AE 510 - Linear Systems Theory - Winter 2020

Homework 7

Due Date: Friday, Feb 28 2020 at 11:59pm

1. Laplace Transform

The Laplace transform of a function f(t) is given by
£ = [ e a

(a) Choose three of the following Laplace Transforms to compute:
o (PTS: 0-2) Delta function: £ (d(t)) =7
o (PTS: 0-2) Differentiation: £ (f(t)) =7
o (PTS: 0-2) Integration: £ (f(f f(r) d’i’) =7
 (PTS: 0-2) Frequency Shift: £ (e f(t)) =?
o (PTS: 0-2) Convolution: £ (fg’g(t —7)f(7) dT) =7

(b) (PTS: 0-2) Find the Laplace transform of y(t) = f(t) x h(t) where x is the convolution
operator.

0, t<0
f)y=¢ 1, 0<t<2
0, 2<t

(c) (PTS: 0-2) Obtain an approximation of Y'(s) from part (b) in the following form using the
first-order Padé approximation.
bos™ 4+ b18™ T 4 - A by 15+ by

Y. §) = m<n
approx(s) aps™ +ays" 1+ +a,_1s+a,’ -

Note: A Padé approximant is the “best” approximation of a function by a rational function
of given order. The first-order Padé approximation of a time delay 7 is
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2. Transfer Functions

Consider the continuous time linear system

& = Az + Bu, x(0) = xo
y=Czx+ Du

with A € R™", B € R™™, C € RO, and D € RO™,



(a) (PTS: 0-2) Compute the Laplace transform of the output y(¢), ie. L(y(t)) = Y (s). Your
solution should be in terms of the A, B, C, D, xy,U(s), where U(s) is the Laplace transform
of u(t).

(b) (PTS: 0-2) Assuming A is diagonalizable, expand out your previous answer to show that

> (sf& CpiqiTB) +D
7

where p; and ¢; are the right and left eigenvectors for eigenvalue A;.

Y(s) = (A Cpial z0) + U(s)

3. Observer Design: Eigenvalue Placement

Consider the two systems shown below of the form
= Az + Bu
y=Czx+ Du

with A € R™" B € R C € RY" and D € R

For each system, design an observer gain L € R™*! such that the matrix A 4+ LC is stable. Note:

you should follow the steps of Problem 3 from Homework 6. The points for this problem will be
assigned similarly.
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System Parameters

(a) M = mass of cart 0.5 [kg]
(b) m = mass of the pendulum 0.2 [kg]

(c) b= coefficient of friction for cart 0.1 [N/m/s]
(d) length of pendulum center of mass 0.3 [m]
(e)
()
(&)

[ =

I = mass moment of inertia of the pendulum 0.006 [kg - m?]
I = force applied to the cart
x

= cart position coordinate



(h) 6 = pendulum angle from vertical (down)
(i) p=0—m
Equations of Motion (for small 6):
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e Aircraft Pitch

System Parameters



a = angle of attack g = pitch rate

0 = pitch angle 6 = elevator deflection angle
uw= Zﬁf p = air density

S = area of wing ¢ = mean chord length

m = aircraft mass Q= %

U = equilibrium flight of speed Cr = Coeflicient of Thrust

Cp = Coeflicient of Drag C, = Coefficient of Lift

Cw = Coeflicient of Weight Cyr = Coefficient of Pitch Moment
v = Flight path angle o= ﬁ = constant

iyy = normalized moment of inertia n = poChy = constant

Equations of Motion:

&= po |—(Cr+Cp)a+ q— (Cwsiny) 0+ Cp

(n—CL)
) Q .
q= 2“7 [[Cyv —n(CL+Cp)la+[Cy +0Cuy (1= pCr)] g + (nCyw siny) §]
vy
0 = Qq
State-space:
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4. Observer Design: Separation principle
For the two systems above
(a) (PTS: 0-2) Write down the estimator dynamics for a state estimate & € R™. Note that
these should include the observer gain L times the output estimate error.

(b) (PTS: 0-2) Write down the joint dynamics of the true state x € R"™ and the estimator state
T € R".

(c) (PTS: 0-2) Write down the coordinate transformation 7' € R?"*2" such that

:

where e € R" is the error in the state estimate e = £ — x. Use this coordinate transformation

=T
z

to transform the dynamics from the previous part into dynamics for
e



(d) (PTS: 0-2) Show that the stability of the joint dynamics depends on the stability of A+ BK
and A + LC separately.

(e) Simulate the joint the state-error system using the observer gain L computed above and the
control input uv = K& 4 r where K is the feedback gain computed in Homework 6 and r
is each of the two following reference signals. Use the initial conditions x(0) given with the
dynamics and the initial state estimate (0) = 0.

e (PTS:0-2)r=1
o (PTS: 0-2) r = ysin(wt) (Pick a v and w you find interesting.)
(f) (PTS: 0-2)(x2) Plot the state, error, and control trajectories for each case.



