL9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv++Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxBDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPoPWM0w==</latexit>

I

<latexit sha1_base64="71DMhHkJlS/olet9yA/9B1EuEMY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60VsL9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv++Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxBDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPoPWM0w==</latexit>

I
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

LTI vector ODE

LTI = linear time invariant 

Solution:



CLTI System - with controls

…effect of control input at time 

on state at time t 

<latexit sha1_base64="omYtkeeOYCOvxUq/Xjq+JiwxiWk=">AAAB+XicbVDLSsNAFJ34rPUVdelmaBEEpSQu1GXQjcsK9gFNCJPptB06mYSZm0II/QuXblwo4tY/cde/cfpYaOuBC4dz7uXee6JUcA2OM7HW1jc2t7ZLO+Xdvf2DQ/vouKmTTFHWoIlIVDsimgkuWQM4CNZOFSNxJFgrGt5P/daIKc0T+QR5yoKY9CXvcUrASKFt+0Ay7HOJOxA6lxCEdtWpOTPgVeIuSNWr+BfPEy+vh/a3301oFjMJVBCtO66TQlAQBZwKNi77mWYpoUPSZx1DJYmZDorZ5WN8ZpQu7iXKlAQ8U39PFCTWOo8j0xkTGOhlbyr+53Uy6N0GBZdpBkzS+aJeJjAkeBoD7nLFKIjcEEIVN7diOiCKUDBhlU0I7vLLq6R5VXOva+6jW/Xu0BwldIoq6By56AZ56AHVUQNRNEIv6A29W4X1an1Yn/PWNWsxc4L+wPr6AV4dldE=</latexit>

⌧ 2 [t0, t]

<latexit sha1_base64="7huAUVo5GS0LXtT54hzxFDp8gOk=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3IQWoSKWxIW6jHXjsoK9QBPLZDqpQycXZk6EEAo+hC/gxoUibn0Od30bp2kX2vrDwMd/zuGc+b2YMwmmOdYKS8srq2vF9dLG5tb2jr6715JRIghtkohHouNhSTkLaRMYcNqJBcWBx2nbG15P6u1HKiSLwjtIY+oGeBAynxEMyurpB/Q+u6rCqQM4OR7Vk2oOPb1i1sxcxiJYM6jYZefkeWynjZ7+7fQjkgQ0BMKxlF3LjMHNsABGOB2VnETSGJMhHtCuwhAHVLpZfv7IOFJO3/AjoV4IRu7+nshwIGUaeKozwPAg52sT879aNwH/0s1YGCdAQzJd5CfcgMiYZGH0maAEeKoAE8HUrQZ5wAITUImVVAjW/JcXoXVWs85r1q1VsetoqiI6RGVURRa6QDa6QQ3URARl6AW9oXftSXvVPrTPaWtBm83soz/Svn4A8v+X0Q==</latexit>

eA(t�⌧)Bu(⌧)

<latexit sha1_base64="lS+RiTD8ZzqxLGPZXv+bbBNIbfE=">AAAB63icbZDLSsNAFIYn9VbrrerSzdAiVISSuFCXQTcuK9gLtKFMppN26GQSZk7EEPoKbhQUcesLuevbOGm70NYfBj7+/xzmnOPHgmuw7alVWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDo+0UxwyZrAQbBOrBgJfcHa/vg2z9uPTGkeyQdIY+aFZCh5wCmB3HqqwVm/XLXr9kx4FZwFVN1K7/x16qaNfvm7N4hoEjIJVBCtu44dg5cRBZwKNin1Es1iQsdkyLoGJQmZ9rLZrBN8apwBDiJlngQ8c393ZCTUOg19UxkSGOnlLDf/y7oJBNdexmWcAJN0/lGQCAwRzhfHA64YBZEaIFRxMyumI6IIBXOekjmCs7zyKrQu6s5l3bl3qu4NmquITlAF1ZCDrpCL7lADNRFFI/SM3tC7FVov1of1OS8tWIueY/RH1tcPnrqQ8Q==</latexit>

x(t)

input at <latexit sha1_base64="dJx89vuwSqCF+VvEwTY4/9/a41k=">AAAB63icbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcFeoB1KJs20oUlmSM4IZegruHGhiDvxWdy7Ed/GTNuFtv4Q+Pj/c8g5J0wEN+B5305haXllda247m5sbm3vlHb3GiZONWV1GotYt0JimOCK1YGDYK1EMyJDwZrh8DrPm/dMGx6rOxglLJCkr3jEKYHc6gBJu6WyV/Emwovgz6B8+eFeJG9fbq1b+uz0YppKpoAKYkzb9xIIMqKBU8HGbic1LCF0SPqsbVERyUyQTWYd4yPr9HAUa/sU4In7uyMj0piRDG2lJDAw81lu/pe1U4jOg4yrJAWm6PSjKBUYYpwvjntcMwpiZIFQze2smA6IJhTseVx7BH9+5UVonFT804p/65erV2iqIjpAh+gY+egMVdENqqE6omiAHtATenak8+i8OK/T0oIz69lHf+S8/wCC/JGM</latexit>⌧
input matrix

propagated forward

from time    to   .<latexit sha1_base64="dJx89vuwSqCF+VvEwTY4/9/a41k=">AAAB63icbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF+pGLLpxWcFeoB1KJs20oUlmSM4IZegruHGhiDvxWdy7Ed/GTNuFtv4Q+Pj/c8g5J0wEN+B5305haXllda247m5sbm3vlHb3GiZONWV1GotYt0JimOCK1YGDYK1EMyJDwZrh8DrPm/dMGx6rOxglLJCkr3jEKYHc6gBJu6WyV/Emwovgz6B8+eFeJG9fbq1b+uz0YppKpoAKYkzb9xIIMqKBU8HGbic1LCF0SPqsbVERyUyQTWYd4yPr9HAUa/sU4In7uyMj0piRDG2lJDAw81lu/pe1U4jOg4yrJAWm6PSjKBUYYpwvjntcMwpiZIFQze2smA6IJhTseVx7BH9+5UVonFT804p/65erV2iqIjpAh+gY+egMVdENqqE6omiAHtATenak8+i8OK/T0oIz69lHf+S8/wCC/JGM</latexit>⌧

<latexit sha1_base64="WD6fkyWoNInh+cKToje69KsT5RI=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVd0pFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPQgeQPA==</latexit>

t

<latexit sha1_base64="nNm18T7Tb9ehFyiTtffjVzuxMxI=">AAAB83icbVC7TsNAEFyHVwivACWNRYREFdkUQBlBQxkk8pBiY50v5+SU89m6WyNFVmp+ANFQgBAtP8Bn0PEvFFweBSSMtNJoZle7O2EquEbH+bIKS8srq2vF9dLG5tb2Tnl3r6mTTFHWoIlIVDskmgkuWQM5CtZOFSNxKFgrHFyO/dYdU5on8gaHKfNj0pM84pSgkTyPSwxyDJzRLQblilN1JrAXiTsjlZrzcM8+5Hc9KH963YRmMZNIBdG64zop+jlRyKlgo5KXaZYSOiA91jFUkphpP5/cPLKPjNK1o0SZkmhP1N8TOYm1Hsah6YwJ9vW8Nxb/8zoZRud+zmWaIZN0uijKhI2JPQ7A7nLFKIqhIYQqbm61aZ8oQtHEVDIhuPMvL5LmSdU9rbrXbqV2AVMU4QAO4RhcOIMaXEEdGkAhhUd4hhcrs56sV+tt2lqwZjP78AfW+w+sfZXc</latexit>R t
t0

