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Example: Two Blocks

Kinematics

Block1 x1,%1, 21

Block2 X9, 9,9
Dynamics: Z (forces)
Block 1: O A
Block 2: ® -
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Example: Two Blocks

Linearization Stability: Case 1
ki = ko =1
d1 = do = 0.001

an::7n2::ﬁ1

—0.002  0.001

0.001

Comments

—0.001

S S S

Eigenvalues

A1 o = —0.0013 =+
A3 4 = —0.00019 -

)1 L1

Since the damping is small, the system decays slowly,

le. The real parts of the eigenvalues are negative with small magnitude

The complex eigenvalues means that the system will oscillate back and forth
(to be expected with springs with not much damping)
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Example: Two Blocks Free Body Diagrams

Linearization Stability: Case 1 ) —_— 5’5‘1
F5 2172 — 1)
N Y e 15 -
| d1$1
S S S S Ty — 1)

Eigenvalues

A = —261.8 A2 =—38.19 2 (72 — 1) ‘

—200 100

| A3 4 = —0.0100 1121 ::._>
—1. 100 —100 > _
- SEQ 331
Comments
Since the damping is large, the system is over damped and the system does
not oscillate (all real eigenvalues). There are some slow modes (3 & 4) but the system
settles down very quickly due to the large damping, ie. Two of the eigenvalues
are very negative. _
zation
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Example: Two Blocks - Oblique Connection Free Body Diagrams
g =10

v

L1
Kinematics / / / di ///‘////// I
. v 2
Block 1 1,21,

Block2 X9,T9, 9 ?// kv/// /

Nonlinear spring setup: ¢ ‘
—
g(x2) unstretched length
: mw __ X
L1 X T SIn 7 = 722

—

—_—

g T COS 7 = %

Dynamics: Z (forces) = ma
Spring length:

NG Block 1: mi1x1 = I + ko (g($1,$2af) — f) cos(¢) — krx1 — di14
g(ajl)an)g) — HF x;/"\/?/ ]

2

Block 2: Mol = Fo — mogsint — F cos(0 — ¢)
= F5 — ng\}i ko (9($17$27§) - f) COS (% — Qb)
Spring angle

¢($1, T, f) — tan * (\/_ L2 ) Dynamics {m1 0 } {xl} _ -F1 + ko (g(wl,wg,f) — §) cosd — kixy — dlx'l_

2(¢ — 1) + 0 mo]|i B~ 22— ky(g(w1,32,6) —€) cos (§ — )

Spring force: Fs = ko (g(a:1,:c2,§) — f) M a F
a=M'F

— \/(f — 21+ 22/V2)2 + 22/2




Example: Two Blocks - Oblique Connection 9= 10 Free Body Diagrams

1/2

(€= w2V +33/2) (Lo —ar o VD) f 2L - (emin) (( e ) _

(\/§(€—w1)+x2)2+x§ \/§(£—x1)+x2)

1/2 2
1 _ i \/_ 4 2 _ (\/§(€—w1)+x2) 1
2 ((§ L1 (EQ/ ) 'CEQ/ ) (\/_ — ﬂfl) —+ 2372) (\/§(£—$1)+$2)2—|—£I3% V3 o1 1 + (\/5(5—3:1)4—:1:2)2
OF | kagLcosd—ky(g—&)singge — ki i k2 59 cos ¢ — ka(g — &) sinp 52 o 0 OF 1 0
0: = | cos(§ —6) —halg —©)sin(5 — )22 L eos(F—0)—kalg—Osin(F-A) 2 0 o  Fu o 1
— ] P Tr— =
—i -
6 T COS 7 = % Dynamics: a—=—M" 1F ¢ mag
Spring length: {ml 0 } [a:l] B Py + ko (g(wl,xz,f) - f) cos ¢ — kywy — dyiy
U 0 mal||Z2| | Fy— 22— ky(g(ar,a0,6) — €) cos (T — o)
oo €)= [0 o,
2 M a F
. . . T T
— \/(f—$1+x2/\@)2+x%/2 Linearization z = f(z,u) &= [371 L2 L1 L2 } U = [ Fy b }
Spring angle af I 0 I ) Of i 0 ]
_ L2 9 —J
L1,T2, — tan 1 ( )  OF Ou —1(9_F
¢( 1y L2 6) \/i(f _ 331) + x5 i M 0z | _M ou _
Spring force:  f's = ko (9(371,37275) — f) da — M- 1 OF da Y Pl OF



