
Winter 2022 - Dan Calderone

Kinematics, Dynamics, & Linearization
Dynamics & Modeling
Major sources: Kaare Brandt Petersen 

Michael Syskind Pedersen

Major references: The Matrix Cookbook - Petersen, Pedersen



Kinematics 2D

2D: 

… for mechanical systems, 
higher order motion can be quite complicated

<latexit sha1_base64="X6dbqwlxzC4MRtqXfkQytxbsLLU=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQmKoogQhYKxgYSwSvUhtVDmO01p1LrIdpDbKwquwMIAQK4/Bxtvgthmg5ZcsffrPObbP7yWcSWXb30ZpZXVtfaO8Wdna3tndM/cPWjJOBaFNEvNYdDwsKWcRbSqmOO0kguLQ47TtjW6n9fYjFZLF0YMaJ9QN8SBiASNYaatvHk1qqOfHKpvktZ5fgGVZfbNqW/ZMaBmcAqpQqNE3v/Q1JA1ppAjHUnYdO1FuhoVihNO80kslTTAZ4QHtaoxwSKWbzRbI0al2fBTEQp9IoZn7eyLDoZTj0NOdIVZDuVibmv/VuqkKrt2MRUmqaETmDwUpRypG0zSQzwQlio81YCKY/isiQywwUTqzig7BWVx5GVrnlnNpOfcX1fpNEUcZjuEEzsCBK6jDHTSgCQRyeIZXeDOejBfj3fiYt5aMYuYQ/sj4/AGo05XN</latexit>

z, ż, z̈, ...

<latexit sha1_base64="P75aIvpjuOQ2xbgTZRhH06ndeYs=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEUEUJQsBYwcJYJNoiNVHlOG5r1XEi+wapivoFLPwKCwMIsTKz8Te4bQZoOZKlc8+51/Y9YSq4Btf9tkorq2vrG+XNytb2zu6evX/Q1kmmKGvRRCTqPiSaCS5ZCzgIdp8qRuJQsE44up76nQemNE/kHYxTFsRkIHmfUwJG6tk1H4YMSB37UQL5vJjU/chUuLAcx+nZVddxZ8DLxCtIFRVo9uwvcx/NYiaBCqJ113NTCHKigFPBJhU/0ywldEQGrGuoJDHTQT5bZ4JrRolwP1HmSMAz9fdETmKtx3FoOmMCQ73oTcX/vG4G/csg5zLNgEk6f6ifCQwJnmaDI64YBTE2hFDFzV8xHRJFKJgEKyYEb3HlZdI+dbxzx7s9qzauijjK6AgdoxPkoQvUQDeoiVqIokf0jF7Rm/VkvVjv1se8tWQVM4foD6zPH/wbm2k=</latexit>

✓, ✓̇, ✓̈, ...

<latexit sha1_base64="6QVnjfaK8YkUDCgvxYQ969Cw/94=">AAACAnicbZDLSgMxFIYzXmu9jboSN8EiuijDjIi6LLpxWcFeoB1KJpNpQzMXkjNCOxQ3voobF4q49Snc+Tam7Qja+kPg4z/nJDm/lwiuwLa/jIXFpeWV1cJacX1jc2vb3NmtqziVlNVoLGLZ9IhigkesBhwEayaSkdATrOH1r8f1xj2TisfRHQwS5oakG/GAUwLa6pj7wzJu+zFkw+NRue3/kGVZHbNkW/ZEeB6cHEooV7VjfuqLaBqyCKggSrUcOwE3IxI4FWxUbKeKJYT2SZe1NEYkZMrNJiuM8JF2fBzEUp8I8MT9PZGRUKlB6OnOkEBPzdbG5n+1VgrBpZvxKEmBRXT6UJAKDDEe54F9LhkFMdBAqOT6r5j2iCQUdGpFHYIzu/I81E8t59xybs9Klas8jgI6QIfoBDnoAlXQDaqiGqLoAT2hF/RqPBrPxpvxPm1dMPKZPfRHxsc3dueWLw==</latexit>

z, ż0, z̈0, ...

body 
orientation 
(& angular


velocity, etc)

Relative position 
(to body) 