Effect

of all inputs

added up


<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

autonomous

“drift” term

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="zYw+0Ukf3K4lYF0M2UtoDz8mXUw=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmXKjLUjcuK9gLtkPJpJk2NMkMSUYsQ1/BjQsvuHXtu7jzaTTTdqGtPwQ+/v8ccs4JYs60cd0vZ2l5ZXVtPZcvbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDyyxv3lGlWSRvzCimvsB9yUJGsMmsk2pS6BZLbtmdCC2CN4NSJR+/3H7cf9e6xc9OLyKJoNIQjrVue25s/BQrwwin40In0TTGZIj7tG1RYkG1n05mHaMj6/RQGCn7pEET93dHioXWIxHYSoHNQM9nmflf1k5MeOGnTMaJoZJMPwoTjkyEssVRjylKDB9ZwEQxOysiA6wwMfY82RG8+ZUXoXFa9s7K3rVXqlRhqhwcwCEcgwfnUIErqEEdCAzgAZ7g2RHOo/PqvE1Ll5xZzz78kfP+AyfOkWM=</latexit>

+Bu

affect of all

control inputs

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="mRVPV0Ph6GVRyjv3SCIq/PDoWcw=">AAACF3icbZDLSsNAFIYnXmu9VV26GSxCXVgSEXVZ68ZlBXuBpg2T6bQdOpmEmROhhLyFG1/FjQtF3OrOt3HSdqGtPwx8/OcczpzfjwTXYNvf1tLyyuraem4jv7m1vbNb2Ntv6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vRHN1m9+cCU5qG8h3HEOgEZSN7nlICxvEIZu1yCl4Bnp90EUsy6yXUJTl0g8UlajUsTwC7u4Yy8QtEu2xPhRXBmUEQz1bzCl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaEjMmBtg5IETHeSyV0pPjZOD/dDZZ4EPHF/TyQk0Hoc+KYzIDDU87XM/K/WjqF/1Um4jGJgkk4X9WOBIcRZSLjHFaMgxgYIVdz8FdMhUYSCiTJvQnDmT16ExlnZuSg7d+fFSnUWRw4doiNUQg66RBV0i2qojih6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6/MHBaWekA==</latexit>Z t

t0

eA(t�⌧)Bu(⌧) d⌧

LTI vector ODE

LTI = linear time invariant 

Solution:
<latexit sha1_base64="E/QqQhMmYyRpj/SIfnKlv58H/hg=">AAAB8HicbZDLSsNAFIYnXmu9VV26GVqEilISF+oy6MZlBXuRJpTJdNIOnUzCzIkQQp9CFy4UcevjuOvbOL0stPWHgY//P4c55wSJ4Bpse2ytrK6tb2wWtorbO7t7+6WDw6aOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg7yVtPTGkeywfIEuZHpC95yCkBYz2GVTj3gKSn3VLFrtlT4WVw5lBxy97Zy9jN6t3St9eLaRoxCVQQrTuOnYCfEwWcCjYqeqlmCaFD0mcdg5JETPv5dOARPjFOD4exMk8Cnrq/O3ISaZ1FgamMCAz0YjYx/8s6KYTXfs5lkgKTdPZRmAoMMZ5sj3tcMQoiM0Co4mZWTAdEEQrmRkVzBGdx5WVoXtScy5pz71TcGzRTAR2jMqoiB10hF92hOmogiiL0jN7Qu6WsV+vD+pyVrljzniP0R9bXDwhPkuM=</latexit>

f(t, ⌧)

<latexit sha1_base64="g4Jo+DLa3aFzLVXm5D8EiX/vffo=">AAACG3icbVDLSgMxFM34rPVVdekmWIQWpMwUUTdC1Y3LCvYBnVoyaaYNzWSG5I5Yhv6HG3/FjQtFXAku/BszbRfaeiDkcM49JPd4keAabPvbWlhcWl5Zzaxl1zc2t7ZzO7t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gKvUb90xpHspbGEasHZCe5D6nBIzUyZVdYA+QXJjMCJ9jl0voJKQAxdFd4qUX9gtw5AKJi9jF3ZR0cnm7ZI+B54kzJXk0RbWT+3S7IY0DJoEKonXLsSNoJ0QBp4KNsm6sWUTogPRYy1BJAqbbyXi3ET40Shf7oTJHAh6rvxMJCbQeBp6ZDAj09ayXiv95rRj8s3bCZRQDk3TykB8LDCFOi8JdrhgFMTSEUMXNXzHtE0UomDqzpgRnduV5Ui+XnJOSc3Ocr1xO68igfXSACshBp6iCrlEV1RBFj+gZvaI368l6sd6tj8nogjXN7KE/sL5+APWIoBg=</latexit>

Area =

Z b(t)

a(t)
f(t, ⌧) d⌧

Leibniz Rule



DLTI System - with controls

<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

LTI = linear time invariant 

Discrete Time Matrices
<latexit sha1_base64="E/QqQhMmYyRpj/SIfnKlv58H/hg=">AAAB8HicbZDLSsNAFIYnXmu9VV26GVqEilISF+oy6MZlBXuRJpTJdNIOnUzCzIkQQp9CFy4UcevjuOvbOL0stPWHgY//P4c55wSJ4Bpse2ytrK6tb2wWtorbO7t7+6WDw6aOU0VZg8YiVu2AaCa4ZA3gIFg7UYxEgWCtYHg7yVtPTGkeywfIEuZHpC95yCkBYz2GVTj3gKSn3VLFrtlT4WVw5lBxy97Zy9jN6t3St9eLaRoxCVQQrTuOnYCfEwWcCjYqeqlmCaFD0mcdg5JETPv5dOARPjFOD4exMk8Cnrq/O3ISaZ1FgamMCAz0YjYx/8s6KYTXfs5lkgKTdPZRmAoMMZ5sj3tcMQoiM0Co4mZWTAdEEQrmRkVzBGdx5WVoXtScy5pz71TcGzRTAR2jMqoiB10hF92hOmogiiL0jN7Qu6WsV+vD+pyVrljzniP0R9bXDwhPkuM=</latexit>

f(t, ⌧)

<latexit sha1_base64="g4Jo+DLa3aFzLVXm5D8EiX/vffo=">AAACG3icbVDLSgMxFM34rPVVdekmWIQWpMwUUTdC1Y3LCvYBnVoyaaYNzWSG5I5Yhv6HG3/FjQtFXAku/BszbRfaeiDkcM49JPd4keAabPvbWlhcWl5Zzaxl1zc2t7ZzO7t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gKvUb90xpHspbGEasHZCe5D6nBIzUyZVdYA+QXJjMCJ9jl0voJKQAxdFd4qUX9gtw5AKJi9jF3ZR0cnm7ZI+B54kzJXk0RbWT+3S7IY0DJoEKonXLsSNoJ0QBp4KNsm6sWUTogPRYy1BJAqbbyXi3ET40Shf7oTJHAh6rvxMJCbQeBp6ZDAj09ayXiv95rRj8s3bCZRQDk3TykB8LDCFOi8JdrhgFMTSEUMXNXzHtE0UomDqzpgRnduV5Ui+XnJOSc3Ocr1xO68igfXSACshBp6iCrlEV1RBFj+gZvaI368l6sd6tj8nogjXN7KE/sL5+APWIoBg=</latexit>

