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Controllability 
Observability

 



The continuous linear time-invariant (CLTI) system

                   

The solution to this system is given by 


 


 


The homogeneous CLTI (H-CLTI) system

 

The solution to this system is given by 

 

·x = Ax + Bu y = Cx + Du x(t0) = x0 ∈ ℝn

x(t) = eA(t−t0)x0 + ∫
t

t0
eA(t−τ)Bu(τ)dτ

y(t) = CeA(t−t0)x0 + ∫
t

t0
CeA(t−τ)Bu(τ)dτ + Du(t)

·x = Ax

x(t) = Φ(t, t0)x0 = eA(t−t0)x0

Review of the solution to LTI systems



The discrete linear time-invariant (DLTI) system

                   

The solution to this system is given by 


 


 


The homogeneous DLTI (H-DLTI) system

 

The solution to this system is given by 

 

xk+1 = Axk + Buk yk = Cxk + Duk x(t0) = x0 ∈ ℝn

xk = Akx[0] +
k−1

∑
m=0

Ak−1−mBu[m]

yk = CAkx[0] +
k−1

∑
m=0

CAk−1−mBu[m] + Du[k]

xk+1 = Axk

xk+1 = Akx[0]

Review of the solution to LTI systems



• Continuous time

 


The state equation above or the pair (A,B) is said to be controllable 
if for any initial state   and any final state  , there exists an 
input that transfers   to   in a finite time. Otherwise this state 
equation or (A,B) is said to be uncontrollable.

• Discrete time


 

The state equation above or the pair (A,B) is said to be controllable 
if for any initial state   and any final state  , there exists an 
input sequence of finite length that transfers   to  . Otherwise this 
state equation or (A,B) is said to be uncontrollable.


·x = Ax + Bu

x(0) = x0 x1
x0 x1

xk+1 = Axk + Buk

x(0) = x0 x1
x0 x1

Definition of controllable system



Uncontrollable systems
Examples



1. The n-dimensional pair (A,B) is controllable.

2. The   matrix 


 


is nonsingular.

3. The   controllability matrix


 


Has rank   (full row rank).


4. The   matrix   has full row rank at every eigenvalue,  , of A

5. If, in addition, all eigenvalues of A have magnitudes less than 1, then the unique solution of 


 

is positive definite. The solution is called the discrete Controllability Grammian and can be 
expressed as 


 

n × n

Wdc[n − 1] =
n−1

∑
m=0

(A)mBB′ (A′ )m

n × np
Cd = [B AB A2B ⋯ An−1B]

n
n × (n + p) [A − λI B] λ

Wdc − AWdcA′ = − BB′ 

Wdc =
∞

∑
m=0

AmBB′ (A)m

Test if a system is controllable
Theorem (6.D1 in Chen’s book)



1. The n-dimensional pair (A,B) is controllable.

2. The   matrix 


 


is nonsingular for any  


3. The   controllability matrix


 


has rank   (full row rank)


4. The   matrix   has full row rank at every eigenvalue,  , of A

5. If, in addition, all eigenvalues of A have negative real parts, then the unique solution of 


 

is positive definite. The solution is called the Controllability Grammian and can be expressed 
as 


 

n × n

Wc(t) = ∫
t

0
eAτBB′ eA′ τdτ = ∫

t

0
eA(t−τ)BB′ eA′ (t−τ)dτ

t > 0
n × np

C = [B AB A2B ⋯ An−1B]
n

n × (n + p) [A − λI B] λ

AWc + WcA′ = − BB′ 

Wc = ∫
∞

0
eAτBB′ eA′ τdτ

Theorem (6.1 in Chen’s book)

Test if a system is controllable



Proof of theorem 6.1
• Controllability matrix for DLTI

• Statement 1 and 2 for CLTI

• PBH test







Example

Consider the following system (inverted pendulum, example 
2.8 in Chen’s book)


 


 

·x =
0 1 0 0
0 0 −1 0
0 0 0 1
0 0 5 0

x +
0
1
0

−2
u

y = [1 0 0 0] x

















1. The n-dimensional pair (A,B) is controllable.

2. The   matrix 


 


is nonsingular for any  


3. The   controllability matrix


 


has rank   (full row rank)


4. The   matrix   has full row rank at every eigenvalue,  , of A

5. If, in addition, all eigenvalues of A have negative real parts, then the unique solution of 


 

is positive definite. The solution is called the Controllability Grammian and can be expressed 
as 


 

n × n

Wc(t) = ∫
t

0
eAτBB′ eA′ τdτ = ∫

t

0
eA(t−τ)BB′ eA′ (t−τ)dτ

t > 0
n × np

C = [B AB A2B ⋯ An−1B]
n

n × (n + p) [A − λI B] λ

AWc + WcA′ = − BB′ 

Wc = ∫
∞

0
eAτBB′ eA′ τdτ

Theorem (6.1 in Chen’s book)

Test if a system is controllable



Controllability indices

We consider the following system


 


 


·x =
0 1 0 0
3 0 0 2
0 0 0 1
0 −2 0 0

x +
0 0
1 0
0 0
0 1

u

y = [1 0 0 0
0 0 1 0] x



Controllability indices
Assume that   has rank   (full column rank).

The controllability matrix can be written as


 


The linearly independent columns associated with  :


The controllability indices


B p

C = [b1 ⋯ bp ⋮ Ab1 ⋯ Abp ⋮ ⋯ ⋮ An−1b1 ⋯ An−1bp]
bm