(& velocity, etc) 
body position 

(& velocity, etc)

Rotation Matrix Derivation:

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x <latexit sha1_base64="kY8bJR2XF+T4/iDT/Mh6jUWQjZI=">AAACJHicbZDJSgNBEIZ7XGPcRj16KQyKF8OMiAoiiF48KpgFMkPo6VSSxp6eobtHDEMexouv4sWDCx68+Cx2FsStoOHj/6voqj9KBdfG896dicmp6ZnZwlxxfmFxadldWa3qJFMMKywRiapHVKPgEiuGG4H1VCGNI4G16Pps4NduUGmeyCvTSzGMaUfyNmfUWKnpHgVdaiBIYuxQOIYgwg6XeRRTo/htHzzYgh0fggB8Sx4EKFtfbtMteWVvWPAX/DGUyLgumu5L0EpYFqM0TFCtG76XmjCnynAmsF8MMo0pZde0gw2Lksaow3x4ZB82rdKCdqLskwaG6veJnMZa9+LIdtr9uvq3NxD/8xqZaR+GOZdpZlCy0UftTIBJYJAYtLhCZkTPAmWK212BdamizNhcizYE//fJf6G6W/b3y/7lXunkdBxHgayTDbJNfHJATsg5uSAVwsgdeSBP5Nm5dx6dV+dt1DrhjGfWyI9yPj4BraOiXw==</latexit>

!̂ =


0 �1
1 0

�

<latexit sha1_base64="tb8SMaqqVNv2NxBWj04VaCDTdBc=">AAACHHicbVDLSitBEO1Rr49cH1GXbhrDRS9CmFFRN4LoxqWKUSETQ02nkjT2POiuEZMhH+LGX3HjQhE3LgT/xk4yC18HCg7nVFFVJ0iUNOS6787I6Nif8YnJqcLf6ZnZueL8wpmJUy2wImIV64sADCoZYYUkKbxINEIYKDwPrg76/vk1aiPj6JQ6CdZCaEWyKQWQlerFjRu+y7t8jZ+s+tRGgv/dlVzBy8xvA2V+HGILekO7x7sr9WLJLbsD8J/Ey0mJ5TiqF1/9RizSECMSCoypem5CtQw0SaGwV/BTgwmIK2hh1dIIQjS1bPBcj/+zSoM3Y20rIj5QP09kEBrTCQPbGQK1zXevL/7mVVNq7tQyGSUpYSSGi5qp4hTzflK8ITUKUh1LQGhpb+WiDRoE2TwLNgTv+8s/ydl62dsqe8ebpb39PI5JtsSW2Srz2DbbY4fsiFWYYLfsnj2yJ+fOeXCenZdh64iTzyyyL3DePgD1YJ+F</latexit>

x = z +R(✓)z0 = z + e!̂✓z0

Note: 
rotation “axis" 

- out of the page

<latexit sha1_base64="4I6+95pChJImr66SS9j2UKnSPZQ="></latexit>

ẋ = ż + Ṙ(✓)z0 +R(✓)ż0 = ż + ✓̇!̂e!̂✓z0 + e!̂✓ ż0

<latexit sha1_base64="ICcKBch9Ce8crtoYy0tyWGtfSlQ="></latexit>

R(✓) =


cos ✓ � sin ✓
sin ✓ cos ✓

�
<latexit sha1_base64="JD+wcQ8qObrQ43nnOOH1lF5Y6N4=">AAACCnicbVA9SwNBEN3z2/gVtbRZDUJswp2I2giijaWKMUIuhrnNJFmy98HunBCO1Db+FRsLRWz9BXb+GzcfhSY+GHi8N8PMvCBR0pDrfjtT0zOzc/MLi7ml5ZXVtfz6xq2JUy2wLGIV67sADCoZYZkkKbxLNEIYKKwEnfO+X3lAbWQc3VA3wVoIrUg2pQCyUj2/fV30qY0Ee/yE433mt4H8OMQW8KHeq+cLbskdgE8Sb0QKbITLev7Lb8QiDTEiocCYqucmVMtAkxQKezk/NZiA6EALq5ZGEKKpZYNXenzXKg3ejLWtiPhA/T2RQWhMNwxsZwjUNuNeX/zPq6bUPK5lMkpSwkgMFzVTxSnm/Vx4Q2oUpLqWgNDS3spFGzQIsunlbAje+MuT5Ha/5B2WvKuDwunZKI4FtsV2WJF57Iidsgt2ycpMsEf2zF7Zm/PkvDjvzsewdcoZzWyyP3A+fwD8dpnY</latexit>

