
 
Homework Questions

Question 1doc f IR's IR f Ex
e 3 Ex CF xn general

p 1
d A isnot sym
not true that 821axing Aij

isequalto E

Homework z questions
oxsxj

HijtAji

uniqueness of eigenvectors I

A PDF fu vn fY yu fvittf9nxn9nxn
cEEG E Ed

diagonal diagonal

E fried E'ftpyPEfryeiE
E'PICPE5

rifed

E feioe.ie of 941

d



I e
t is

Pictures

I

Condition thunder

y AX A ill conditioned
for a particular

ayy
essentially colstogether y x is huge

LECTURE NOTES

Clarifications

AxtBu Karbi end
stabilityRed co

1 a

xftp.Axft tB uft3devalA stability III I

look at A EAA consistent

FF is II Ict ti Iit 10 it Hike

2 if M fAo ends Mk evals A Varisco



areas Av Av Mff f.IE ffIdfj1ouwDwmfxwI fAooIfxwI MfwI
pix Ax Bw X fuIAJB.eu

Subtleties is µ isalsoevalof A

Interpretations of Controllability general picture

Not controllable if
B is In to a lettuce

left ei87YYphfdfeowa.su

A pop
I

An B ABB P pb DEB PB

condition F'B fo Dkp B

p f a a n
are the columns
never shows upith

artsy n

EEP Pf Co o

controllability matrix has a left nullspace
not full row rank

Transform Cards on dynamics

x AxtBu plugin X Tz IET'ATztFBu



in Z coards Atf B

FFA B First'D

FfAMB u AB B

Not observable

CI to be right eigenvector
output direction

Not controllable is
not enough inputs for greats eigenvals

example 2 _Az D fda B R

in the eigenvector I

D t DB B I B

is you choose we R2 a

set WTF 0

leftmultiply

Eto fait IE f Eritreantoo I
fo O

Eam't bet to IE etc



a

if I 172
but if I

FEEDBACK CONTROL OBSERVER DESIGN s

X AxtBu want u rt thx x AtBkxtBa
stable

Block Diagram
gu

UI KX want to
shape

Io 1 7754 T
aus or
At Bk

Lane linesmenS
Whatif no access to
measurement y Cx where c is not invertible

I Model state I
2 Use y asinput

to the model

nie iu
I Em

3 Use



ACTUAL STATE Moped soporeexp
means

L fatheads ERROLDYES e x

X AxtBu Xi AI Batleyy e xi il ACI X tLcried
Ax BRIBE AdtBattledCx e At c e

y Cx I CE

I dress
I et X y Cx

i AxtBkletx f L r MIDI
tout
g

Tei YI ji system
371 a 1 I no Eta deg'Raous

I A AdtBut 2

I 1 9 inside
computer

Fax Dynamics in terms of X e

M fttfkn.BEfIItfBdu
ovals of coals of AtBk
this full system j
matrix just depend

on

crabs of At LC

design K to stabilize At Bk
design L to stabilize At Lc separately



separation principle
mathematically the same At Bk AITE
How to pick K L

simplest case where Be Rn CE IR

choose the ovals of the closed loop system

picking efals choosingdogeodop characteristic polynomial

want det dt A Bk ITH a AIR id t trap
design choice bThpute

Assume detGI A I am I t t x It to

pick k to change charpoly from Tien
so

Consider system of form z IZ t B u
controllable

when
Tim

dot AI A Ant Lm t t aid do

if we choose E fgm pm do Bo

I



I
use this gain closed loop

our poly is
Question as we want

can we find a similarity
transform that x Axt Bu
converts our original want T invertible

system to this form s.fr X TZ

Answer yess if the FAT A Fb B

system is
controllable

Note fan B a B B is always
invertible

if T exists then we have

An B a B B F Arts AB BI
F T

is M is invertible the system is
controllable

then f m signals.tk

Feedback Kx KTz BE

k EF IrtM



pole placementusingcontrollable conditioncanonical form
anotherversion of singularValueDecomposition

this is Ackermann's Formula Forany X E and
M

whatif BGR
multiple choices for k that8W X UE V_man
she desired eigenvals freedom to g nxn e
choose eigenvectors y
place command wakssmjgkfminpytfujnfqoffvm.tn
pick eigenvalues first
chooses eigenvectors to affatfforn stretchyrotation