RLC Circuits - Circuit 1

States: KVL/KCL Equations:
SECOND ORDER SYSTEMS  (2nd order
erivatives) Qc, Charge on capacitor 1 kvi  Vin = VR, + VR,
RLC Circuits
I,  Current thru inductor 1 VR2 — VCl — VLl
... one state per object with dynamics T 7 T 7
KCL — —|— _|_
R R C L
States: Derivat ! 2 ! !
. erivations
Capacitor state: charge or voltage ...analogous
to position . : )
(proportional) Capacitor dynamics Qc, = Ic =Ip, —Ip, — I — Vin Qo Yo
analogous (in terms of states...) ' ' ’ ' R, RC; Ry(C,
Inductor state: current “to velocity | 0 Vi Oc
Since... Vvin _ RllR 4+ C1 — IR _ in 1
: _ N O R RGy
Dynamics: Graph Relations: Elements:
~ Qc, Qc,
Qc = 1o KVL: sum of voltage Qc =CVce Faolr, C4 - I RyCy
around aloop =0
: Vr = Rlgp
L1 L — VL KCL sum of currents : :
_ i Ve = LI Inductor dynamics P _ e
o anode =0 - - (in terms of states...) Llp, = Vi, = Vo, = C,
\/\/\/\F Dynamics Qc, = Vin  Qa Qo i le — Qe,
Rl Cl Rl RlCl RQCl Ll Cl
Ly
(%) R
PA g 1 1 r 7 1
gtate ch — RlCll RQCl _1:| ch _I_ |:R_1:| ‘/in
pace In, = 0| 1p, 0




RLC Circuits - Circuit 1

S| Linearization Stability - Case 1

¥ [ =1 01:1

Ry = Ry = 0.001
9f _ [-2000 —1
Ox 1 0

Eigenvalues

A1 = —2000

Comments

T One mode decays very fast and one mode
decays very slowly

Ao = —0.0005

Equations:
Linearization Stability - Case 2
= Vg, + VR,
Li=1 C;=1 _ _
1 1 — VCl — VLl
— — 1 _
Rl RQ OO — [R2 -+ IC'1 4+ IL1
of [-0.02 -1
a.. _Vvin_ch_QCl_
Oz - L 0 - " R1 RiC1 R r
: Vin Qg
Eigenvalues )\; o = —0.01 - =R Rl(é?l
Comments [ Koy
. . "2 7 RO
Due to large resistances, electrical energy
tends to oscillate back and forth between
the capacitor and inductor
Dynamics Oc, = Vin Qo Qo I, I; = Qe
Rl RlCl RQOl ' Ll Cl
I - 1 1 B N 1
State ch — RlCll RoCH _1:| ch _I_ |:R_1:| Vin
Space Iz, | O 0|1, 0




RLC Circuits - Circuit 2

SECOND ORDER SYSTEMS (2nd order

derivatives)
RLC Circuits

... one state per object with dynamics

States:
Capacitor state: charge or voltage ...analogous
to position
(proportional)
...anal
Inductor state: current o Q;‘;i‘;;s
Dynamics: Graph Relations: Elements:
QC’ — ] C KVL: sum of voltage Qc = CV¢
around aloop =0
: Vr = RIR
L1 L — VL KCL sum of currents :
into a node =0 Vi = LIy,
L3
) 0 0
+ Lo C1
@ — S
- ‘ Rl RZ

States:

(Qc, Charge on capacitor 1
Iy, Current thru inductor 1

I,  Current thru inductor 2

3 Current thru inductor 3

KVL/KCL Equations:

KVL ‘/in — VLg_l_ VC;L _I_ VRQ
VR1: VC’1: VL2 _I_VR2
keL Ip, = Ip, =1I;, +1c,+ Ip,

- - ILQ — ]RQ
Derivations
Capacitor dynamics .
(in terms of states...) Ko, = I, = Ip, — I, — Iz,
. B ) . QC’
Inductor dynamics Lilp, = Vi, = Ve, = Q(i Lolp, Ve, = C - — Ry,
(in terms of states...) !