R(✓) = e!̂✓

<latexit sha1_base64="wC2EWMf7AoOnaWJ1G3i5MMb0eyE="></latexit>

= ż + ✓̇!̂R(✓)z0 +R(✓)ż0

<latexit sha1_base64="8eVaTAR1HAaN4WCc7kCTKsZiCCU=">AAACKHicbVDJSgNBEO1xN25Rj14agxAvYUZEvYiiF48qZoFMDDWdStLYs9BdI4Qhn+PFX/EioohXv8TOctDEBw2v3qvq7npBoqQh1/1yZmbn5hcWl5ZzK6tr6xv5za2KiVMtsCxiFetaAAaVjLBMkhTWEo0QBgqrwcPlwK8+ojYyju6ol2AjhE4k21IAWamZP/NbMWW3/aJPXSTY56d8oIwq7neBuB+H2AGO99nvctTRb+YLbskdgk8Tb0wKbIzrZv7N3i/SECMSCoype25CjQw0SaGwn/NTgwmIB+hg3dIIQjSNbLhon+9ZpcXbsbYnIj5Uf09kEBrTCwPbGQJ1zaQ3EP/z6im1TxqZjJKUMBKjh9qp4hTzQWq8JTUKUj1LQGhp/8pFFzQIstnmbAje5MrTpHJQ8o5K3s1h4fxiHMcS22G7rMg8dszO2RW7ZmUm2BN7Ye/sw3l2Xp1P52vUOuOMZ7bZHzjfP2B1pjI=</latexit>

Ṙ(✓) = ✓̇!̂e!̂✓

<latexit sha1_base64="huyyWbWZ/bMjfVaibZ5BJ5gcnDs="></latexit>

R̈(✓) = ✓̈!̂e!̂✓ + ✓̇2!̂2e!̂✓

<latexit sha1_base64="GQ8kXEe/LHi2blGjzqus9i9Kyt8=">AAACNXicbVDLSgMxFM34rPVVdekmWARFKDMi6kYQ3bhwUcWq0KnlTnrbBjOTIbkjlOJPufE/XOnChSJu/QXTB+LrQODcc89Nck+UKmnJ95+8kdGx8YnJ3FR+emZ2br6wsHhudWYEVoRW2lxGYFHJBCskSeFlahDiSOFFdH3Y61/coLFSJ2fUSbEWQyuRTSmAnFQvHPM9HjYamkJqIwEP20A81DG2gJ+uDcR1vuE82un98mrzu8tVX756oeiX/D74XxIMSZENUa4XHty9IosxIaHA2mrgp1TrgiEpFN7mw8xiCuIaWlh1NIEYba3b3/qWrzqlwZvauJMQ76vfJ7oQW9uJI+eMgdr2d68n/terZtTcrXVlkmaEiRg81MwUJ817EfKGNChIdRwBYaT7KxdtMCDIBZ13IQS/V/5LzjdLwXYpONkq7h8M48ixZbbC1ljAdtg+O2JlVmGC3bFH9sJevXvv2Xvz3gfWEW84s8R+wPv4BCu6qUU=</latexit>

= ✓̈!̂R(✓) + ✓̇2!̂2R(✓)