minimizethecondition of X z diagonal positive

where the cob of X are theeigenvectors z qq.o.gg
08 AtBk

OT nonzeroevals of
Ex xx'Tsix fight sogou.a.Y.Yuiii.is

fxFx
X'Txa

of Xix o Ext

xix
xurx.lkdetYwpe

of X
Polar Decomposition if X is squareinvertible r

Ya ke
xcxtxiklxtxjk cxxtxxx.si

posdet pos rotiREIeffectiondetermined det reflection

byrelative byrelathe
cob are shapeofods shapeof

rowsorthonormal

line a rotation line complex 8 2 re
but might

not
have

determinant
X RPof 1 posdet
rot reflection



Svp works on matrix of any dimension

lu.ME f unions L ran
Uzi orthonormal

condition Omax X
basisforNH

V i orthonormal

Omin X basisfor Rtx
if X is invertible i Vz orthonomel

X uEv5 v u
basis forNCA

E Ef of
it omaxssomin

closed loop matrix
Yakima

At Bk X DX if X is poorlyconditioned

AtBk XCo XDx
relatively close to

0

pick D to Id singularvalue then

haveevals
be huge X gets huge 1h certain

youwant depending
on directions robustPote

the
amplitude x o

Assignmentin

f x'XG place
command Linear state

couldbe big for multi input feedback11985

systems chooses Kautsky Nichols

if X is poorly VanDoom
conditioned X to be as

well
conditioned

as possible



LINEAR TIME VARYING SYSTEMS UNEARIZAMON

CONTINUOUS TIME DISCRETE TIME

x It Alt xHt Blthelt xftth AftlxltltBEtluf.tl
stalematragisition efktd oft.to station At Affix Afd

matrix
solution to 18ft Aft It.to

with i a loft tg I Xfttt Aft i AfolxColt
4ft.to I t l

lotto.tko ft.to 0ltitoI i7iaiPaebefYeY AHH xtfuifB.fiuff
andcords at I O

loftto 4ft.tloltito the t B Uft
ICEto Alt t.to
Xlt 0 40710 iffy
withcontrol input
input
XIE OttoXGtfEHBfdutddE

Generalformforcompuhly
this is PeanoBaker
series nestedintegrals

ugly
LINEARIZATION OFNONLIN DYN

X'a f x uit
nominal controltrajectory tilt
pluginto dynamics q g ttogetnominalstate
trajectory
solution to integrating

thedynamics

will apply control w Ua.to u tk0x
dadditionto

control tostabilizearoundtrajectory



ebay

Xlt x G tox
perturbations
to the state

X f to X ffxtox.utou.it
Itoi Hiatt It a

Etfudlou
OXftp.oxftftot foxEIxa

t
ftotffuhi.a.fm

LIN TIMEVARYING PERTURBATION

Dynamics YItotfxlg.u.IN
INTHE LT CASE FoewsRD 0021 Daft
A incongruous east EffEfanon su xuTt

discrete
time first terms in

31141
716 Itotffxfx.at theTaylorexpof

the statetrans
matrix

LYAPUNOV STABILITY THEORY

IDEA dehhe our energyfunction
for a system then show

that it decreases alongtrajectories
of the system wayto

show
stability

usedin linearsystems nonlinearsystems
related to linearquadratic regulator QR



regulator
the cost to go in the QR problem aets like a

Lyapunov function

LEMMA Suction Fft St

Elt Eb FH FlteettFCos
Proof define aft eJtfft
taker uH Aeattle t eHEE E aEIEEHE.tk

U t E 0 terms cancel

ult eHEH E a o F o

e Flt EF o Flt EettFlo

iMovie is

always
bounded by some scalar times the

function rake then we can use that scalar

value 2 as decay rate that bounds
thesuction

useful when 2 0

because eat o Flt 0

Ftt energy type
function



Apply to linear systems
Consider faunctionFIXED X PxH wisher FPto

symmetricPD
and evolves according to j Ax

E 3 x xTPx xTpx d
XTpAxtX'APX XTfAAPA Xlie derivative

Note for amatrix Q QT o

Amin Q txt E xTQxE Imax Q 112

suppose ATPtPA Q forsomeQ Q5o

FIXED xTQX E 0 Amin Q 1 1 s01mixTpXImaxP
de de

from 2min61lxPExTQX xTpx
Note thenegative signs

p
HI

Zarin Q

THAD E fghiia.IQ Flt FATE eats tho

Note F Xlt xTpx so far X to

F o 0

sine Imminafip co E i tFios so FIXED 0

since F o only at IE o Xlt so



Picture
I

K
4 to Xz

to FENFengwhere
f Xi except 0

if we show x always
andFG o

makes Flx decrease

then we can use this to
show stability


