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Graphs

Graph: Vertices - V
G=(V,¢) Edges ec & e = (v,0)

Directed or Undirected Edges

/
€ — (U, (Y ) edge e is “incident” to v and v’

Neighborhoods: set of "adjacent” nodes
Ny ={v" €V |e=(v,0)e&}

(degree of vertex) d, = | N,
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Incidence Matrix
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Incidence Matrix - Left Nullspace
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Incidence Matrix - Left Nullspace
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Graph Laplacians

Graph: Vertices v E ) /V@§@

g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: p < RIVIxIE] @ 4/ @
D — __11 —01 —01 8 —11 (1) é 8_
TR S Laplacian L = DD?
0 0 0 -1 0 0 0 1
: > 0 7
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Laplacian row “shape” matrix (squared)

L=DD" = y[¥ %yr

Edge-Laplacian col “shape” matrix (squared)
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Graph Laplacians

Graph: Vertices v E ) é@§@
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TR S Laplacian L = DD?
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Graph Laplacians

Graph: Vertices v E )
g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: D < RIVIxIEI @ 4/@
D:__11—01—01 8 —11(1) é 8_
R B T Laplacian L = DD7T
0o 0 0 -1 0 0 0 1
| 5 0 Action:  Lu =[ D ][ DT[] oo
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Laplacian row “shape” matrix (squared) ...tension created in edges
S————
_ T _ 2 0] 4T
L=DD" =U 0 0 U .. summed resulting tension on nodes
Edge-Laplacian col “shape” matrix (squared)  Linear 11 = — Lu Eigenvectors
) ] ODE are oscillation modes

L.= DTD = VI OVT

“Vibration modes” of a graph



Graph Laplacians
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Graph Laplacians
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co~ | o

— o | oo
| ]

1
oo o — |

Incidence SVD D=U ? 8 v I, =12 -1 0 -1 0
- - -1 3 -1 -1 0
0o -1 2 0 —1
Laplacian row “shape” matrix (squared) ~1 =1 0 3 1
L— DDT o '22 O' T _O 0 —1 —1 2_
o = U 0 0 U

Edge-Laplacian col “shape” matrix (squared)

w2
_ 1 _ T
L.= D'D = V_o O_V




Degree & Adjacency Matrix
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Adjacency Matrix
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Adjacency Matrix
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Graph Laplacians

Graph: Vertices v E ) /V@§@

g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: p < R/IVIxI€l @ 4/ @
D — __11 —01 —01 8 —11 (1) é 8_
T A S Edge Laplacian L. = D' D
0o 0 0 -1 0 0 0 1
: > 0 7
IncidenceSVD D=U 90 1%

Laplacian row “shape” matrix (squared)

L=DD" = y[¥ %yr

Edge-Laplacian col “shape” matrix (squared)

_22 O_
— T _ T
Le _ D D — V _ O O_ V




Graph Laplacians

Graph: Vertices - V
g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: D < R/VI*IE] @ A/@
D:__11—01—018—11(1)(%8_
T A S Edge Laplacian L. = D' D
0 0 0 -1 0 0 0 1
. ' ‘ Action: L _7 = [ T ] [ } |1 “Tension”
Incidence SVD D=U ? 8 vl © D D 7‘- in edges
i ] |
Laplacian row “shape” matrix (squared) —
5 ) ...summed tension on nodes

.. differential in tension along edges

Edge-Laplacian col “shape” matrix (squared)

2

"o

Lo =

D'D =

y
O_

VT




REVIEW: Nullspace - Column Geometry (Computation)

A=l a a”]= |4

Linear

A/ independent

columns

Coordinates of linear dependent columns:

B Bis Bis Bis
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| |
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Nullspace basis:
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REVIEW: Nullspace - Column Geometry (Computation)

A — A/ A,/ — Al AQ Ag A4 A5

Linear Linear

A/ independent A dependent
columns columns

Coordinates of linear dependent columns:

Y,
B:{BB B4 315} AT =AD

B33 B3y DBss A = [A/ A/B}P:A/{I B}P

RN
Ay Ay As

| | |
= |:A1312 + A3Bsz A1Bi14+ A3Bsy A1Bis + A3Bss

Nullspace basis:

N —p-1 " B| — [Bis Buu Bis

i, 1 0 0

- LT B33z  Bss Bss

AN =0 0 -1 0
0 0 -1




REVIEW: Nullspace - Column Geometry (Computation)

Linear Linear

A/ independent A dependent
columns columns

Coordinates of linear dependent columns:
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