C1
Qc
since... Vo,= VL1: Vi, = VL2 - VR2 - Cll ]L2 = Ig,
: Qcy = Iy —In=I,  Lali, = %Cl — Ro17,
. . | 1
Dynamics L, = Qo Lyl = Vi~ Rulp, — Qc,
Cl Cl
Qo] =7 0 (-1 -1 1 Rroc] 4 [07w,
State I, rer U U U 0
1 — 1o
Space I-L2 7re Ly 0 Ir, 0
| I, | —& 0 =4 || Ir, 1
- L3 Ch O g 4L - T



RLC Circuits - Circuit 2

Linearization Stability - Case 1

Lh1=1Ls=Lz=1
R1 = Ry = 0.001
af

0
o 1
ox ,

C; =1

—1

Eigenvalues

A = —0.00033 Ao = —0.001
A3 4 = —0.00033 + 1.732;

Comments

Linearization Stability - Case 2
Li=Ly=1L3=1
R1 = Ry =100

of 0
or

C; =1

Eigenvalues

A1z = —100.00, Ag4 = —0.01 -

Comments

i ch — IL3 _ILl_ILQ
Dynamics L, = Qo
C1

Qe,] - 0 -1 -1

State I.Ll L1101 Y R

1 —Ro

Space L1 na 0 T

Iy, .or 0 0

Equations:

Vi, -+ Ve, -+ VR,

I, 0
I, 0
ILS 1



Example: Two Blocks + Pendulum

N /

Kinematics / mi
o] =

Block1 T1,%1,%1 S II SIS

Block 2 ZEQ,ij,itQ 9210* I

Pendulum
, Dynamics:
Ty = T2 + £sinb

Ty = T 1+ 00 cos 0

Yp = —/{ cos 6 Pendulum: Z (forces),, = mi @
' — 0/sin b
Up S11 Z (forceS)y = my @

ij, = 00sin 4 620 cos f

@ + @ (mz + mg)flfg -+ mgéécosﬁ — m3é2€Sin6’ = FQ — kQ(CIZ‘Q — 213’1) — dg(jl’g — 5131)

cos @) 4 sin @ O

™m1 0
...combining 0  (m2+m3)
0 mst cos 6

M

Block 1: 2 (forces), =mé  (T)

Tp = To + 0l cosf — 0*0sinf Block 2: Y (forces), =mi @

Free Body Diagrams

mayy, = mgé’f sin 0 + mgé’zé cos) = I, cos —mg

msZo cos b + mgéé = —mgsinf

0 |[#:
mal cost | |2
m3€2 v

F1 — kixy — didy + ko(xo —x1) + do(do — 31) |

F2 + m3(9.2€SiIl9 — kQ(CL‘Q — 331) — dg(.ﬁiﬁg — xl)
—mg¥t sin 0

F

mi1t, = F1 — kixy — di21 + ko(xo — 1) 4+ do(2o — 21)

moZo = Fo + Fp sm(@) — kg(ﬂ?g — 513‘1) — dg(d?g — 513‘1)

msaT, = M3Ta + mgé’f cos b — m36’2€ sinf) = —F,sin6




Example: Two Blocks + Pendulum Free Body Diagrams

T e T

| | /
Kinematics 7 ___/\Tfjm
; dq 5 kla?l
Block1 1,1, %) I TSI dy.1
Block2 2,2, T2 gle* Fy /9
Pendulum i o i . . o
, Dynamics: mq 0 0 1| = [F1— ki —didy + ke(22 — 1) + da(@2 — 21)
ZEp — £E2 —I_ g S11) 9 0 (m2 - mg) m3€ COSH $2 F2 + m362€ sin 0 — ]CQ(ZCQ — CEl) — dg(dfz — 331)
i) — iy + 60 cos 0 0 mgteoss mg [0] | ~maglsind -
iép:j%2+éécosﬁ—é’2€sin9 M a F
a=M'F
Yyp = —Lcosl -
. . . )y 17T
Yp = 0€sin b z = f(z,u) z=|x1 2201 22 0] P Ey
ij, = 00sin 4 620 cos f - 1 Ty
g?l 1 To
Wity .
. . - _ d 16
zZ = |0 — —1 -7 _

¥ M 0 0 By = kizy — didn + ka(z2 — 1) + do(22 — @)

5152 0 (m2 -+ mg) m3€ cos 6 FQ + m392€ sin 6 — ]CQ(SCQ — .513‘1) — dg(fiZ‘Q — 331)

i 0 mglcost mgl* | | —mgl sin 6 ]




