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Vector Derivatives

Function: f: X —)Y y= f(x)

Derivative: linear map that estimates A f given Ax Vector Derivatives:

Of | vector functions
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Scalar Derivatives:
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Vector Derivatives: scalar functions
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Linearization

Dynamics & = f(z) zeR"

...around Equilibrium: L ...around Trajectory
Nominal Trajectory:
Equilibrium:
r(t): x(t) = f(x(t
vi ) (t): (t) = f(a(t))
Perturbed Trajectory:
Perturbed state r(t) + Ax(t)
v+ Ax(t) u(t) + Au(t)
i+ Az = f(z + Az) B(t) + Ax(t) = f(z + Ax)
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Linearization - with control

Dynamics

T =

fz, u)

...around Equilibrium:

Equilibrium:

x, U :

Perturbed state & control
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Nominal Trajectory:

x(t) :

Perturbed Trajectory:

...around Trajectory
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z(t) + Az ()
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Linearization - Example Free Body Diagrams

7
Dynamics = = f(z,u) reR” yeR™ o
/
Z
...around Equilibrium: ‘
Equilibrium: solving for F,
Block dynamics and getting expressions for &, 6
r,u: f(x,u)=0 () Mi =F +Fpsin0 — kz — di
®+@ Mi+ mi + mblcost — mb*lsinh = Fy — kx — dz
Perturbed state & control 00 mif0sin 0 + mi2l cos Osing = F,cosfsind — mgsind
Pendulum kinematics: +COS(9@ mé: cos 0 + mol cos? 0 — mB%¢ cos O sin 0 =—-F, cos @ sin 6
T + Ax(t) U + AU(t) x, =x + {sinf yp = —Lcosb mlf + mi cos§ = —mgsin 6
. i, = & + 0l cos b ypzéﬁsinﬁ
4+ Axr = f(x + Ax,u+ Au s 620 TR P 2 . .
3 f( ) ) T, =2 +00cost —0°lsinf 4, = 00sind + 0“f cos0 [M—l—m ’ITLECOS@] [ZIZ‘] _ [m@zfsine—l—Fl—kx—dfC
: ¢ v 0? — '
W + Ax(t) = fWJr of Axr —+ of Au Pendulum dynamics e Cos m b mgsin 0
oxr |, ou » N———— ~——
0 . . M a F
@ ma + mbl cos — mb*Lsinh = —F,sinf 1
A 0f A+ { of ] A a=M "F
r=| — T = | Au il 2 _ _
or |, ou |,, @ mptsinf +mb“Lcosf = Fpeost—mg ...explicitly

X 1 mi? —mlcos O] [mb2lsin® + F, — kx — di
 Mmf2+ (mlsind)? | —mlcosd M +m —mg sin



Linearization - Example

Dynamics r € R"”

L.

u e R™

:i;:f(x,u)

RS SSSN

...around Equilibrium:

Equilibrium:
Block dynamics

flz,u) =0

T, U : (D) Mi =F +F,sinf - kz — di

Perturbed state & control

Pendulum kinematics:

33_|_A33(t) u—l—Au(t) Tp =T+ {sin0 yp = —Lcosb

. : i, = & + 60 cos b g)p:éfSiHQ
T+ Ax = f(x + Az, u + Au)

Tp = %+ 00cosf — 0%0sin b Up = 00sin O + 620 cos 6

0
. - 0 0
W + Az(t) = fWJr [ 8_£ ] Az + [ 8_1fa } Ay Pendulum dynamics
0 ! U
8f f @ mi + mll cos ) — mb?lsinh = —F,sinf
ox . ou U @ mOlsin @ + mb“lcost = F,cost —mg
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Free Body Diagrams

Full State Space Model - 2nd Order = f(z,u)
- _ .
a1
(9 p— [ ] 0
T 1 me? —mlcosO| [mf2¢sinh + Fy — kx — di
9’ Mmi? + (mﬁsin9)2 —mt cos b M +m —mg sin 6