Area =

Z b(t)

a(t)
f(t, ⌧) d⌧

Leibniz Rule

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="BhLfKRK4/upWhL8qqRkN6rVutmk=">AAAB8XicbZDLSsNAFIZPvNZ6q7p0M7QIglASF+pGCLpxWcFeMA1lMp20QyeTMDORhtC36MaFIm59G3d9G6eXhbb+MPDx/+cw55wg4Uxp255Ya+sbm1vbhZ3i7t7+wWHp6Lih4lQSWicxj2UrwIpyJmhdM81pK5EURwGnzWBwP82bL1QqFosnnSXUj3BPsJARrI31PPRsH92iYcfulCp21Z4JrYKzgIpbbl+MJ25W65S+292YpBEVmnCslOfYifZzLDUjnI6K7VTRBJMB7lHPoMARVX4+m3iEzozTRWEszRMazdzfHTmOlMqiwFRGWPfVcjY1/8u8VIc3fs5EkmoqyPyjMOVIx2i6PuoySYnmmQFMJDOzItLHEhNtjlQ0R3CWV16FxmXVuao6j07FvYO5CnAKZTgHB67BhQeoQR0ICBjDG7xbynq1PqzPeemateg5gT+yvn4ACVGS1A==</latexit>

x[0] = x0
<latexit sha1_base64="osXPgTZWMlqeWgQZcX5aQBQwWcI=">AAACDHicbVDLSgMxFM34rPVVdekmtAhCoUxcqBthrC5cVrAPmBmGTJq2oZkHSUY6DP0AN678DzcuFHHrB7jr35g+BG09EDg551ySe/yYM6lMc2QsLa+srq3nNvKbW9s7u4W9/YaMEkFonUQ8Ei0fS8pZSOuKKU5bsaA48Dlt+v2rsd+8p0KyKLxTaUzdAHdD1mEEKy15hdLARi68gJeec025wnDgmbAMqz/XxDZdnTIr5gRwkaAZKVlFp/w0stKaV/hy2hFJAhoqwrGUNjJj5WZYKEY4HeadRNIYkz7uUlvTEAdUutlkmSE80kobdiKhT6jgRP09keFAyjTwdTLAqifnvbH4n2cnqnPuZiyME0VDMn2ok3CoIjhuBraZoETxVBNMBNN/haSHBSZK95fXJaD5lRdJ46SCTivoFpWsKpgiBw5BERwDBM6ABW5ADdQBAQ/gGbyCN+PReDHejY9pdMmYzRyAPzA+vwGobpvV</latexit>

x[1] = A�x0 +B�u[0]

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Approximations
<latexit sha1_base64="rI61XSNJnKebMuUPXYP1/LCe1aQ=">AAACBXicbVC7SgNBFJ2Nrxhfq4KNFoNBEISwa6GWSbTQLgHzgCQss5PZZMjsg5m7YljS2PgrNikUsbXxC+xs/BYnj0ITD1w4nHMv997jRoIrsKwvI7WwuLS8kl7NrK1vbG6Z2ztVFcaSsgoNRSjrLlFM8IBVgINg9Ugy4ruC1dze5civ3TGpeBjcQj9iLZ90Au5xSkBLjnlQcJpXTADBTRJFMrzHNyeFqQKOmbVy1hh4nthTks3vlb/5sPhRcszPZjuksc8CoIIo1bCtCFoJkcCpYINMM1YsIrRHOqyhaUB8plrJ+IsBPtJKG3uh1BUAHqu/JxLiK9X3Xd3pE+iqWW8k/uc1YvAuWgkPohhYQCeLvFhgCPEoEtzmklEQfU0IlVzfimmXSEJBB5fRIdizL8+T6mnOPsvZZTubL6IJ0mgfHaJjZKNzlEfXqIQqiKIH9ISe0YvxaAyNV+Nt0poypjO76A+M9x+dFJsS</latexit>

A� ⇡ I +A�t

for small 
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t
<latexit sha1_base64="2sYtyjkKNI2NfqlKww9FsVeIrWo=">AAACBnicbVC7SgNBFJ2Nrxhfq4KNCINBsAq7FmoZVgvLBMwDsssyO5lNhsw+mLkrhpDKxl+x0EIRWwu/wM7Gb3HyKDTxwIXDOfdy7z1BKrgCy/oycguLS8sr+dXC2vrG5pa5vVNXSSYpq9FEJLIZEMUEj1kNOAjWTCUjUSBYI+hdjPzGDZOKJ/E19FPmRaQT85BTAlryzQPHdy+ZAIJdkqYyucXYwVMFsG8WrZI1Bp4n9pQUy3vVb/7ofFR889NtJzSLWAxUEKVatpWCNyASOBVsWHAzxVJCe6TDWprGJGLKG4zfGOIjrbRxmEhdMeCx+ntiQCKl+lGgOyMCXTXrjcT/vFYG4bk34HGaAYvpZFGYCQwJHmWC21wyCqKvCaGS61sx7RJJKOjkCjoEe/bleVI/KdmnJbtqF8sOmiCP9tEhOkY2OkNldIUqqIYoukMP6Bm9GPfGk/FqvE1ac8Z0Zhf9gfH+A67Gmwo=</latexit>

B� ⇡ B�t

Computation

<latexit sha1_base64="/J/Da0k51BB7KOYNgGUkdeziyA0=">AAACDXicbVDLSsNAFJ34rPUVdelmaBWEQkm6UDdCrC5cVrAPSEKYTCft0MmDmYm0hP6AGzd+iBsXirh1765/4/QhaOuBgXPPuZc79/gJo0IaxkhbWl5ZXVvPbeQ3t7Z3dvW9/YaIU45JHccs5i0fCcJoROqSSkZaCSco9Blp+r2rsd+8J1zQOLqTg4S4IepENKAYSSV5+lHfrrjwAl56zjVhEsG+bbqwBKs/dapqTy8aZWMCuEjMGSlaBaf0NLIGNU//ctoxTkMSScyQELZpJNLNEJcUMzLMO6kgCcI91CG2ohEKiXCzyTVDeKyUNgxirl4k4UT9PZGhUIhB6KvOEMmumPfG4n+encrg3M1olKSSRHi6KEgZlDEcRwPblBMs2UARhDlVf4W4izjCUgWYVyGY8ycvkkalbJ6WzVuzaFXBFDlwCArgBJjgDFjgBtRAHWDwAJ7BK3jTHrUX7V37mLYuabOZA/AH2uc3ZNqcOw==</latexit>

x[2] = A�x[1] +B�u[1]
<latexit sha1_base64="buQ0exsWVEjCdfkLJQHwBzhfjjo="></latexit>

= A2
�x0 +A�B�u[0] +B�u[1]