Example: Two Blocks + Pendulum Free Body Diagrams

T e T

Kinematics 7 - Fy
/ b

Block1 1,1, %) I TSI ; dy.1
Block2 o, %o, %o =10 /9
Pendulum ] o ] | | o

, Dynamics: mq 0 0 1| — |f1— kv —did + ko(xe — x1) + da(22 — 21)
Lp = L2 + £sinf 0 (m2+m3) mslcost||T2 Fy +m30%0sin 0 — ko(xe — x1) — do(d0 — 1)
i, = iy + 0f cos O |0 mgleos®  mal® [ 6] | —mzglsin 6 _
ip:fég—l—éécosﬁ—éﬂésiné’ M a F

a=M'F
Yyp = —Lcosl
: .. AT T

U, = 00 sin O z = f(z,u) z=|x1 220 T1 220 | | Py Fo |
i, = 60 sin @ + 624 cos 6 Linearization:

da _ [om~! OM ~ OM ~ OM ~ OM ~ aM ; OF
0z |: Ox1 K Oxo F 86’ F 01 F 8:132 F F} +M™ 82

%’11? M~ 1%‘“ ‘1F M1 M™'F Mg —1F M%‘lF M- %11? +M~™ 1



Example: Two Blocks + Pendulum Free Body Diagrams

X1 i)
. . / k1 |_> ko |_>
Kinematics 7 —
o] =
Block1 21,71, 21 v

k121
SIIISIISIS S : d121
Block 2 I, d9, T g =10 * Fy T
Pendulum 3 - - . . N
, Dynamics: m1 0 0 1| — |[f1— ]ﬁl’l. —di1®1 + ko2 — x1) + do(B2 — 21)
ZEp — 42 —I_ g 5111 9 0 (m2 + mg) m3€ cos 6 $2 F2 + m362€ sin 6 — ]CQ(ZCQ — CEl) — dg(jfg — 331)
i, = iy + 0f cos O |0 mgleos®  mal® [ 6] | —mzglsin 6 _
.fép:fzig—l—éécosﬁ—éﬂésiné’ M a F
a=M'F
Yyp = —Lcosl i
. . . V1T
g, = 00sin 0 ¢ = f(z,u) z=[x1 220 &1 @2 0] RAWLN
i, = 60 sin @ + 624 cos 6 Linearization:
o _ ’ ! OF _ M9
0z ou ou

—1OMnNx— 1 0OF
0 0 ~-M'SEMTIF 0 0 0]+Mlg



Example: Two Blocks + Pendulum Free Body Diagrams

—k1 — ko ko 0 —d; —do  do 0
kg —kg m302€ cos 6 dg —dg 2(9777,3@ sin 6
0 —mgglfcosb 0 0

ics: M 0 0 J[z:1] — [Fi— kix1 — didr + ka(we — 21) + do(d2 — T1) ]
, O (m2 -+ mg) m3€ COSH ZEQ FQ —+ m392€ sin@ — kQ(ZEQ — ZEl) — dg(iifz — 331)
det —m”;ZiOSH _WZSiC;SSQ 0 mst cos 0 msl? 110 i —msggl sin 0 |
) M a F
det = msl?(mo + ms3) + m3l cosf 1
a=M "F
. . . N 1T - T
) z = f(z,u) z=|x1 X2 0 21 T2 0 | uw=|F Fy |
0 0
0 —mgs¥ sin 6
—msf sin 6 0 )
0 I af 1 OF
ou Ou



Example: Two Blocks + Pendulum

— k1 — ko

k2

k2
— ko
0

m3€2
det | —ms3f cos b

| 0
ms62¢ cos 6
—msgg¥t cos 6

—msf cos 0
mo + ms

det = msl?(mo + ms3) + m3l cosf

0
0

—mgsf sin

0

—dl — dg dg 0

d
0

—mgfsin 6 ization:

0

0z

—dg 2(9777,36 sin 6

0

0 (m2 —+ m3)
0 ms¥ cos 6
M
z = f(z,u)
0

msl cos@ || T2

TTL3€2

I

Free Body Diagrams

Linearization Stability - Case 1

m1:m2:m3:1

ki =ko =1
di =do =1

... other states/forces =0

of _
or

Eigenvalues

Ao = —0.245 +4.345i As6 = —0.108 =

A3 4 = —1.147 -

_10M _ _1 OF
0 0 -M'SEM'F 0 0 O]+M1§

- 1.0077



Example: Two Blocks + Pendulum

k1 — ko ko | 0
ko —ks msB?fcosb
0 —msglcosb

—msf cos 0
ma + M3

o m3€2
det | —ms3f cos b

Comments

Notice that the imaginary parts of the evals
are smaller than when the pendulum length

was shorter. Increasing pendulum length
leads to slower oscillations of the system.

