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Definite (Symmetric) Matrices

Quadratic Form:

Definiteness: Short

Positive definite: PD
Positive semi-definite PSD
Negative-definite ND

Negative semi-definite ~ NSD

Indefinite:

Q>0
@ =0
Q=<0
@ =0

QERan Q:QT

Notation Definition

z1'Qr >0
:UTQ:C > ()
' Qx < 0
' Qx <0

Qx>0

' Qx <0

Note: not a useful definition for general matrices

... condition only says something about the symmetric part of Q

Symmetric/Skew-symmetric Decomposition

Q=13(Q+Q")+5(@-Q")
Al

skew-sym

N———

symmetric

Analogy

Eigenvalues

Vo x#0 ...positive orthant Ai >0 A € eig(Q)
YV 1 ...positive orthant A >0\ € eig(Q)
w/ boundary
Vo x#0 ...negative orthant Ai <0\ € eig(Q)
YV 1 ...negative orthant A <0 )\ €eig(Q)
w/ boundary
some T ...the rest of the space
SOINne r
P Qx = %xT + QT):IJ + %CIZ‘T (Q — QT)x
=127 (Q+ QT)QJ +127Qx — 12" Q'
...transpose
=12 (Q+ QT)ZIZ +127Qr — 12" Qu
_1..T T - ...only the
— 2 (Q + Q )$ symmetric

part matters

Eigenvalue condition proof:

...consider eigenvector coordinates
/
x=Vx

since Vis
invertible...

Vo <— Vo

' Qr =2VDV'e =2 Da’ = Z Az’

Y halP>0 V' = A\ >0 VA €eigQ)
‘ x#0



Definite (Symmetric) Matrices
Qe R™™ Q=Q"

Quadratic Form: f(z) = :IZTQw

Definiteness: Short Notation Definition Analogy
Positive definite: PD Q=0 xTng ~0 Vo x 75 0 ...positive orthant
Positive semi-definite PSD 0= 0 :UTQ:IJ > () V x ...positive orthant

w/ boundary

Negative-definite ND Q=<0 xTQaj <0 Vzx < # 0 ...negative orthant
Negative semi-definite <0 T T ...negative orthant
NSD @= 7" Qr <0 v w/ boundary
Indefinite: +TQr >0 some x ...the rest of the space
z'Qr <0 some T
Surfaces: @ >0
Q=1 () diagonal

S
Z

level sets surface

)

level sets surface

Eigenvalues

A >0 A\ €eig(Q)
Ai >0 A\ €eig(Q)
A <0\ € eig(Q)

A <0\ € eig(Q)

level sets

Eigenvalue condition proof:

...consider eigenvector coordinates
/
x=Vx

since Vis
invertible...

Vo < Vua
' Qr =2VDV'e =2 Da’ = Z Az’

Y hal®>0 V' = N >0 VA€ eigQ)
¢ x #0

surface



Definite (Symmetric) Matrices
Qe R™™ Q=Q"

Quadratic Form: f(z) = :IZTQw

Definiteness: Short Notation Definition Analogy
Positive definite: PD Q=0 xTng ~0 Vo x 75 0 ...positive orthant
Positive semi-definite PSD 0= 0 :UTQ:IJ > () V x ...positive orthant

w/ boundary
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Surfaces: () <0
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Definite (Symmetric) Matrices

Quadratic Form:
Definiteness:

Positive definite:

Positive semi-definite
Negative-definite

Negative semi-definite

Indefinite:

Surfaces: @ =0

ot §

level sets

f(z) =2  Qu

QERTLXTL Q:QT

Short Notation Definition

PD Q>0
PSD Q> 0
ND Q=<0
NSD Q=0

surface

TQr>0 Vo x#0
Qx> 0 Vo
2’Qr<0 Vo z#0
' Qx <0 Vo
'Qr >0 some x
t'Qr <0 some x
A1 O
@= [01 0]
level sets

Analogy

...positive orthant

...positive orthant
w/ boundary

...negative orthant

...negative orthant
w/ boundary

...the rest of the space

diagonal

surface

Eigenvalues Eigenvalue condition proof:

...consider eigenvector coordinates

=V

N >0 )\ € eig(Q)