<latexit sha1_base64="lI1BRikmM/0BMf8yiwXYXJiNtI0=">AAACDnicbVDLSgMxFM3UV62vUZduQktBKJSZCupGqNWFywr2ATPDkEnTNjSTGZKMtJR+gRsX/ogbF4q4de2uf2P6ELT1QODcc+7l5p4gZlQqyxobqZXVtfWN9GZma3tnd8/cP6jLKBGY1HDEItEMkCSMclJTVDHSjAVBYcBII+hdTfzGPRGSRvxODWLihajDaZtipLTkm/m+c+LBC3jpu9eEKQT7TsmDBVj5qZNJ7Zs5q2hNAZeJPSe5ctYtPI3Lg6pvfrmtCCch4QozJKVjW7HyhkgoihkZZdxEkhjhHuoQR1OOQiK94fScEcxrpQXbkdCPKzhVf08MUSjlIAx0Z4hUVy56E/E/z0lU+9wbUh4ninA8W9ROGFQRnGQDW1QQrNhAE4QF1X+FuIsEwkonmNEh2IsnL5N6qWifFu1bO1eugBnS4AhkwTGwwRkogxtQBTWAwQN4Bq/gzXg0Xox342PWmjLmM4fgD4zPb8p7nGg=</latexit>

x[3] = A�x[2] +B�u[2]
<latexit sha1_base64="VnSYId2PoMdp3xTpXLa7AX0hN34="></latexit>

= A3
�x0 +A2

�B�u[0] +A�B�u[1] +B�u[2]
<latexit sha1_base64="9bcwPzzmGRfDi2ij/KS3iHCU7s4=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMKuhdqIQRvLCOYCyRJmZ2eTMbMzy8zZQAh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7VzMq05RVqRJKN0JimOCSVYGDYI1UM5KEgtXD3vU4r/eZNlzJOxikLEhIR/KYUwLWqrX6kQLTLhS9kjcRXgR/BsXLD/cifftyK+3CZytSNEuYBCqIMU3fSyEYEg2cCjZyW5lhKaE90mFNi5IkzATDybQjfGSdCMdK2ycBT9zfHUOSGDNIQluZEOia+Wxs/pc1M4jPgyGXaQZM0ulHcSYwKDxeHUdcMwpiYIFQze2smHaJJhTsgVx7BH9+5UWonZT805J/6xfLV2iqPDpAh+gY+egMldENqqAqougePaAn9Owo59F5cV6npTln1rOP/sh5/wEtTZKG</latexit>...



DLTI System - with controls

<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

LTI = linear time invariant 

Discrete Time Matrices

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Solutions
<latexit sha1_base64="zT1T0k5Deocx3Efk+UinyE87yJc="></latexit>

x[k] = Ak
�x0 +

k�1X

k0=0

Ak�1�k0

� B�u[k
0]

<latexit sha1_base64="7N4eeC1HN+mmly91n9k74uVMiSc="></latexit>

= Ak
�x0 +

h
Ak�1

� B� · · · A�B� B�

i <latexit sha1_base64="dgMmDqFuuShipRyFRZ3rqsW+/Bw=">AAACKXicbZDLSsNAFIYn9VbjLerSzWAR3FiSIuqy6MZlBVuFJJTJ5KQOnUzCzKRYQl/Hja/iRkFRt76I01rF2w8DH/85hznnj3LOlHbdF6syMzs3v1BdtJeWV1bXnPWNjsoKSaFNM57Jy4go4ExAWzPN4TKXQNKIw0XUPxnXLwYgFcvEuR7mEKakJ1jCKNHG6jrNIIIeE2WUEi3Z9cgufDfEQWAHgzjTakyF399rhJ/khXYAIv4a6Do1t+5OhP+CN4UamqrVdR6COKNFCkJTTpTyPTfXYUmkZpTDyA4KBTmhfdID36AgKaiwnFw6wjvGiXGSSfOExhP3+0RJUqWGaWQ6zX5X6ndtbP5X8wudHIUlE3mhQdCPj5KCY53hcWw4ZhKo5kMDhEpmdsX0ikhCtQnXNiF4v0/+C51G3Tuoe2f7tebxNI4q2kLbaBd56BA10SlqoTai6AbdoUf0ZN1a99az9frRWrGmM5voh6y3d4kVpZM=</latexit>2

6664

u[0]
...

u[k � 2]
u[k � 1]
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Reachability/Controllability

<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> (

<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

reachable space = range of   
<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

…where can you drive the system to?

DT Controllability Grammian:

Reaching a particular state:

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="zsj3RKgEePjYMyksn1IgPl3rg1s=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvNtF262YTdibaE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapBcAkN5CigHSugoS+g5Y9upn7rEZTmkbzHSQxeSAeS9zmjaKSHcS/tIowxDUBnWa9ccarODPYycXNSITnqvfJXN4hYEoJEJqjWHdeJ0UupQs4EZKVuoiGmbEQH0DFU0hC0l86uzuwTowR2P1KmJNoz9fdESkOtJ6FvOkOKQ73oTcX/vE6C/Ssv5TJOECSbL+onwsbInkZgB1wBQzExhDLFza02G1JFGZqgSiYEd/HlZdI8q7oXVffuvFK7zuMokiNyTE6JSy5JjdySOmkQRhR5Jq/kzXqyXqx362PeWrDymUPyB9bnD4jokzA=</latexit>xdes

…solve
<latexit sha1_base64="a6V1iiwOhbjX/5E/fYeRYsl7CIY=">AAACDXicbVDJSgNBEO1xjXGLevTSGAUvhhkR9SLEBfQYwSyQxKGnU0ma9Cx010jCkB/w4q948aCIV+/e/Bs7y0ETHxQ83quiqp4XSaHRtr+tmdm5+YXF1FJ6eWV1bT2zsVnSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3M58MsPoLQIgzvsRVD3WSsQTcEZGsnN7HbdpIbQxaQBut+nB/TcrV2BRHbfoV3Xpmf0uuhmsnbOHoJOE2dMsmSMgpv5qjVCHvsQIJdM66pjR1hPmELBJfTTtVhDxHiHtaBqaMB80PVk+E2f7hmlQZuhMhUgHaq/JxLma93zPdPpM2zrSW8g/udVY2ye1hMRRDFCwEeLmrGkGNJBNLQhFHCUPUMYV8LcSnmbKcbRBJg2ITiTL0+T0mHOOc45t0fZ/MU4jhTZJjtknzjkhOTJDSmQIuHkkTyTV/JmPVkv1rv1MWqdscYzW+QPrM8foIGamQ==</latexit>

xdes �Ak
�x0 = GU for 

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="n06xD3d7ERkANXBukWNZ6ZlCo2M="></latexit>

U⇤ = GT (GGT )�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="Xwpsp5Z+XNewRFhB4KKw+6+c1j4=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7UJBi1iGSE3SNYwO5lNhszOrjOzQljyEjYWighWPom9jfg2Ti6FJv4w8PH/5zDnHD/mTGnH+bYyS8srq2vZdXtjc2t7J7e7V1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ga5417KhWLRFUPY+qFuCdYwAjWxmo2UBGVy7fVTi7vFJyJ0CK4M8hffNjF+O3LrnRyn+1uRJKQCk04VqrlOrH2Uiw1I5yO7HaiaIzJAPdoy6DAIVVeOpl3hI6M00VBJM0TGk3c3x0pDpUahr6pDLHuq/lsbP6XtRIdnHspE3GiqSDTj4KEIx2h8fKoyyQlmg8NYCKZmRWRPpaYaHMi2xzBnV95EeonBfe04N64+dIlTJWFAziEY3DhDEpwDRWoAQEOD/AEz9ad9Wi9WK/T0ow169mHP7LefwDBrZIi</latexit>

W = GGT

<latexit sha1_base64="NNzqstygpXwWlTMLWqYa55rKFl0="></latexit>

U⇤ = GTW�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="5KnRfqmEHSjbkh8V+eqy8nnKay8="></latexit>