The real parts of the evals have slightly
smaller magnitudes meaning the system
decays slower.

—di —do  do 0
dg —dg 2(9777,36 sin 6
0 0 0

0

0 (mg+ms3) mszlcosb 5132 B
0 msf cos 6 msl? 110
M a
a —

I

Free Body Diagrams

CCQ g = 10

Linearization Stability - Case 2
mi1 = mgo =mg =1

ki = ko =1

di =dy =1

01 =0

¢ =100

... other states/forces =0

0 [ 0. 0
f 0. 0
— — 0. . . . .1
(933 —2. 1. 0. 2. . 0.
1. —1. 10. 1. ~1. 0

—0.01 0.01 -0.2 -0.01 0.01 O]

Eigenvalues

Ao = —1.31+0.97i
A34 = —0.18 + 0.661

As.6 = —0.0091 + 0.285:



Example: Two Blocks + Pendulum Free Body Diagrams

L2

g = 10
k — ko ko 0 —d{ —dy d 0 4 Linearization Stability - Case 3
kg —kg m392€ cos 6 dg —dg 2(9777,36 sin 6
0 —msgg¥t cos 6 0 0

m1:m2:m3:1
k1 = ko =1
di =dag =1

... other states/forces =0

0 (m2 + mg) m3€ cos 6 515‘2 - Bf
msl? —mgsl cos 6 5 .
det | —mslcos®  mso+ ms | 0 m3£ cos m3€ 1L v | a— —
T
M a
Comments a = Eigenvalues
Since the pendulum is vertical, there is — f(;;7 u) P [ T, xo 0 4 A1 = 4.25 Ao = —4:76
an unstable mode with a positive A3,4 = —1.137 £ 0.973¢
real eigenvalue s = —0.111 =
0 I Of _ \j10F
ou ou




Example: Two Blocks + Pendulum Free Body Diagrams

k — ko ko 0 —d{ —dy d 0 32 Linearization Stability - Case 4
kg —kg m392€ cos 6 dg —dg 2(9777,36 sin 6
0 —mgglfcosb 0 0

m1:m2:m3:1
k1 =Fky =1
di =dgs =1

... other states/forces =0

_ 0 0. 0. 1.
0 (mQ —+ m3) m3€ cos 6 515‘2 af 0 0. 0. 0.
1 [ mgl? —mgsl cos 0 et cos O m 62 9 A 0 0. 0. 0. :
det | —msfcosf  ma + m3 _ 3 3 J L7 ax o —2. 1. 0. —2. .
M 1. ~1.  10. 1. —1.
a 0.01 —0.01 02 001 —0.01.
a— Eigenvalues
Comments

A1 o = —1.308 & 0.9361
A3 4 = —0.183 & 0.537:
A5 = 0.338  A\g = —0.356

Since the pendulum is vertical, there is z = f(z,u) z=[m1 2201
an unstable mode with a positive

real eigenvalue

0 I of




Example: DOUble Pendl"um ////// Free Body Diagrams

Kinematics

Pendulum 1

L1 — 61 SIn (91

x’l — 6’161 COS (91

flfl — é1€1 COS (91 — 6’%61 Sin 91 DynamICS:
Z (forces) = mi Z (forces) y = my
Y1 — —61 COS (91
. Pendulum 1: Q) —Fisind: + Fsindy = muiy ® Ficosb, — Fycosy —myg = maii
?J1 — 9151 Sin 91
Pendulum 2: G —Fosint =msis (O Frcosty —mag = majp

Y1 = é1€1 sin 01 + 9%61 cos 04

Solving to get rid of internal reaction forces... 7, I'5

siang @ | 0036’2 @ I @
®+@ — Iy sin@; = myx; + mao @
©

Pendulum 2

Lo = 51 Sin 91 —+ 62 Sin (92

$.2 — (9.1€1 COS (91 + (9.262 COS (92

j2 — (.9.181 COS 91 — 0%61 sin 01 + (.9.252 COS 02 — (9%62 sin (92 @ _l_@ Fl COS 91 o ng o mlg — mlyl _|_ ngQ
Y2 = —f1 cos by — ¥ cos b5

. . . 1 1 0= ———(M1d1 + mod

Y2 = (9161 sin (91 —+ 9262 sin 92 Sin 61@ I COS (91 @ ( L i —|_ 2 2)