<latexit sha1_base64="KIqsBj1QwmI3qa5lUev07ot8gwA=">AAACDHicbVC7SkNBFNwbXzG+opY2i0GITbhXRG2EoI1lFPOAJIRzNyfJkr0Pds8VQsgH2PgrNhaK2PoBdv6Nm0ehiQMLw8yc3T3jx0oact1vJ7W0vLK6ll7PbGxube9kd/cqJkq0wLKIVKRrPhhUMsQySVJYizVC4Cus+v3rsV99QG1kFN7TIMZmAN1QdqQAslIrm7vkjXZEvEE9JOCNHlgeBdgFfpefisc25RbcCfgi8WYkx2YotbJf9k6RBBiSUGBM3XNjag5BkxQKR5lGYjAG0Ycu1i0NIUDTHE6WGfEjq7R5J9L2hMQn6u+JIQTGDALfJgOgnpn3xuJ/Xj2hzkVzKMM4IQzF9KFOojhFfNwMb0uNgtTAEhBa2r9y0QMNgmx/GVuCN7/yIqmcFLyzgnd7mitezepIswN2yPLMY+esyG5YiZWZYI/smb2yN+fJeXHenY9pNOXMZvbZHzifP5q+mhQ=</latexit>

= ✓̇!̂R(✓)

<latexit sha1_base64="6Juimu8jfB8G/+3AbDqEeazQYxI="></latexit>

= z̈ + ✓̈!̂R(✓)z0 + ✓̇2!̂2R(✓)z0 + 2✓̇!̂R(✓)ż0 +R(✓)z̈0

<latexit sha1_base64="byAPWKwchTg64o10Hnb/26Db6Y4="></latexit>

ẍ = z̈ + R̈(✓)z0 + 2Ṙ(✓)ż0 +R(✓)z̈0

<latexit sha1_base64="wC2EWMf7AoOnaWJ1G3i5MMb0eyE="></latexit>

= ż + ✓̇!̂R(✓)z0 +R(✓)ż0
<latexit sha1_base64="uOupk0AzciwwfnxB0/V1/GWXIoY=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Q8mkmTY0kxmSO2IZ+hFuXCji1u9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm8QY/Y07ZcrbtWdg6wSLycVyNHol79skqURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nl93Ss6sMiBhrO1TSObq70RGI2MmUWAnI4ojs+zNxP+8borhtZ8JlaTIFVt8FKaSYExmt5OB0JyhnFhCmRZ2V8JGVFOGtqGSLcFbPnmVtC6qXq3q3V9W6jd5HUU4gVM4Bw+uoA530IAmMBjDM7zCm5M4L86787EYLTh55hj+wPn8AcGAj9k=</latexit>

ẋ

<latexit sha1_base64="w3Np87u2B7uxtO1L3LbWp/bxFgY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabbbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSvQFo2ildjcMY8yeJr1yxa26M5Bl4uWkAjnqvfJXN4xZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCoh6cfalkIyU39PZDQyZhwFtjOiODSL3lT8z+uk2L/yM6GSFLli80X9VBKMyfR5EgrNGcqxJZRpYW8lbEg1ZWgjKtkQvMWXl0nzrOpdVL2780rtOo+jCEdwDKfgwSXU4Bbq0AAGEp7hFd6cB+fFeXc+5q0FJ585hD9wPn8AgMOQRw==</latexit>

ẍ
<latexit sha1_base64="6Juimu8jfB8G/+3AbDqEeazQYxI="></latexit>

= z̈ + ✓̈!̂R(✓)z0 + ✓̇2!̂2R(✓)z0 + 2✓̇!̂R(✓)ż0 +R(✓)z̈0

Body 
acceleration

Relative 
acceleration

Angular 
acceleration

Centripetal 
acceleration

Coriolis 
acceleration

Body 
velocity

Relative 
velocity

Angular 
velocity 

Velocity Terms:

Acceleration Terms:

Position:

Velocity:

Acceleration:

useful for most homework problems



<latexit sha1_base64="+aKTll2DocPOu7tfPvDOV/U+19E="></latexit>

ẋ = ż + ˙̂!R(!)z0 +R(!)ż0

Kinematics 3D

3D: 