ANi >0 A€ eig(Q) since V is

invertible. .. Vr <— VY iE/
AN <0 A\ € eig(Q)

T _ D Tr,. __ /TD/: ./_2
N <0 N € eig(O) ' Qr =zVDV' 'z =2" Dz zi:)\@xz

Y halP>0 V' = A\ >0 VA €eigQ)
v x #0

A
Q=V [01 8] v = )\1?}1?}{ general

/
2

7
%/

level sets surface




Definite (Symmetric) Matrices

Quadratic Form: f(z) = xTQaj QR Q= QT

Definiteness: Short Notation Definition Analogy Eigenvalues Eigenvalue condition proof:
- Ai>0 A € eig(O) ...consider eigenvector coordinates
Positive definite: PD Q-0 Qx>0 Vo x#0 ...positive orthant P~ i =18 Vo
" . . T ...positive orthant \ > A\, :
Positive semi-definite PSD Q=0 x Qx>0 Vo w/ boundary i >0 A €eig(Q) since V i /
| nvertible... VX <= VX

Negative-definite ND Q=<0 a:TQx <0 Vo <« =+ ...negative orthant A <0 A; € eig(Q)

- . TQe =aVDVTe =2 "Da’' =y Nl
Negative semi-definite NSD Q=0 CETQx <0 V' 1 ...negative orthant A <0 A\ €eig(Q) rQr==x x=x" Dx zz: x;

w/ boundary ,
d AwT >0 Vol = A >0 VA €eig(Q)
Indefinite: 1'Qx >0 some x ...the rest of the space i z 0

:UTQ:I: <0 some x

Surfaces: ¢ =<0 )\
0 T
Q = [1 O] Q = [)‘1 O] diagonal Q=V [()1 ()] Vi = )\1@17]1 general

/
2

7
%/

level sets surface

level sets surface level sets surface



Definite (Symmetric) Matrices

Quadratic Form: f(z) = :IZTQw QR Q= QT

Definiteness: Short Notation Definition Analogy Eigenvalues Eigenvalue condition proof:
- | | : ...consider eigenvector coordinates
Positive definite: PD Q> 0 TQr>0 Va x#0  ..positveorthant Ai >0 A € eig(Q) U
. . . T ...positive orthant >0 N\ € e
Positive semi-definite PSD Q>0 x Qx>0 Vo w/ boundary i 2 i € eig(Q) Cince Vs /
. invertible... Vr <— Vux

Negative-definite ND Q=<0 a:TQx <0 Vzx < =+ 0 ...negative orthant Ai <0 A € eig(Q)

- . TQe=aVDVTe =2"Ds’ = Nl
Negative semi-definite NSD Q=0 xTQa: <0 V/ ...negative orthant A <0 )\ € eig(Q) rQr==x r=x" Dx ZL: x;

w/ boundary ,
d AT >0 Vil = A >0 VA ceig(Q)
Indefinite: 1'Qx >0 some x ...the rest of the space i x40
z'Qr <0 some x

Surfaces: () indefinite

diagonal Q=V [0 Mo v general

level sets surface level sets surface level sets surface



Definite (Symmetric) Matrices

Quadratic Form:
Definiteness:

Positive definite:

Positive semi-definite
Negative-definite

Negative semi-definite

Indefinite:

Surfaces: @ >0

flx)=2'Qx QeR™" Q=

Short Notation Definition

PD O-0 2 Qx>0 Vu x # 0
PSD Q0 ' Qe>0 V&
ND Q=<0 2'Qr<0 Vaz x#0
NSD Q=0 TQr<0 V=

z'Qxr >0 some x

'Qr <0 some x

QT
Analogy

...positive orthant

...positive orthant
w/ boundary

...negative orthant

...negative orthant
w/ boundary

...the rest of the space

flz) =2"Qr =1

surface

\\

level sets

Eigenvalues

A >0 A\ €eig(Q)
Ni >0 N\ €eig(Q)
A <0\ € eig(Q)

A <0 A\ €eig(Q)

Eigenvalue condition proof:

...consider eigenvector coordinates
/
x=Vx

since V is

/
invertible... \V/ZU e \V/.CE

' Qr =2VDVie =2"Ds = Z )\Z'xf

1

Y hal®>0 V' = N >0 VA€ eigQ)

x#0




Definite (Symmetric) Matrices

Quadratic Form: f(z) = :IZTQw QR Q= QT

Definiteness: Short Notation Definition Analogy Eigenvalues Eigenvalue condition proof:
- : ...consider eigenvector coordinates
Positive definite: PD Q>0 xTQ:B ~0 Vo x 7£ 0 ...positive orthant Ai >0 A € eig(Q)
g positi thant r=Va
" e T vV 1 ...positive orthan A\ >0 N € el
Positive semi-definite PSD Q = 0 x Qx>0 w/ boundary - eig(Q) cince Vs /
. invertible... Vr <— Vuzx
Negative-definite ND Q=<0 a:TQx <0 Vzx < =+ 0 ...negative orthant Ai <0 A € eig(Q)
T _ T 9T /) _ {2
Negative semi-definite NSD Q=0 xTQa: <0 V/ ...negative orthant A <0 )\ € eig(Q) rQr=a2VDV'ie =" Dx = Z)\ZCBZ

w/ boundary 2 , | .
d AT >0 Vil = A >0 VA ceig(Q)

Indefinite: 1'Qx >0 some x ...the rest of the space i x40
z'Qr <0 some x ) )
fz) =0 _ T _ [Al 0] [— oy —] 1. =
Surfaces: indefinite Q=VDV B I ) T VS [ PRy H'U’LHQ 1
flz)=2"Qr =1 -
r) =2 xr =
1 1 T 1
() = vl Qo g
/L \/1>\_2 1 1 _ A 0] [— o - | ,
N \/1)\_ f(z) =0 = N Ull U1 02 [O )\2] [_ Ug _] 71’1 vovl
o HT[Al O] o Ay
flx)=21Qr=-1 VAL0l 10 Aol [O] VA T (\/)\_1>2 —

surface level sets



Quadratic Form - Level Sets in 3D

Quadratic Form: f(ili‘) — ZTQQJ‘ Q c R"*" Q — QT

Definite Matrices
(Positive or Negative) Indefinite

*
2D ¢
L
- <
v »
* &

AN

3D

\

&%\

e

Two negative eigenvalues

Two positive eigenvalues

...all positive or all negative eigenvalues One positive eigenvalue One negative eigenvalue



Quadratic Form - Level Sets in 3D

Quadratic Form: f(ili‘) — ZTQQJ‘ Q c R"*" Q — QT

Definite Matrices
(Positive or Negative)

*
2D ¢
L
- <
v »
* &

Indefinite

3D

N
A\

&

Eigenvalues: two negative, one positive Eigenvalues: two negative, one positive

...all positive or all negative eigenvalues ...expand 1D negative eigenvector ...expand 1D positive eigenvector

into an ellipse... into an ellipse...



Quadratic forms: matrix invertibility/subspace separation

Quadratic Form:

Example 1

Desired Condition

B

invertible

Find certificate I € S,,

AR

1 b
&— det [C 1] # 0
< 1 —bc invertible

Use certificate to
guarantee condition...

RIS

Ve e [g, 6}

then Desired Condition

QERan Q:QT

Example 2

BfS —

11

r = Bv, ve R}

i
/

Use certificate to
guarantee condition...

If

y = Bw, w € R}

then Desired Condition

Failure Cases:

no certificate 11...

S

NN

no certificate 11 ...




Quadratic forms: matrix invertibility/subspace separation

Quadratic Form: f(:l:‘)

Example 1

Desired Condition
1 b
[1 b] < det [C 1

c 1

g

< 1 —bc invertible

invertible

Find certificate I € S,,

AR

Use certificate to
guarantee condition...

RIS

Ve e [g, 6}

then Desired Condition

QERan Q:QT

Example 2

Bi7S —

Desired Condition

1 Y1

[x ?L _[331 yl] < det [CE‘Q Y2
.

2 Y2

invertible

Find certificate I € S,,

Find s.ti.
11

r = Bv, ve R}

‘7
C’s

/

Z

<  T1Y2 — TaY1
invertible

]#0 r = Bv, ve Rl

y = Bw, w € R}

Use certificate to
guarantee condition...

If

y = Bw, w € R}

then Desired Condition

many ll’s could work...