(m1g + mog + mi1y1 + mais)

|
' cos 6

QQ = (.9.161 sin 91 -+ (9%61 COS (91 -+ (.9.262 sin 92 —+ 9%62 COS (92



Example: DOUble Pendl"um ////// Free Body Diagrams

Kinematics

Pendulum 1

L1 — 61 SIn (91

x’l — 6’161 COS (91

flfl — é1€1 COS (91 — 6’%61 Sin 01 DynamICS:
Z (forces) = mi Z (forces) y = my
Y1 — —61 COS (91
. Pendulum 1: Q) —Fisind: + Fsindy = muiy ® Ficosb, — Fycosy —myg = maii
?J1 — 9151 Sin 91
Pendulum 2: G —Fosint =msis (O Frcosty —mag = majp

Y1 = é1€1 sin 01 + 9%61 cos 04

Writing in terms of pendulum angles... and simplifying...

Pendulum 2 1 .. 1 ..
@ 0= sin 05 m2X2 cos 6 (mQQ T m2y2)
Ty = {1sin0; + £osin by - . -
_ i . @ 0= m291€1 COS(HQ — (91) —+ m29%€1 Sin((gg — 6’1) —+ m292€2
Lo — (9161 COS (91 + (9262 COS (92
j2 — (.9.181 COS 91 — é2€1 sin 91 + (.9.262 COS 92 — (9.2€2 sin (92 N N N N
1 2 0= Sinlel (m1Z1 + moda) A Coslgl (m1g +mag + mif1 + majjz)
Y2 = —f1 cos by — ¥ cos b5
Y2 = 9161 SIn (91 + 0262 sin 02 0= (m1 -+ mg)élfl -+ m2é2€2 COS(HQ — 91) — mgéggg Siﬂ(@g — (91) + sin 64 (m1 —+ mg)g

QQ = (.9.161 sin 91 -+ (9%61 COS (91 -+ éggg sin 92 —+ 9%62 COS (92



Example: Double Pendulum yin/

Kinematics

Pendulum 1
L1 — 61 SIn (91
jjl — 6’161 COS (91

%1 = 60141 cos by — 9%61 sin 0,

y1 = —41 cos b

91 — 9.161 sin 91

Y1 = é1€1 sin 01 + 9%61 cos 04

Pendulum 2

Lo = 51 Sin (91 —+ 62 Sin (92

To = 0101 cos By + Oy cos O

Free Body Diagrams

Dynamics:
Z (forces) = mi Z (forces) y = my
PendUIum 1: @ —Fisinfy + F5sinf, = mqaq @ Fl COS 91 — F2 COS 02 —mi1g = ml:‘jl
Pendulum 2: Q) Fosinb =maiy O Frcosby —mag = majs

Writing in terms of pendulum angles... and simplifying...

0= mgélél COS(@Q — (91) -+ mgé’%fl Siﬂ(@g — (91) —+ m2é2€2

0= (ml -+ mg)élﬁl —+ m2é2€2 COS(@Q — 6)1) — m2é§€2 Siﬂ(@g — (91) + sin 91 (m1 -+ mg)g

To = (.9.181 cos; — 9%61 sin 67 + (.9.262 cos 0y — 9%52 sin 6o DynamiCS...

Y2 = —f1 cos by — ¥ cos b5
?)2 = (9‘161 sin (91 —+ 9.262 sin 92

Z&Q = (.9.161 sin (91 -+ (9%61 COS (91 -+ éggg sin 92 —+ 9%62 COS (92

[ (M1 +ma2)l?  malaly cos(fy — 01)] §,] — [mab3Ly0y sin(By — 01) — (my + ma)ly sin by g
malaly 608(92 — 91) m2€% [92 —m29%€1€2 Sin((92 — 91)

— H/_/
M a F
a=M'F




Example: Double Pendulum yi

Kinematics

Pendulum 1
L1 — 61 SIn (91
x’l — 6’161 COS (91

%1 = 60141 cos by — 6’%61 sin 0,

y1 = —41 cos b

91 — 9.181 sin (91

Y1 = é1€1 sin 01 + 9%61 cos 04

Pendulum 2

Lo = 51 Sin 91 —+ €2 Sin (92

$.2 — (9.161 COS (91 + (9.262 COS (92

T2 = 010y cosly — 0301 sin6y + Oxfy cos by — O3lysinfy  For linearization. .. -

Y2 = —f1 cos by — ¥ cos b5
?)2 = (9‘161 sin (91 —+ é2€2 sin 92

Y2 = 014, sin O + 9.%51 cos 01 + 0ol sin Oy + 9%62 cos 65 9.