W =
k�1X

k0=0

Ak0

�B�B
T
�A

k0

�

T

<latexit sha1_base64="RRbOPYRIjCHK7Py89s3vLcCMHC4="></latexit>h
Ak�1

� B� · · · A�B� B�

i
<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=

<latexit sha1_base64="yh6TRnbyZbX4ZmzRt+yEoI6qQZA="></latexit>2
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BT
�A

k�1
�

T

...
BT

�A
T
�

BT
�
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if G is fat, then W is invertible

if and only if G has full row rank 

Minimum norm solution:



DLTI System - Reachability

<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 RnLTI Discrete Update Eqn

LTI = linear time invariant 

Discrete Time Matrices

<latexit sha1_base64="W0QDjsePhNAI+KI0SWdHb5idztw=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEIGMtjYCyIPqQmVI7rtlYdJ7JvkKooP8DCr7AwgBArOxt/g9N2gJYjWTo+517de08QC67Bcb6tufmFxaXlwkpxdW19Y9Pe2q7rKFGU1WgkItUMiGaCS1YDDoI1Y8VIGAjWCAaXud94YErzSN7BMGZ+SHqSdzklYKS2vX/e9q6YAII9LrEXEugHQXqb3afmBzxkGsusbZecsjMCniXuhJTQBNW2/eV1IpqETAIVROuW68Tgp0QBp4JlRS/RLCZ0QHqsZagkZo6fjq7J8IFROrgbKfMk4JH6uyMlodbDMDCV+bp62svF/7xWAt0zP+UyToBJOh7UTQSGCOfR4A5XjIIYGkKo4mZXTPtEEQomwKIJwZ0+eZbUj8ruSdm9OS5VLiZxFNAu2kOHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PcemcNenZQX9gff4A4eabdg==</latexit>

A� 2 Rn⇥n

<latexit sha1_base64="VAjwyheByH3Bl8pJ5ta1J5Zdamw=">AAACD3icbVDLSgMxFM3UV62vUZdugkURCmVGRN0ItbpwWcG2wnQYMumdNjTzIMmIpfQP3Pgrblwo4tatO//GtB1BWw8Ezj3nXm7u8RPOpLKsLyM3N7+wuJRfLqysrq1vmJtbDRmngkKdxjwWtz6RwFkEdcUUh9tEAAl9Dk2/dzHym3cgJIujG9VPwA1JJ2IBo0RpyTP3751eyXbxGT73WpfAFcFacXEJV3/qVNeeWbTK1hh4ltgZKaIMNc/8bLVjmoYQKcqJlI5tJcodEKEY5TAstFIJCaE90gFH04iEIN3B+J4h3tNKGwex0C9SeKz+nhiQUMp+6OvOkKiunPZG4n+ek6rg1B2wKEkVRHSyKEg5VjEehYPbTABVvK8JoYLpv2LaJYJQpSMs6BDs6ZNnSeOwbB+X7eujYqWaxZFHO2gXHSAbnaAKukI1VEcUPaAn9IJejUfj2Xgz3ietOSOb2UZ/YHx8A0Anmkw=</latexit>

x[k + 1] = A�x[k] +B�u[k]
<latexit sha1_base64="IPtH1DbE74JgnQDidI/bf6hbh4A=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHCvYDt0vJptk2NJssSVZalv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qiSjMpHsw4oUGM+4JFjGBjpceR7wboGo26brdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZxRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10FGRNJaqgg80VRypGRaPo+6jFFieFjSzBRzN6KyAArTIwNqWRD8BZfXibNs6p3UfXuzyu1mzyOIhzBMZyCB5dQgzuoQwMICHiGV3hztPPivDsf89aCk88cwh84nz/uSY/I</latexit>

x[0] = x0

<latexit sha1_base64="qe6b50SkcRKoqUobHwmPx/kdPok=">AAACAXicbVC7SgNBFJ31GeMrKohgMxgEq7BroTZCEi0sEzAPSGKYndwkQ2YfzNwVwhIbf8XGIiK2tn6BnY3f4uRRaOKBC2fOuZe597ihFBpt+8taWFxaXllNrCXXNza3tlM7u2UdRIpDiQcyUFWXaZDChxIKlFANFTDPlVBxe1cjv3IPSovAv8V+CA2PdXzRFpyhkZqpg1yzfg0SGb2kcBfnpg8cNFNpO2OPQeeJMyXp7H7xWwzzH4Vm6rPeCnjkgY9cMq1rjh1iI2YKBZcwSNYjDSHjPdaBmqE+80A34vEFA3pslBZtB8qUj3Ss/p6Imad133NNp8ewq2e9kfifV4uwfdGIhR9GCD6ffNSOJMWAjuKgLaGAo+wbwrgSZlfKu0wxjia0pAnBmT15npRPM85Zxik66WyeTJAgh+SInBCHnJMsuSEFUiKcPJAnMiQv1qP1bL1ab5PWBWs6s0f+wHr/Aa8nmXg=</latexit>

A� = eA�t
<latexit sha1_base64="0wCsApSpB/slW1Z0IBJfNGYU0Ko="></latexit>

B� =
R�t
0 eA(�t�⌧)B d⌧

assuming          constant over 
<latexit sha1_base64="ZPPJvGkItRu5stb/omNvFlJZdJE=">AAAB63icbZDLSgMxFIbPeK31VnXpJrQIglBmXKjLQTcuK9gLTIeSSdM2NMkMSUYYhr6CGwVF3PpC7vo2ZtoutPWHwMf/n0POOVHCmTauO3XW1jc2t7ZLO+Xdvf2Dw8rRcUvHqSK0SWIeq06ENeVM0qZhhtNOoigWEaftaHxX5O0nqjSL5aPJEhoKPJRswAg2hZUG47BXqbl1dya0Ct4Can61e/E69bNGr/Ld7cckFVQawrHWgecmJsyxMoxwOil3U00TTMZ4SAOLEguqw3w26wSdWaePBrGyTxo0c3935FhonYnIVgpsRno5K8z/siA1g5swZzJJDZVk/tEg5cjEqFgc9ZmixPDMAiaK2VkRGWGFibHnKdsjeMsrr0Lrsu5d1b0Hr+bfwlwlOIUqnIMH1+DDPTSgCQRG8Axv8O4I58X5cD7npWvOoucE/sj5+gEpCZFM</latexit>

u[k]
<latexit sha1_base64="P5OStS5pRSjzJtpPoZszAaI5iaA=">AAAB73icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URg1pYRjAXSJYwO5lNhsxenDkrhCUvYWOhiGDlk9jbiG/j5FJo4g8DH/9/DnPO8RMpNDrOt5VbWFxaXsmv2mvrG5tbhe2dmo5TxXiVxTJWDZ9qLkXEqyhQ8kaiOA19yet+/3KU1++50iKObnGQcC+k3UgEglE0VqN1xSVSgu1C0Sk5Y5F5cKdQPP+wz5K3L7vSLny2OjFLQx4hk1Trpusk6GVUoWCSD+1WqnlCWZ92edNgREOuvWw875AcGKdDgliZFyEZu787MhpqPQh9UxlS7OnZbGT+lzVTDE69TERJijxik4+CVBKMyWh50hGKM5QDA5QpYWYlrEcVZWhOZJsjuLMrz0PtqOQel9wbt1i+gInysAf7cAgunEAZrqECVWAg4QGe4Nm6sx6tF+t1Upqzpj278EfW+w/xRJLo</latexit>