… for mechanical systems, 
higher order motion can be quite complicated

<latexit sha1_base64="X6dbqwlxzC4MRtqXfkQytxbsLLU=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQmKoogQhYKxgYSwSvUhtVDmO01p1LrIdpDbKwquwMIAQK4/Bxtvgthmg5ZcsffrPObbP7yWcSWXb30ZpZXVtfaO8Wdna3tndM/cPWjJOBaFNEvNYdDwsKWcRbSqmOO0kguLQ47TtjW6n9fYjFZLF0YMaJ9QN8SBiASNYaatvHk1qqOfHKpvktZ5fgGVZfbNqW/ZMaBmcAqpQqNE3v/Q1JA1ppAjHUnYdO1FuhoVihNO80kslTTAZ4QHtaoxwSKWbzRbI0al2fBTEQp9IoZn7eyLDoZTj0NOdIVZDuVibmv/VuqkKrt2MRUmqaETmDwUpRypG0zSQzwQlio81YCKY/isiQywwUTqzig7BWVx5GVrnlnNpOfcX1fpNEUcZjuEEzsCBK6jDHTSgCQRyeIZXeDOejBfj3fiYt5aMYuYQ/sj4/AGo05XN</latexit>

z, ż, z̈, ...

<latexit sha1_base64="6QVnjfaK8YkUDCgvxYQ969Cw/94=">AAACAnicbZDLSgMxFIYzXmu9jboSN8EiuijDjIi6LLpxWcFeoB1KJpNpQzMXkjNCOxQ3voobF4q49Snc+Tam7Qja+kPg4z/nJDm/lwiuwLa/jIXFpeWV1cJacX1jc2vb3NmtqziVlNVoLGLZ9IhigkesBhwEayaSkdATrOH1r8f1xj2TisfRHQwS5oakG/GAUwLa6pj7wzJu+zFkw+NRue3/kGVZHbNkW/ZEeB6cHEooV7VjfuqLaBqyCKggSrUcOwE3IxI4FWxUbKeKJYT2SZe1NEYkZMrNJiuM8JF2fBzEUp8I8MT9PZGRUKlB6OnOkEBPzdbG5n+1VgrBpZvxKEmBRXT6UJAKDDEe54F9LhkFMdBAqOT6r5j2iCQUdGpFHYIzu/I81E8t59xybs9Klas8jgI6QIfoBDnoAlXQDaqiGqLoAT2hF/RqPBrPxpvxPm1dMPKZPfRHxsc3dueWLw==</latexit>

z, ż0, z̈0, ...

body 
orientation 
(& angular


velocity, etc)

Relative position 
(to body) 

(& velocity, etc) body position 
(& velocity, etc)

Position:

Velocity:

Acceleration:

Rotation Matrix Derivation:
<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x

Velocity Terms:

Acceleration Terms:

Body 
velocity

Relative 
velocity

Angular 
velocity 

Body 
acceleration

Relative 
acceleration

Angular 
acceleration

Centripetal 
acceleration

Coriolis 
acceleration

<latexit sha1_base64="og7GTzBr7sDL5xkG0GvuWg1wUl0=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVERV0W3bisYh/QxDKZTtqh8wgzE6GEbPwVNy4UcetnuPNvnLRdaOuBC4dz7uXee6KEUW0879tZWFxaXlktrZXXNza3tt2d3aaWqcKkgSWTqh0hTRgVpGGoYaSdKIJ4xEgrGl4XfuuRKE2luDejhIQc9QWNKUbGSl13P5Cc9BEMqIABR2YQRdld/nDadSte1RsDzhN/SipginrX/Qp6EqecCIMZ0rrje4kJM6QMxYzk5SDVJEF4iPqkY6lAnOgwGz+QwyOr9GAslS1h4Fj9PZEhrvWIR7azuFHPeoX4n9dJTXwZZlQkqSECTxbFKYNGwiIN2KOKYMNGliCsqL0V4gFSCBubWdmG4M++PE+aJ1X/vOrfnlVqV9M4SuAAHIJj4IMLUAM3oA4aAIMcPINX8OY8OS/Ou/MxaV1wpjN74A+czx8US5YU</latexit>