Free Body Diagrams

Dynamics:
Z (forces) = mi Z (forces) y = my
PendUIum 1: @ —Fisinfy + F5sinf, = mqaq @ Fl COS 91 — F2 COS 92 —mi1g = mlgl
Pendulum 2: Q) Fosinb =maiy O Frcosby —mag = majs

Dynamics... a=M'F

(m1 + mg)E% molal1 cos(fy — 91)] él _ mzég@fl Sin(92 - (91) — (m1 —+ m2)€1 sin (91g
[ég —m26’%€1€2 sin(92 — (91)

m2€2€1 COS((92 — 01) mgfg

F

01
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Example: DOUble Pendl"um ////// Free Body Diagrams

Kinematics

Pendulum 1

L1 — 61 SIn (91

x’l — 6.)1€1 COS (91

#1 = 0141 cos ) — 9%61 sin 6 Dynamics:
Z (forces) , = ma Z (forces)y = myjj
y1 = —41 cos by
. 9 g . 9 Pend”lum 1: @ —Fy Sin91—|—FQSiH92 = m12q @ F1 COSHl _F2 COS@Q —mi1g = mlgl
Y1 = U111 S0y "
Pendulum 2: @ _ Fysin 0y = myits QO  Focoshy —mag = majp

Y1 = é1€1 sin 01 + 9%61 cos 04
Dynamics... a—M"1F

Pendulum 2 (m1 + mz)E% molaly cos(fa — 07) él _ mzégéggl Sin(92 — (91) — (m1 —+ m2)€1 sin ng

molaly COS(QQ - 91) m2€% ) —mgé%flgg sin(92 — (91)

Lo = 51 Sin 91 —+ €2 Sin (92

$.2 — (9.161 COS (91 + (9.262 COS (92

T2 = 0141 cos by — 034y sin 6y + 0205 cos Oz — 0302 sin O Linearization...

aa —1 —1 —1 —1 8F _9 -
e _ | oM oM oM oM —1 1
Yo = —F¥1cos by — ¥y cos b 5, { 90, F 90, F 0. F T F} + M _(92 e,
?)2 = (9161 sin (91 + 9262 sin 92 8 aF c = 0,
Y2 = 0141 sin by + 9%61 cos 01 + 0545 sin O + 9%62 cos 0o & = —M"™ [?991 M~ 1F 50, M~ 1F 0 O] + M~ E 02



Free Body Diagrams

Example: Double Pendulum yin/

Kinematics

Pendulum 1

L1 — 61 Sin (91

jfl — 6’1€1 COS (91

5.151 — é1€1 COS 91 — 6’%61 Sin 91 DynamICS:
Z (forces) = mi Z (forces) y = my
Y1 — —61 COS (91 ]
' 9 g . 9 PendUIum 1: @ —Fisinfy + F5sinf, = mqaq @ Fl COS 91 — F2 COS 02 —mi1g = ml?jl
Y1 = v1€181muy .
Pendulum 2: Q) Fosinb =maiy (O Frcosty —mag = majp

Y1 = é1€1 sin 01 + 9%51 cos 04

) .. Dvnamics...
Linearization y

(m1 + mQ)K% ) — TFLQégfggl Siﬂ(@g .— (91) — (m1 -+ m2)€1 Sin (919
8f i O I ] . malaly 608(92 _ 91) ) —mgé’%él@ Sil’l(@g — (91)

— oa
62 I ER

0




Example: DOUble Pendl"um ////// Free Body Diagrams

a_F B —mgégﬁgfl COS(HQ — (91) — (m1 -+ m2)€1 cos g m29§€2€1 COS(@Q — (91) . 0 m22é2€2€1 Siﬂ(@g — (91)
N m29%€1€2 COS(HQ — 91) —m29%€1€2 COS(HQ — 91) —mo201 4145 Sin(92 —

m2€2€1 Sin(6’2 — (91)_

mgég —m2€2€1 COS((92 — (91)

—m2€2€1 COS(HQ — 191) (m1 + mQ)E% _m2€2€1 SIH(HQ o 91) O

= molils (m1 — Mg sin®(fy — 91)) _ 0 —mglaly sin(fy — 61)
_—m2€2€1 Siﬂ(@g — 191) 0

Dynamics... a=M'F

(my1 + mg)l3 malaly cos(f2 — 61) ) — m2é562€1 Sin(‘92 - ‘91) — (ml + m2)€1 sin 61 g
8]’ i O [ ] . malaly C08(92 — 91) m2€2 ) —mgé’%él@ sin(92 — 91)
— Oa

0z

0

Linearization




Linearization Stability - Case 1

... other states/forces =0

of _
or

0
0
—20.
20

Comments

Since there is no damping the system is only marginally stable

01 =02 =0

Eigenvalues

)\1,2 =

(real parts of evals = 0) and will oscillate forever.

