Matrix Shape, Polar Decomposition,
Singular Value Decomposition

Linear Algebra

Winter 2022 - Dan Calderone



Matrix Shape

| B
AERan A = Al An —
a S I
Inner products between
_A,{Al A?An_ i ‘Al ‘ ‘Al‘ T ‘Al ‘ ‘An‘ COS Hln_
T A . . L . .
... columns ATA c R™"*™ Atd=1 1 = : :
_AZAl AZAn_ _’AnHAl’COSHLn ’AnHAn‘ |
... TOWS AAL € RmXxm atar - alan| [ |ail|ar .-+ |ai||an| cos 01,
AAT =] | = : :
_aqual aflam_ _‘an‘ |a1‘ cosf,, --- |an| |an| ]
Properties
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N(A) = N(ATA) rank-nullity theorem



Matrix Shape

| B
AER™™  A=|A - A=
| | _ T
_ - i am |
Inner products between
_A,{Al A?An i ‘Al ‘ ‘Al ‘ ‘Al ‘ ‘An‘ COS Hln_
T nxXn AT A = : : _ : ;
... col A" AeR - . - -
SO AT A, ATA [ An]| A | cos 61, Au||Aa]
... TOWS AAL € RmXxm atar - afam  ai||aq a1 ||ay, | cos by,
_aflal afzam_ _‘an‘ |a1‘ cos 01, |an| ‘an| ]
Di lization: —
iagonalization rk(A) = k S
k n—k k n—k Y € REXFE Y — og; >0
— T ot et _ 0 ...
. Y2 0] . . L X2 ol [ v |V _ -
A"A=V 0 0 Vi = | VASE Va4 ; : Note: need to show same X works for ATA & AA”... (later)
- - n—k O O _ V,/T _
] | [ ok
- - L — - — V E Ran
o T | | /T /T 11
oo L ] VIV = [ |7 v = [ v <o 1) =1
Y2 ()] _ | | 1 ] 22 0] |- U’T — | * UcR™*™
T T / // > ,T | | /Ty ,T
AL =U1g oV = 7 UI Lo oll= urt o —[Ves UTU = | |7 v\ = [t o] = o ] =1




Matrix Shape - positive semi-definite shape
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Matrix shapes

relative shape of... positive semi-definite
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Complex Number Analogy:
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Matrix Shape - orientation

AeR™" A= |4

Matrix shapes
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... columns -5

Shape matrix:

... If full column rank

1
(ATA)2 =vevT =v'sv’"

... if full row rank
1
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orientation of...
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Orientation matrix:

Note: proof using SVD...
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Complex Number Analogy:
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Polar Decomposition
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Polar Decomposition
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Singular Value Decomposition (SVD)
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Singular Value Decomposition
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Singular Value Decomposition (SVD)
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Singular Value Decomposition (SVD)

A e Rmxn

A=

Singular Value Decomposition & Polar Decomposition

... full column rank
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SVD & Polar Decomposition
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Related Matrices
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...use -1 to represent the Moore-Penrose pseudo inverse
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SVD & Polar Decomposition
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