! 2 R3

<latexit sha1_base64="0atGz9R7gTPJpeyoUX3nx3qlxo8=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIrspMFXUjFN10WcFeoDMMmfS0Dc1khiQjlqGv5MY3ETddKOLWlzC9KLX1QODj/88h5/xBzJnStj2yMiura+sb2c3c1vbO7l5+/6CuokRSqNGIR7IZEAWcCahppjk0YwkkDDg0gv7t2G88gFQsEvd6EIMXkq5gHUaJNpKfr7hRCF2Cr7EbQJeJNAiJluxxiPHU8R3suj9cmuMz7IJo//b7+YJdtCeFl8GZQQHNqurnX9x2RJMQhKacKNVy7Fh7KZGaUQ7DnJsoiAntky60DAoSgvLSycVDfGKUNu5E0jyh8USdn0hJqNQgDEyn2a+nFr2x+J/XSnTnykuZiBMNgk4/6iQc6wiP48NtJoFqPjBAqGRmV0x7RBKqTcg5E4KzePIy1EtF56Lo3J0XyjezOLLoCB2jU+SgS1RGFVRFNUTRE3pFb+jderZG1of1OW3NWLOZQ/SnrK9vzrupZw==</latexit>

! =

2

4
!1

!2

!3

3

5

<latexit sha1_base64="ZoOlvxAagjjHlf3nHBXeFU7JVN0="></latexit>

!̂ =

2

4
0 �!3 !2

!3 0 �!1

�!2 !1 0

3

5

<latexit sha1_base64="wO0Pzspe+VsmSQu0H0uZTeAUmvA=">AAACE3icbVDLSgMxFL3js9bXqEs3wSKISJkRUZdFNy4r2Ae0Q8mkaRuaTIYkI5Sh/+DGX3HjQhG3btz5N2baWdTWC4Fzz7mHm3vCmDNtPO/HWVpeWV1bL2wUN7e2d3bdvf26lokitEYkl6oZYk05i2jNMMNpM1YUi5DTRji8zfTGI1WayejBjGIaCNyPWI8RbCzVcU/bUtA+PkPtrjTptBlnnW3RrKZRxy15ZW9SaBH4OShBXtWO+22NJBE0MoRjrVu+F5sgxcowwum42E40jTEZ4j5tWRhhQXWQTm4ao2PLdFFPKvsigybsrCPFQuuRCO2kwGag57WM/E9rJaZ3HaQsihNDIzJd1Es4MhJlAaEuU5QYPrIAE8XsXxEZYIWJsTEWbQj+/MmLoH5e9i/L/v1FqXKTx1GAQziCE/DhCipwB1WoAYEneIE3eHeenVfnw/mcji45uecA/pTz9Qulep1g</latexit>

!, !̇, !̈, . . .

contains axis of rotation 
and rotation magnitude…

…for fixed axis rotations with axis    :
<latexit sha1_base64="QCGs5lTqakKS1y8rIz/3551ksHM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTSffdJ9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndR9e7OK7XrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBd3Y3b</latexit>

⇠

<latexit sha1_base64="og7GTzBr7sDL5xkG0GvuWg1wUl0=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVERV0W3bisYh/QxDKZTtqh8wgzE6GEbPwVNy4UcetnuPNvnLRdaOuBC4dz7uXee6KEUW0879tZWFxaXlktrZXXNza3tt2d3aaWqcKkgSWTqh0hTRgVpGGoYaSdKIJ4xEgrGl4XfuuRKE2luDejhIQc9QWNKUbGSl13P5Cc9BEMqIABR2YQRdld/nDadSte1RsDzhN/SipginrX/Qp6EqecCIMZ0rrje4kJM6QMxYzk5SDVJEF4iPqkY6lAnOgwGz+QwyOr9GAslS1h4Fj9PZEhrvWIR7azuFHPeoX4n9dJTXwZZlQkqSECTxbFKYNGwiIN2KOKYMNGliCsqL0V4gFSCBubWdmG4M++PE+aJ1X/vOrfnlVqV9M4SuAAHIJj4IMLUAM3oA4aAIMcPINX8OY8OS/Ou/MxaV1wpjN74A+czx8US5YU</latexit>

