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Review of the solution to LTI systems

The continuous linear time-invariant (CLTI) system
X =Ax+ Bu y=q5(c>+Du x(ty) = x5 € R”

The solution to this system is given by

w0 = Yoy [ eA-Byna: (A B)
0=y | o

e

(1) = CeA<f-fo>@+ [ Cer"PBu(m)dr + Du(®) (A, ()

== Iy

The homogeneous CLTI (H-CLTI) system

X =Ax
The solution to this system is given by

x(f) = D(t, ty)x, = ey,



Review of the solution to LTI systems

The discrete linear time-invariant (DLTI) system
xk+1 == Axk + Buk yk == ka + Dl/lk .X(to) == xO = Rl’l

The solution to this system is given by

k—1
X, = A*x[0] + Z A*1=mBym]

— m=0
k—1

y, = CA*X[0] + Y| CA*'""Bu[m] + Dulk]
— m=0

The homogeneous DLTI (H-DLTI) system
X1 = AXg
The solution to this system is given by

X,y 1 = A*X[0]



Definition of controllable system

e Continuous time

x =Ax+ Bu

The state equation above or the pair (A,B) is said to be controllable
if for any initial state x(0) = x,, and any fihal state x,, there exists an

S e A
input that transfers X, to x; in a finite time. Otherwise this state
equation or (A,B) is sald to be uncontrollable.

* Discrete time
4]
ka:AiC,é_l_Bﬂ xe"ﬂ__

The state equation above or the pair (A,B) is said to be controllable
if for any initial state x(0) = x, and any final state x;, there exists an

input sequence of finite length that transfers x;, to x;. Otherwise this
state equation or (A,B) is said to be uncontrollable.




Uncontrollable systems
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Test if a system is controllable Fen = Ak 1B U
Theorem (6.D1 in Chen’s book) T}y {ougw(,\g Sobements OYe Egpivalont

b The n-dimensional pair (A,B) is controllable. (‘H )

. The n X n matrix
n—1
W, In—1] = Z(A)’"BB’(A’)’" I B’V\" )m ||1
is nonsingular. Ry = A Ko + 3' A-" B 'u(:m]

3. The n X np |controllability matrix

C,=[B AB A’B - A"B IB] XP BG’R

——, ==

Has rank n (full row rank).

DBH The n X (n + p) matrix [A — A  B] has full row rank at every eigenvalue, A, of A ‘b")\ & (B

5. If, in addition, all eigenvaues of A have magnitudes less than 1, then the unique solution of

Wdc—AWch'=[@ BR Lyaq)dv‘o\l szﬂafﬁﬂn.

is positive definite. The solution is called the discrete Controllability Grammian and can be
expressed as

W, = Z AM™BB/(A)"

m=0



Test if a system is controllable

Theorem (6.1 in Chen’s book)

1. The n-dimensional pair (A,B) is controllable.

2. The n X n matrix

t
W.(2) ¢ATBB e dr = J A BB A=) g1
' 0
is nonsingular for any ¢ > 0

@The n X np controllability matrix
-"——\M
C=[B AB A’B .- A"'B]

—_—
—

has rank n (full row rank)

4. The n X (n + p) matrix [A — AI  B] has full row rank at every eigenvalue, 4, of A PBH

p——
5. If, in addition, all eigenvalues of A have negative real parts, then the unique solution of

T —

AW, ¥ WA’ = — BB’

is positive definite. The solution is called the Controllability Grammian and can be expressed
as

W =J eA"BB'eA " dr
0



Proof of theorem 6.1
» Controllability matrix for DLTI

—

o Statement 1 and 2 for CLTI
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Example

Consider the following system (inverted pendulum, example

2.8 in Chen’s book) N
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Example
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Test if a system is controllable

Theorem (6.1 in Chen’s book)

1., The n-dimensional pair (A,B) is controllable.

2.\J'he n X n matrix

t t
[ eABB'eA"dr = J eA=DBR A= g
——— 0 . O

is nonsingular for @
@Theanp controllability matrix ‘b’D Lesb (f O &\/g{ﬁw\ (S Cbrb,
OU“\X”&@E (B AB A’B - A"'Bl i, Compuie yank(¢)

has rank n (full row rank)

6

The n X (n+ p) matrix [A — AI  B] has full row rank at every eigenvalue, 4, of A
— —_—
5. If, in addition, all eigenvalues of A have negative real parts, then the unique solution of

AW, + W.A' = — BB’

is positive definite. The solution is called the Controllability Grammian and can be expressed
as

W, = J e"BB'e dr
0



" Controllability indices

We consider the following system
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Controllability indices

>
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Assume that B has rank p (full column rank).
— 4
The controllability matrix can be written as A \b\ dep@md& ©
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