�t

Solutions
<latexit sha1_base64="zT1T0k5Deocx3Efk+UinyE87yJc="></latexit>

x[k] = Ak
�x0 +

k�1X

k0=0

Ak�1�k0

� B�u[k
0]

<latexit sha1_base64="7N4eeC1HN+mmly91n9k74uVMiSc="></latexit>

= Ak
�x0 +

h
Ak�1

� B� · · · A�B� B�

i <latexit sha1_base64="dgMmDqFuuShipRyFRZ3rqsW+/Bw=">AAACKXicbZDLSsNAFIYn9VbjLerSzWAR3FiSIuqy6MZlBVuFJJTJ5KQOnUzCzKRYQl/Hja/iRkFRt76I01rF2w8DH/85hznnj3LOlHbdF6syMzs3v1BdtJeWV1bXnPWNjsoKSaFNM57Jy4go4ExAWzPN4TKXQNKIw0XUPxnXLwYgFcvEuR7mEKakJ1jCKNHG6jrNIIIeE2WUEi3Z9cgufDfEQWAHgzjTakyF399rhJ/khXYAIv4a6Do1t+5OhP+CN4UamqrVdR6COKNFCkJTTpTyPTfXYUmkZpTDyA4KBTmhfdID36AgKaiwnFw6wjvGiXGSSfOExhP3+0RJUqWGaWQ6zX5X6ndtbP5X8wudHIUlE3mhQdCPj5KCY53hcWw4ZhKo5kMDhEpmdsX0ikhCtQnXNiF4v0/+C51G3Tuoe2f7tebxNI4q2kLbaBd56BA10SlqoTai6AbdoUf0ZN1a99az9frRWrGmM5voh6y3d4kVpZM=</latexit>2
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u[0]
...

u[k � 2]
u[k � 1]

3

7775

Reachability/Controllability

<latexit sha1_base64="JIuH92v8f6Syraw1zPhv35p9Gi0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aT27nffeTaiEQ94DTlQUxHSkSCUbRS12+K0cjPB9WaW3cXIH+JV5AaFGgNqp/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBfnzsiZVYYkSrQthWSh/pzIaWzMNA5tZ0xxbFa9ufif188wuglyodIMuWLLRVEmCSZk/jsZCs0ZyqkllGlhbyVsTDVlaBOq2BC81Zf/ks5F3buqe/eXtUaziKMMJ3AK5+DBNTTgDlrQBgYTeIIXeHVS59l5c96XrSWnmDmGX3A+vgEkN49y</latexit> (

<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

reachable space = range of   
<latexit sha1_base64="Wvi2dauVFo8Qohybl1ZHjLObTXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPne2M0Q==</latexit>

G

…where can you drive the system to?

by Cayley-Hamilton 
<latexit sha1_base64="S5OIcS2+d5ZMeN0mmeeWoHN4l9U="></latexit>

R
✓h

An�1
� B� · · · A�B� B�

i◆

…since 
<latexit sha1_base64="8Q87EFi2QMR6kNedk7p7tbjk+Cw="></latexit>

Ak0

� = �n�1A
n�1
� + · · ·+ �1A

1
� + �0I

for 
<latexit sha1_base64="u8AmkpKBmYiOztZ6Rnt/l2jgtEc=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyiF8uuiHqSohePFeyHtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeN5305haXllda24XtrY3NrecXf3GjpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw9uJ33yiSrNYPphRQgOB+5JFjGBjpcfhMbpG8tRHXbfsVbwp0CLxc1KGHLWu+9XpxSQVVBrCsdZt30tMkGFlGOF0XOqkmiaYDHGfti2VWFAdZNODx+jIKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTXQUZk0lqqCSzRVHKkYnR5HvUY4oSw0eWYKKYvRWRAVaYGJtRyYbgz7+8SBpnFf+i4t+fl6s3eRxFOIBDOAEfLqEKd1CDOhAQ8Ayv8OYo58V5dz5mrQUnn9mHP3A+fwBkiY7W</latexit>

k0 > n� 1

Reaching a particular state:

Minimum norm solution:

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="zsj3RKgEePjYMyksn1IgPl3rg1s=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvNtF262YTdibaE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapBcAkN5CigHSugoS+g5Y9upn7rEZTmkbzHSQxeSAeS9zmjaKSHcS/tIowxDUBnWa9ccarODPYycXNSITnqvfJXN4hYEoJEJqjWHdeJ0UupQs4EZKVuoiGmbEQH0DFU0hC0l86uzuwTowR2P1KmJNoz9fdESkOtJ6FvOkOKQ73oTcX/vE6C/Ssv5TJOECSbL+onwsbInkZgB1wBQzExhDLFza02G1JFGZqgSiYEd/HlZdI8q7oXVffuvFK7zuMokiNyTE6JSy5JjdySOmkQRhR5Jq/kzXqyXqx362PeWrDymUPyB9bnD4jokzA=</latexit>xdes

…solve
<latexit sha1_base64="a6V1iiwOhbjX/5E/fYeRYsl7CIY=">AAACDXicbVDJSgNBEO1xjXGLevTSGAUvhhkR9SLEBfQYwSyQxKGnU0ma9Cx010jCkB/w4q948aCIV+/e/Bs7y0ETHxQ83quiqp4XSaHRtr+tmdm5+YXF1FJ6eWV1bT2zsVnSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3M58MsPoLQIgzvsRVD3WSsQTcEZGsnN7HbdpIbQxaQBut+nB/TcrV2BRHbfoV3Xpmf0uuhmsnbOHoJOE2dMsmSMgpv5qjVCHvsQIJdM66pjR1hPmELBJfTTtVhDxHiHtaBqaMB80PVk+E2f7hmlQZuhMhUgHaq/JxLma93zPdPpM2zrSW8g/udVY2ye1hMRRDFCwEeLmrGkGNJBNLQhFHCUPUMYV8LcSnmbKcbRBJg2ITiTL0+T0mHOOc45t0fZ/MU4jhTZJjtknzjkhOTJDSmQIuHkkTyTV/JmPVkv1rv1MWqdscYzW+QPrM8foIGamQ==</latexit>

xdes �Ak
�x0 = GU for 

<latexit sha1_base64="euYjsY1RKFJB1mQdvFzLXAwxH/g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SDGacYxHQgecQZNVZq+L1yxa26c5BV4uWkAjnqvfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmh07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqKbYMJlmhmUbLEoygQxCZl9TfpcITNibAllittbCRtSRZmx2ZRsCN7yy6ukeVH1rqpe47JSu83jKMIJnMI5eHANNbiHOvjAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHsyWM3w==</latexit>

U

<latexit sha1_base64="n06xD3d7ERkANXBukWNZ6ZlCo2M="></latexit>

U⇤ = GT (GGT )�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="NNzqstygpXwWlTMLWqYa55rKFl0="></latexit>

U⇤ = GTW�1
�
xdes �Ak

�x0

�

<latexit sha1_base64="8AFdAXRNG/rqNy9SNZGHPiLSQi8=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8Ei1E1JRNSNUHShyyr2AU0ok+mkHTp5MDMRSqgbf8WNC0Xc+hfu/BsnbRbaemCGwzn3cu89XsyZVJb1bRQWFpeWV4qrpbX1jc0tc3unKaNEENogEY9E28OSchbShmKK03YsKA48Tlve8CrzWw9USBaF92oUUzfA/ZD5jGClpa655wRYDQjm6d3Y8Vi/cp39R+iia5atqjUBmid2TsqQo941v5xeRJKAhopwLGXHtmLlplgoRjgdl5xE0hiTIe7TjqYhDqh008kFY3SolR7yI6FfqNBE/d2R4kDKUeDpymxfOetl4n9eJ1H+uZuyME4UDcl0kJ9wpCKUxYF6TFCi+EgTTATTuyIywAITpUMr6RDs2ZPnSfO4ap9W7duTcu0yj6MI+3AAFbDhDGpwA3VoAIFHeIZXeDOejBfj3fiYlhaMvGcX/sD4/AFls5Yy</latexit>

R
�
G
�
=



CLTI System - Reachability
LTI = linear time invariant 

Reachability/Controllability

reachable space = range of   
…where can you drive the system to?