! 2 R3

<latexit sha1_base64="5g9qvjfPmtUifpXHvb1NrdB8TeE=">AAACQHicbVC7SgNBFJ2NrxhfUUubwSBYSNgVURshaGMZwTwgu4TZyU0yZPbBzF0xLPk0Gz/BztrGQhFbKyfJFibxwMCZc87lzhw/lkKjbb9auaXlldW1/HphY3Nre6e4u1fXUaI41HgkI9X0mQYpQqihQAnNWAELfAkNf3Az9hsPoLSIwnscxuAFrBeKruAMjdQuNtwogB6jV9TFPiCj7qM4oS51OxGmU280Ns11PjCfmIm0iyW7bE9AF4mTkRLJUG0XX8wOngQQIpdM65Zjx+ilTKHgEkYFN9EQMz5gPWgZGrIAtJdOChjRI6N0aDdS5oRIJ+rfiZQFWg8D3yQDhn09743F/7xWgt1LLxVhnCCEfLqom0iKER23STtCAUc5NIRxJcxbKe8zxTiazgumBGf+y4ukflp2zsvO3Vmpcp3VkScH5JAcE4dckAq5JVVSI5w8kTfyQT6tZ+vd+rK+p9Gclc3skxlYP78pla7+</latexit>

! = ✓⇠, !̇ = ✓̇⇠, !̈ = ✓̈⇠

<latexit sha1_base64="euzX9IIeuneF3d7PpZCzzxbl//8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkoiom6EohuXVewDmlgm05t26OTBzEQoIRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89XsyZVJb1bRQWFpeWV4qrpbX1jc0tc3unKaNEUGjQiEei7REJnIXQUExxaMcCSOBxaHnDq7HfegAhWRTeqVEMbkD6IfMZJUpLXXP/tuJEAfTJEb7AcJ86A6LSqZJlXbNsVa0J8Dyxc1JGOepd88vpRTQJIFSUEyk7thUrNyVCMcohKzmJhJjQIelDR9OQBCDddPJFhg+10sN+JHSFCk/U3xMpCaQcBZ7uDIgayFlvLP7ndRLln7spC+NEQUini/yEYxXhcSS4xwRQxUeaECqYvhXTARGEKh1cSYdgz748T5rHVfu0at+clGuXeRxFtIcOUAXZ6AzV0DWqowai6BE9o1f0ZjwZL8a78TFtLRj5zC76A+PzB4xsl/8=</latexit>

R(!) = e!̂
<latexit sha1_base64="mqv8/KtKXfvXWTmSBYlBO2ZT/ZU=">AAACHHicbVDLSgMxFM34rPU16tJNsAh1U2ZU1I1QdOOyin1AZyyZ9LYNzTxIMkIZ5kPc+CtuXCjixoXg35hOZ2FbDyScnHNvknu8iDOpLOvHWFhcWl5ZLawV1zc2t7bNnd2GDGNBoU5DHoqWRyRwFkBdMcWhFQkgvseh6Q2vx37zEYRkYXCvRhG4PukHrMcoUVrqmCdON1TJXVp2Qh/65AhfZoIzIHrLpDSFh+lzxyxZFSsDnid2TkooR61jfulLaexDoCgnUrZtK1JuQoRilENadGIJEaFD0oe2pgHxQbpJNlyKD7XSxb1Q6BUonKl/OxLiSznyPV3pEzWQs95Y/M9rx6p34SYsiGIFAZ081Is5ViEeJ4W7TABVfKQJoYLpv2I6IIJQpfMs6hDs2ZHnSeO4Yp9V7NvTUvUqj6OA9tEBKiMbnaMqukE1VEcUPaEX9IbejWfj1fgwPielC0bes4emYHz/Aoz/ovE=</latexit>

Ṙ(!) = ˙̂!e!̂

<latexit sha1_base64="84kWtwGBvEfuLrsFaXDvtkTqals=">AAACRHicbVDLSgMxFM34rPVVdekmWISKUGaKqBuh6MZlFfuAmWnJpLdtaOZBkhHKMB/nxg9w5xe4caGIWzGddmFbDyScnHvuTXK8iDOpTPPVWFpeWV1bz23kN7e2d3YLe/sNGcaCQp2GPBQtj0jgLIC6YopDKxJAfI9D0xvejOvNRxCShcGDGkXg+qQfsB6jRGmpU7CdbjdUyX1ackIf+uQEX00UZ0D0lmlpCu3Z8yl2FjztyryrUyiaZTMDXiTWlBTRFLVO4UWPpbEPgaKcSGlbZqTchAjFKIc078QSIkKHpA+2pgHxQbpJFkKKj7XSxb1Q6BUonKl/OxLiSznyPe30iRrI+dpY/K9mx6p36SYsiGIFAZ1c1Is5ViEeJ4q7TABVfKQJoYLpt2I6IIJQpXPP6xCs+S8vkkalbJ2XrbuzYvV6GkcOHaIjVEIWukBVdItqqI4oekJv6AN9Gs/Gu/FlfE+sS8a05wDNwPj5BdfYtGY=</latexit>