Linearization

of _

0z

0 7

oa

0z

0

b

0

Free Body Diagrams

m226’2€2€1 SiIl(HQ — (91)

91) —m2291€1€2 Siﬂ(@g — 91)

A3.4

Dynamics...

0

_—m2€2€1 SiIl((QQ — (91) 0

m2€2€1 Sin(«92 — (91)
_m2€2€1 Sin(6’2 — 91) 0

—ngggl sin(ﬁg — (91)

a=M'F

(m1 + mg)K% m2€2€1 COS(@Q — @1)

m2€2€1 COS((92 — 91)

mzégfgfl Siﬂ((gg - (91) — (m1 + m2)€1 sin (919
—mgé’%él@ sin(92 — 91)




Linearization Stability - Case 2

01 =02 =0

... other states/forces =0
Eigenvalues

0
oF _ | ¢ Ao =0

Jdr | _p.2

0.2

Comments

Since there is no damping the system is only marginally stable
(real parts of evals = 0) and will oscillate forever.

Since the pendulums are longer, the oscillation rate is slower
(the imaginary parts of eigenvalues are smaller)

Linearization

of | 0 T

— Oa
32 I ER

0

Dynamics...

1 =¥ =100

0

Free Body Diagrams

m226’2€2€1 SiIl(HQ — (91)

—m2291€1€2 Siﬂ(@g — 91) 0

A3.4 =

0

(m1 + mg)K% m2€2€1 COS(@Q — @1)
m2€2€1 COS((92 — 91)

_m2€2€1 Sin(6’2 — 91) 0

_—m2€2€1 SiIl((QQ — (91) 0

m2€2€1 Sin(«92 — (91)

—ngggl sin(ﬁg — (91)

a=M'F

mzégfgfl Siﬂ((gg - (91) — (m1 + m2)€1 sin (919
—mgé’%él@ sin(92 — 91)




Linearization Stability - Case 2

01 = 65

... other states/forces =0
Eigenvalues

0
o _ | o Ao =

Ox 20.

—20.

Comments

Since the pendulums are vertical the system is unstable
with a positive real eigenvalue.

Linearization

of | 0 T

— Oa
32 I ER

0

0

Dynamics...

_m2€2€1 Sin(6’2 — 91) 0

0

_—m2€2€1 SiIl((QQ — (91) 0

Free Body Diagrams

m226’2€2€1 SiIl(HQ — (91)
0

m2€2€1 Sin(«92 — (91)

—ngggl sin(ﬁg — (91)

a=M'F

(m1 + mg)K% m2€2€1 COS(@Q — @1)

m2€2€1 COS((92 — 91)

mzégfgfl Siﬂ((gg - (91) — (m1 + m2)€1 sin (919
—mgé’%él@ sin(92 — 91)




Linearization Stability - Case 2

Free Body Diagrams
91:92:7{' 61262:100

.. other states/forces = 0 0 m2202001 sin(6 — 61)
Eigenvalues ) —mo 2010105 Siﬂ(@g — 91) 0
0
ﬁ _ 0 A2 =0 A34 =L
ox 0.9 . -
. m2€2€1 Sm(«92 — (91)
__O°2 _m2€2€1 Sin(6’2 — 91) 0

Comments

Since the pendulums are vertical the system is unstable 0 —molol Sjn(QQ — 64 )_
with a positive real eigenvalue. Since the pendulums are longer it takes longer B - B
for them to fall over and the eigenvalues have smaller magnitudes. . malbals Sm((92 91) 0 _

: _ oaax—1
Linearization Dynamics... a=M"F

(m1 + mo) 3 malaly cos(O2 — 01) él — m2é§€2€1 Sin((92 - ‘91) - (ml -+ m2)€1 sin 01 g
Of i 0 T 7 . malaly cos(f2 — 01) mal3 0, —mo0%l1 09 sin(fy — 01)

oa

0z