Linearization
Option 1: from explicit formula...(expand out, take partial derivatives)

Option 2: using matrix forms...(more general)

Option 1: from explicit formula...(expand out, take partial derivatives)
...conceptually simpler...more chances for arithmetic errors

Option 2: using matrix forms...(more general)

...conceptually harder...less chances for arithmetic errors
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Linearization - Example

Dynamics

:t:f(:z;,u)

...around Equilibrium:

Equilibrium:

x, U :

flz,u) =0

Perturbed state & control

r + Ax(t)

u + Au(t)

r e R"
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i+ Az = f(z+ Az, u+ Au)

WgAx(t)gW+[§£Lm
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RS SSSN

Block dynamics

@ Mz =F1 + F,sint — kx — dz

Pendulum kinematics:

Tp =T+ {sin0
i, = & + 0l cos 6

iy = i + 0L cos — 0% sin O

Pendulum dynamics

—

Yyp = —Lcost
i, = 0¢sin 6

Up = 00sin 6 + 020 cos 0

@ mi + mblcos® — mh*(sinh = —F,sin0

@ m@lsin @ + mh*Ccos = F,cosd —mg

Full State Space Model - 2nd Order
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Linearization

—mdt cos 6

Free Body Diagrams

Z:f(Z,U)

M +m —mgsin 0

Option 1: from explicit formula...(expand out, take partial derivatives)

Option 2: using matrix forms...(more general)

a=M(z2)"'F(z,u)

Note: MM ' =171
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Linearization - Example

Dynamics = = f(z,u) rcR" e R™

RS SSSN

...around Equilibrium:

Equilibrium:
Block dynamics

r,u: f(x,u)=0 Q) Mi =Fi+F,sin0 - kz — di

—

Perturbed state & control

Pendulum kinematics:
ZU+A33(t) u—l—Au(t) Tp =T+ {sin0 Yyp = —LcosO

i, = & + 0l cos 6 g)p:éfsiDH

i+ Az = f(z+ Az, u+ Au)

Tp = %+ 00cosf — 0%0sin b Up = 00sin O + 620 cos 6

0
- 0
W + Az(t) = OfWJF [ % LAQ? - [ a—i ]LLAU Pendulum dynamics

@ mi + mblcos® — mh*(sinh = —F,sin0
Az = {Q}Ax—k{g}Au

ou U @ mOlsin @ + mb?lcos® = F,cosf —mg
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X

Full State Space Model - 2nd Order

1

Free Body Diagrams

Mm/l? + (msin )2

Linearization

[ mi?

—mdt cos 6

M +m

2= f(z,u)

—ml cos 9] lmé%ine L P~k —di

—mg sin 0

Option 1: from explicit formula...(expand out, take partial derivatives)

Option 2: using matrix forms...(more general)

a=M(z2)"'F(z,u)

Note:

MMt =17
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Linearization - Example

Dynamics = = f(z,u) rcR" e R™

L.

RS SSSN

...around Equilibrium:

Equilibrium:
Block dynamics

r,u: f(x,u)=0 Q) Mi =Fi+F,sin0 - kz — di

—

—1
Perturbed state & control M

Pendulum kinematics:

v+ Ax(t)  u+ Au(t)

Tp =T+ {sin0 yp = —Lcost

i, = & + 0l cos 6 g]p:éfsiDH

i+ Az = f(z+ Az, u+ Au)

Tp = %+ 00cosf — 0%0sin b Up = 00sin O + 620 cos 6

0
- 0
W + Az(t) = OfWJF [ % LAQ? - [ a—i ]LLAU Pendulum dynamics

A af . o N @ mi 4+ mbl cosd —mh?¢sinh = —F,sin0
L = | F= L ou uu @ m@/f sin @ + mo>L cos 0 = Fpcost —mg
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Free Body Diagrams

Full State Space Model - 2nd Order = f(z,u)
pe - .
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Linearization a=M(z) 'F(z,u)
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