R̈(!) = ¨̂!e!̂ + ˙̂!2e!̂

<latexit sha1_base64="yeECZtkUtehptGD+mO/y7KxiHQA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYxIoQZEfUiBL14jGIWSIbQ0+kkTXoZunvEZAj+ihcPinj1P7z5N3aSOWj0QcHjvSqq6oURo9p43peTmZtfWFzKLudWVtfWN9zNraqWscKkgiWTqh4iTRgVpGKoYaQeKYJ4yEgt7F+N/do9UZpKcWcGEQk46graoRgZK7XcnQd4AYfwCN4WmpKTLjqEw4OWm/eK3gTwL/FTkgcpyi33s9mWOOZEGMyQ1g3fi0yQIGUoZmSUa8aaRAj3UZc0LBWIEx0kk+tHcN8qbdiRypYwcKL+nEgQ13rAQ9vJkenpWW8s/uc1YtM5DxIqotgQgaeLOjGDRsJxFLBNFcGGDSxBWFF7K8Q9pBA2NrCcDcGfffkvqR4X/dOif3OSL12mcWTBLtgDBeCDM1AC16AMKgCDIXgCL+DVeXSenTfnfdqacdKZbfALzsc3KEyTHA==</latexit>

x = z +R(!)z0

<latexit sha1_base64="21qmRhrOT/A0Eg4LSPXP3bYDJwo=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2CRVoQyI6IiCEU3LqvYC7RDyaSZNjRzIcmI7TDv4sZXceNCKW5c+C5mpgNq64HAl/+cn+T8dsCokIbxqeUWFpeWV/KrhbX1jc0tfXunIfyQY1LHPvN5y0aCMOqRuqSSkVbACXJtRpr28DrpNx8IF9T37uUoIJaL+h51KEZSSV39otPzZfQYw0uYEBxDeDSlu3LHd0kfHcJxSWk/19QxLsVdvWhUjLTgPJgZFEFWta4+UVYcusSTmCEh2qYRSCtCXFLMSFzohIIECA9Rn7QVesglworSHWN4oJQedHyujidhqv52RMgVYuTaatJFciBme4n4X68dSufciqgXhJJ4ePqQEzIofZgEBnuUEyzZSAHCnKq/QjxAHGGpYi2oEMzZleehcVwxTyvm7UmxepXFkQd7YB+UgQnOQBXcgBqoAwyewAt4A+/as/aqTbSP6WhOyzy74E9pX99hmqGo</latexit>

ẋ = ż + Ṙ(!)z0 +R(!)ż0

<latexit sha1_base64="nv3hKT+bMVz+OBoflFv9ATCszGY="></latexit>

ẍ = z̈ + R̈(!)z0 + 2Ṙ(!)ż0 +R(!)z̈0

<latexit sha1_base64="1Nsm9mnHm1Qd6t9zQIvHqdS6DSI="></latexit>

ẍ = z̈ + ¨̂!R(!)z0 + ˙̂!2R(!)z0 + 2 ˙̂!R(!)ż0 +R(!)z̈0

<latexit sha1_base64="1Nsm9mnHm1Qd6t9zQIvHqdS6DSI="></latexit>

ẍ = z̈ + ¨̂!R(!)z0 + ˙̂!2R(!)z0 + 2 ˙̂!R(!)ż0 +R(!)z̈0

<latexit sha1_base64="+aKTll2DocPOu7tfPvDOV/U+19E="></latexit>

ẋ = ż + ˙̂!R(!)z0 +R(!)ż0

generalization