Reaching a particular state:

Minimum norm solution:

<latexit sha1_base64="zsj3RKgEePjYMyksn1IgPl3rg1s=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtLJvNtF262YTdibaE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapBcAkN5CigHSugoS+g5Y9upn7rEZTmkbzHSQxeSAeS9zmjaKSHcS/tIowxDUBnWa9ccarODPYycXNSITnqvfJXN4hYEoJEJqjWHdeJ0UupQs4EZKVuoiGmbEQH0DFU0hC0l86uzuwTowR2P1KmJNoz9fdESkOtJ6FvOkOKQ73oTcX/vE6C/Ssv5TJOECSbL+onwsbInkZgB1wBQzExhDLFza02G1JFGZqgSiYEd/HlZdI8q7oXVffuvFK7zuMokiNyTE6JSy5JjdySOmkQRhR5Jq/kzXqyXqx362PeWrDymUPyB9bnD4jokzA=</latexit>xdes

…solve for 
<latexit sha1_base64="3s+WxM0auJlGddi9NzSOgEzBdUg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6sZlBfuAdiiZNG1DM5khuSMtQ3/DjQtF3Poz7vwb03YW2nogcDjnHu7NCWIpDLrut5NbWV1b38hvFra2d3b3ivsHdRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8G7qN564NiJSjziOuR/SvhI9wShaqd3uRpiOJuSa3Iw6xZJbdmcgy8TLSAkyVDvFLxtnScgVMkmNaXlujH5KNQom+aTQTgyPKRvSPm9ZqmjIjZ/Obp6QE6t0SS/S9ikkM/V3IqWhMeMwsJMhxYFZ9Kbif14rwd6VnwoVJ8gVmy/qJZJgRKYFkK7QnKEcW0KZFvZWwgZUU4a2poItwVv88jKpn5W9i7L3cF6q3GZ15OEIjuEUPLiECtxDFWrAIIZneIU3J3FenHfnYz6ac7LMIfyB8/kDYWCRQQ==</latexit>

ẋ = Ax

<latexit sha1_base64="vfeaMWSjp1NamIYpFTJe0vkAttc=">AAACBHicbVA9T8MwEHXKVwlfAcYuFhUSU5UwAEtFgYWxIPohNaFyXKe16jiR7SBVUQYW/ggDCwMIsbKysyD+DU7bAQpPOunpvTvd3fNjRqWy7S+jMDe/sLhUXDZXVtfWN6zNraaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFZ7rduiJA04ldqFBMvRH1OA4qR0lLXKp3AKnRDpAa+n15m1ymHrqIhkZBnXatsV+wx4F/iTEn5+N2sxvefZr1rfbi9CCch4QozJGXHsWPlpUgoihnJTDeRJEZ4iPqkoylHeo+Xjp/I4K5WejCIhC6u4Fj9OZGiUMpR6OvO/Fw56+Xif14nUcGRl1IeJ4pwPFkUJAyqCOaJwB4VBCs20gRhQfWtEA+QQFjp3EwdgjP78l/S3K84BxXnwinXTsEERVACO2APOOAQ1MA5qIMGwOAWPIAn8GzcGY/Gi/E6aS0Y05lt8AvG2zcO6Zq/</latexit>

A = Rn⇥n
<latexit sha1_base64="KhHY/ia6WINvy8X5DwFrWv4Lz6M=">AAAB+3icbVC7TsMwFL0pr1JepYwsFhUSU5UwABsVLIwF0YfUhspxndaq40S2g1pF+RUWBhBi5UfY+BQ2nLQDtBzJ0tE59+oeHy/iTGnb/rIKK6tr6xvFzdLW9s7uXnm/0lJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N77O/PYjlYqF4l5PI+oGeCiYzwjWRuqXKxPUYwL1AqxHnpfcpQ9GrNo1OwdaJs6cVC+//RyNfvmzNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZvk2VN0bJQB8kNpntAoV39vJDhQahp4ZjLLqBa9TPzP68bav3ATJqJYU0Fmh/yYIx2irAg0YJISzaeGYCKZyYrICEtMtKmrZEpwFr+8TFqnNees5tw61foVzFCEQziCE3DgHOpwAw1oAoEJPMELvFqp9Wy9We+z0YI13zmAP7A+fgB9bZfJ</latexit>

x 2 Rn

<latexit sha1_base64="g3CUXJ36ob3369NHGK1IVbo+hSg=">AAAB83icbVDLSsNAFJ3UV62vqks3Q4tQEUriQt0IQTcuK9gHNCFMppN26OTBzI00hP6FuHGhiFt/xl3/xuljoa0HLhzOuZd77/ETwRWY5sQorK1vbG4Vt0s7u3v7B+XDo5aKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vBu6refmFQ8jh4hS5gbkn7EA04JaMkZ1cAzz/ANHnmmV66adXMGvEqsBanaFef8eWJnDa/87fRimoYsAiqIUl3LTMDNiQROBRuXnFSxhNAh6bOuphEJmXLz2c1jfKqVHg5iqSsCPFN/T+QkVCoLfd0ZEhioZW8q/ud1Uwiu3ZxHSQosovNFQSowxHgaAO5xySiITBNCJde3YjogklDQMZV0CNbyy6ukdVG3LuvWg1W1b9EcRXSCKqiGLHSFbHSPGqiJKErQC3pD70ZqvBofxue8tWAsZo7RHxhfP/xrk1Q=</latexit>

x(t0) = x0
<latexit sha1_base64="zYw+0Ukf3K4lYF0M2UtoDz8mXUw=">AAAB63icbZDLSgMxFIbPeG3rrerSTbAIglBmXKjLUjcuK9gLtkPJpJk2NMkMSUYsQ1/BjQsvuHXtu7jzaTTTdqGtPwQ+/v8ccs4JYs60cd0vZ2l5ZXVtPZcvbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDyyxv3lGlWSRvzCimvsB9yUJGsMmsk2pS6BZLbtmdCC2CN4NSJR+/3H7cf9e6xc9OLyKJoNIQjrVue25s/BQrwwin40In0TTGZIj7tG1RYkG1n05mHaMj6/RQGCn7pEET93dHioXWIxHYSoHNQM9nmflf1k5MeOGnTMaJoZJMPwoTjkyEssVRjylKDB9ZwEQxOysiA6wwMfY82RG8+ZUXoXFa9s7K3rVXqlRhqhwcwCEcgwfnUIErqEEdCAzgAZ7g2RHOo/PqvE1Ll5xZzz78kfP+AyfOkWM=</latexit>

+Bu

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="mRVPV0Ph6GVRyjv3SCIq/PDoWcw=">AAACF3icbZDLSsNAFIYnXmu9VV26GSxCXVgSEXVZ68ZlBXuBpg2T6bQdOpmEmROhhLyFG1/FjQtF3OrOt3HSdqGtPwx8/OcczpzfjwTXYNvf1tLyyuraem4jv7m1vbNb2Ntv6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vRHN1m9+cCU5qG8h3HEOgEZSN7nlICxvEIZu1yCl4Bnp90EUsy6yXUJTl0g8UlajUsTwC7u4Yy8QtEu2xPhRXBmUEQz1bzCl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaEjMmBtg5IETHeSyV0pPjZOD/dDZZ4EPHF/TyQk0Hoc+KYzIDDU87XM/K/WjqF/1Um4jGJgkk4X9WOBIcRZSLjHFaMgxgYIVdz8FdMhUYSCiTJvQnDmT16ExlnZuSg7d+fFSnUWRw4doiNUQg66RBV0i2qojih6RM/oFb1ZT9aL9W59TFuXrNnMAfoj6/MHBaWekA==</latexit>Z t

t0

eA(t�⌧)Bu(⌧) d⌧

LTI vector ODE

Solution:

<latexit sha1_base64="bY/Op1C1O2Zomk3AASAUuIwmDjc="></latexit>

x(t) = eA(t�t0)x0 +
R t
t0
eA(t�⌧)Bu(⌧) d⌧

<latexit sha1_base64="eNyVGTqnbLPsTOxC/WfZlj5L7/U=">AAAB/HicbVDLSsNAFJ3UV62vaJduQotQUUriQl0WXeiygn1AEsJkMmmHTh7M3Agh1K9w78aFIm79EHf9G6ePhVYPXDiccy/33uOnnEkwzYlWWlldW98ob1a2tnd29/T9g65MMkFohyQ8EX0fS8pZTDvAgNN+KiiOfE57/uh66vceqJAsie8hT6kb4UHMQkYwKMnTqw4wHtDiZtzIbPDMU3CPPb1uNs0ZjL/EWpB6q+acPE1aedvTv5wgIVlEYyAcS2lbZgpugQUwwum44mSSppiM8IDaisY4otItZsePjSOlBEaYCFUxGDP150SBIynzyFedEYahXPam4n+enUF46RYsTjOgMZkvCjNuQGJMkzACJigBniuCiWDqVoMMscAEVF4VFYK1/PJf0j1rWudN686qt67QHGV0iGqogSx0gVroFrVRBxGUo2f0it60R+1Fe9c+5q0lbTFTRb+gfX4D8bWXSQ==</latexit>

G̃(u[t0, t])

Operator

- infinite-dimensional input 
-     dimensional output

<latexit sha1_base64="spJE+k6wZuXmMpEsPG2DR/eqXEk=">AAAB73icbZDJSgNBEIZrXGPcoh69NAmCoIQZD+px0IvHCGaByRB6Oj1Jk57F7hphCHkJETwo4tXX8Za3sbMcNPGHho//r6KrKkil0GjbY2tldW19Y7OwVdze2d3bLx0cNnSSKcbrLJGJagVUcyliXkeBkrdSxWkUSN4MBreTvPnElRZJ/IB5yv2I9mIRCkbRWK3Mw459jn6nVLGr9lRkGZw5VNxy++xl7Oa1Tum73U1YFvEYmaRae46doj+kCgWTfFRsZ5qnlA1oj3sGYxpx7Q+n847IiXG6JEyUeTGSqfu7Y0gjrfMoMJURxb5ezCbmf5mXYXjtD0WcZshjNvsozCTBhEyWJ12hOEOZG6BMCTMrYX2qKENzoqI5grO48jI0LqrOZdW5dyruDcxUgGMowyk4cAUu3EEN6sBAwjO8wbv1aL1aH9bnrHTFmvccwR9ZXz+drJKs</latexit>

u[t0, t]
<latexit sha1_base64="5dVASqnxJZID/mEAmL6c2xDH7aM=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVdEpFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPOO+QNg==</latexit>n

<latexit sha1_base64="fL78QSLSFB5XshEfojBZ5dqzevA="></latexit>

G̃
�
·
�
=

Z t

t0

eA(t�⌧)B(·) d⌧

<latexit sha1_base64="aa4/0vznbXQbB3eu8RjSTndlsI8="></latexit>

G̃
�
·
�
=

R t
t0
eA(t�⌧)B(·) d⌧

<latexit sha1_base64="D41VW67J6LGxDCkRmmIOD0H1EwM="></latexit>

xdes � eA(t�t0)x0 = G̃(u)
<latexit sha1_base64="I3DiEcwp07TnvI7bN3XDtDioVdQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdC7URgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpY1bRTKLoldyJnEbwZFC8/7Ivk/cuudAqf7W5M0wiFppwo1fLcRPsZkZpRjiO7nSpMCB2QHrYMChKh8rPJoCPnyDhdJ4yleUI7E/d3R0YipYZRYCojovtqPhub/2WtVIfnfsZEkmoUdPpRmHJHx854a6fLJFLNhwYIlczM6tA+kYRqcxvbHMGbX3kR6icl77TkVb1i+QqmysMBHMIxeHAGZbiBCtSAAsIDPMGzdWc9Wi/W67Q0Z8169uGPrLcfQ4uQPQ==</latexit>u

…works with infinite-dimensional operators too!

DT…recall
<latexit sha1_base64="NNzqstygpXwWlTMLWqYa55rKFl0="></latexit>

U⇤ = GTW�1
�
xdes �Ak

�x0

�

Controllability Grammian:

<latexit sha1_base64="5KnRfqmEHSjbkh8V+eqy8nnKay8="></latexit>

W =
k�1X

k0=0

Ak0

�B�B
T
�A

k0

�

T

<latexit sha1_base64="bIMBTwVMwD6qHfp14Lob8vyDxm4="></latexit>

W̃ =
R t
t0
eA(t�⌧)BBT eA

T (t�⌧) d⌧

CT

Solution:

at time t

<latexit sha1_base64="A6ywqWw0G7cIIxNmE8kkQKLqLoQ="></latexit>

u⇤(⌧) = BT eA
T (t�⌧)W̃�1

�
xdes � eA(t�t0)x0

�

<latexit sha1_base64="M8gbz2/6xZQseU0A2wUB45aCEwk=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5UwABsVLIwF0YfUhMpxndaq40S2g1RFGVj4FRYGEGLlI9j4FDbcxwAtR7J0fM69uveeIOFMacf5sgpLyyura8X10sbm1vaOvbvXVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvBz7rXsqFYvFrR4l1I9wX7CQEayN1LXLHhPIi7AeBEF2k99l5qdZRBUSedeuOFVnArRI3BmpnH+HE9S79qfXi0kaUaEJx0p1XCfRfoalZoTTvOSliiaYDHGfdgwV2Mzxs8kROTo0Sg+FsTRPaDRRf3dkOFJqFAWmcryumvfG4n9eJ9XhmZ8xkaSaCjIdFKYc6RiNE0E9JinRfGQIJpKZXREZYImJNrmVTAju/MmLpHlcdU+q7rVbqV3AFEUowwEcgQunUIMrqEMDCDzAE7zAq/VoPVtv1vu0tGDNevbhD6yPH3sNm68=</latexit>

2 Rn⇥n


